2 Sycamoras Terraca,
Corstorphine,
EDINEURGH.
Sept, 21, 1932,
Dear Dr Fisher,

I do not know whather you still retain any interest
in the problem of fitting polynomials to observations by least squares,
or whether you are in the way of requiring applications of it in your
werk ; but I thought you might have a slight interest in a few ideas
whioch I have had for some time past on the practiocsl and numerical
@ide. Recently, my curiesity aroused by some not altogether well-
informed remarks in some American papers, I read right through the
extant literatuts, from Tchebyohef through Gram to Jordan and Chotim-
sky ( who proves to be merely Tohebyohef made mers diffuse ), and
smerged pre#ty well surfeited on the theoretioal aide, and yet desir-
ing something better on the practical, It appeared to me that we
mat at all costs avold heavy multiplications, and oling to the advan—
tages of your methed of successive summations ; and I found two very
simple methods, one non-symmetrical, with the eriging at one end of
the dats, the other symmetrioal, with the erigin in the middle,

Miss Mlan ebtained a form of the Tohebyohef polynemials congaining
@entral factorial pelynomials ; but I find thers are twe suoh ferms,
containing alternately central and mean ocsntral factoriale, in faet
thome which eeocur inm the Btirling and Bessel fermulae of interpelatien,
and like the latter, adapted to the cases where the mutiber of data i
odd or even, The nunmBerioal cceffioclents are simply those of 4he
Legendre polynemials, The nen-symmetrioal form of the pelynemials, in
terms of descending factorials, has been given by Tohebyohef, Gram,
Jordan and others.

The whela point hpwever lies in the type of summation cheosen in
order to obtain suitable fmoterial méments, descending, central er
mean central, and this is where I hdve tried to innevate. I shall take
& mEEll sxample of 10 date, though & larger number eof daty perely
invelves longer celumns in the sumnatiens,
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1 now; take a certain triangular table of values, simply the terminal

valuss of the T-polynomials in a first row, and their suocessivas dH-

ferences in later rows, and build the computation areund it, as fellows:
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I think the methed of using the columns,45 to find the coeffi-

clents & of T, in the fitted polynemial, and then the rows of the

same table, te find the terminal value and differsnces of the fitted

data ( from which all other values can be found by building up ), im

olear from the above ; and while engaged upon the a; we find
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which gives us thes amounts to subtract at sach step from Yu® in order

to obtain the residual variance in the manner which is well known to

You. We find indesd :
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By bullding up the difference table from terminal values we artive
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There are two uselul checks, One is affordeg by the agresment of
the residual RE. 250, with the former determination ; the other by the
fact that the remote terminal valus, Ug, a8 found from the first celumn
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of my table witih plus signs instead of minus, agrees with that found

=

by building up the difference tabls, Aotually thers ars other ahecks,
if ona cares to apply them, namaly that the remaining rows of the tably

5 .
also taken with plus signs, will give aUg, o%U,, 4°U; and a%Ug, that
is, the terminal differences at the far and of the table,

Thess tables in trimngular shaps, which can be used in the manner
abeve upon the suscessive sums ( descending factorial moments ), are
very easlly constructed for a particular n, All we have te is to juxta-
poss & fixed triangle of binemial coefficisnta, the ons on ths left
below, and another ( the one en the right ) which depends en n, and
coneists simply of binomial cecefficienta of exponent n-l1, n-2, n-3,,.

put in rows below sach other as shewn, The example is for n = Z&7
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By multiplying corrsaponding elements we have the deaired triangle

of terminal valuss and differences of the orthogonal polynomials,
taken, I may say, with a convention as te numerical constant which
differsx from any hitherte smpleyed, and which has the effect eof
Eiving exclusively integers, and smaller numbers. I defines tha unsym-
metrioal T-polynomial as

(A) T.(x) = af E:{r}.{x-n}m].

whers Xy means x(x-1).,.(x-r41)/rt , I will not trouble you, how-
sver, with thecretical derivations, except to say what will, I think,
please you, that all that heavy stuff of several Continental writers
seems besids the mark, formulae like the above, and properties, tum-

bling eut easily enough in a few lines,

If I change the x in (A) above to the centre ms origin, and at the
same time obmerve that = 6 tting alse n = 2q, I obtain
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and by expressing the operand on the right in terms of central facto-

rials by means of & ( hardly known ) central analogue of Vandermondds
ot g 0

theerem in binemial ceefficlentm, I arrive at centred Tohebychef
A

ferms, which I have placed epposite the Legendre polynomials for

comparison,
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Sinoe the faoterial pelynomials which coour are central and mean

central facterials, these expressiens are their own central diffe-

rence ( Stirling or Bessel ) interpelatien formulae, and se the
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central or mean central ( average of two middfe) vdlues and differ-
ences are just the coefficients of the factoriasls, Thus, for a given
value of n = 2q we may construet triangular tables of central or
maan central values and differsnces, much easier to work with than

the former enes, since they will have zeros in every alternate pPlace,

We shall apply these triangles te central or mean central sums (
faotorianl moments ), and the work will appear as follows, Taking
the same data ms befors we have a schems for central or mean ocentral

Suma, the latter, in brackets, imvelving only half of the last sum-

mand :
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Taking the apprepriate triangle of central values and differences
of the pelynemials for m = 10 and bullding around it we have, with

half the work required befors
F
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From considerations of symmetry the values and differences sbtained

belong respectively to the even and odd parts, say W and W, of the
fitted funotion U; we can thersfora build two half tables for thess

Geparately, thus
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and then taking the sum and the difference of the V's and I"u, for

the positive and negative directions from the centrea, we have
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in good agreemant with the earlier rasults,

I do not know whether this central method, with its touches of
Bophistication in the mean central sums and the oddx and sven parts
of U, would appeal to the laity ae much aa the blunt one-way method
sarlier described ; but I find it cemtedbly twice as rapid, The pro-
cedure for an odd number of data is almost the same, but I may as
well exemplify it, If we uitrlpnlatn an eleventh fitted datum, we

—

get the value 35, spprox, Hence if we throw this in with the unfit-

ted data and promed to graduate, we should reproduce the 35 and at

the same time get the other results, So I take
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The calculation of oentral and mean central sums is then ;
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Taking the gsntral schema for n = 11, we build round a=s harnru,
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The two half-tables of differences for Vv and W will then be :
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and by addition and subtraction of the V's and W'a wa get
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ningrnnnmt with the earlier resulta.

I should have sald that the divisopg Which I put at the foot of



the ocolumns in the triangular schemes are the values
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Triangular schemes for the central cale ara assily constructad, If

n = 2q im odd, we juxtaposa
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instead of the second triangle.

I do not know whether any of this will appeal to fnu i but I have
tried it out solidly on the machine, and can voueh for ita effioclen-
2y, I have preparad a paper on this subject, with worked examples,
together with = bibiiuﬁrlphr and commentary on all the papera I hava

read,
I am, y
Lours gincarely,
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I have computed tables of polynomials and differances, for terminal
and central cases, with values of ETﬁ . }nr n=4 to 25. These took
less than four hours to compute and chesok, and I can let you have a
mg, copy for your personal pnuﬂausinn'if you feel any intersst in
the matter, Mhe tables are set out 1n trinniﬁlnr sohemas, with an

explanatory prefifce and descriptgion of How to compute and check for

any special nf 4.0 4.



