
Deformation retractions from spaces of

continuous maps onto spaces of

holomorphic maps

Brett Chenoweth

Thesis submitted for the degree of

Master of Philosophy

in

Pure Mathematics

at

The University of Adelaide

Faculty of Engineering, Computer and Mathematical Sciences

School of Mathematical Sciences

February 11, 2016



Contents

Abstract iii

Signed Statement v

Acknowledgements vii

1 Introduction 1

1.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Overview of research . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Further directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Background 7

2.1 Riemann surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Function spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Weierstrass products . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4 Algebraic topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.5 Absolute (neighbourhood) retracts . . . . . . . . . . . . . . . . . . . 22

2.6 Oka manifolds and Oka theory . . . . . . . . . . . . . . . . . . . . . . 24

3 Research 28

3.1 Defining a retraction explicitly . . . . . . . . . . . . . . . . . . . . . . 29

3.2 The spaces O(X,C∗) and C (X,C∗) . . . . . . . . . . . . . . . . . . . 35

3.2.1 Lárusson’s sufficient condition . . . . . . . . . . . . . . . . . . 37

i



3.2.2 ‘Very good’ sources . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.3 Further examples of very good sources . . . . . . . . . . . . . 48

Bibliography 69



Abstract

A fundamental property of an Oka manifold Y is that every continuous map from

a Stein manifold X to Y can be deformed to a holomorphic map. In a recent

paper, Lárusson [19] considers the natural question of whether it is possible to

simultaneously deform all continuous maps f from X to Y to holomorphic maps, in

a way that depends continuously on f and does not change f if f is holomorphic to

begin with. In other words, is O(X, Y ) a deformation retract of C (X, Y )? Lárusson

provided a partial answer to this question. In this thesis we further develop the

work of Lárusson on the topological relationship between spaces of continuous maps

and spaces of holomorphic maps from Stein manifolds to Oka manifolds, mainly in

the context of domains in C. The main tools we use come from complex analysis,

Oka theory, algebraic topology and the theory of absolute neighbourhood retracts.

One of our main results provides a large supply of infinitely connected domains X

in C such that O(X,C∗) is a deformation retract of C (X,C∗).
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