54 Braid Hoad,
Edinburgh 10,

Feb, ﬂ, 1939,
Frofegsor H, A. Fisgher.

Dear Nisher,
By difrerent routes we had come to ths ssme final

point, that whatever functlion remained after the variocus integre-
tions was a function of p, the number of variates, only. This 1s
how I reached it, but some points of detall remain.

The sums of principal minorg of & mh¥rix 4, let us ss&y sp A for
"sum of principal minors of ordes k", are the respective elementary
symmetric fumctions of the latent rools ﬁ 1 expressed the Jacobian

of the diegonal elements &, with respect %o Lhe rools & as tha

product of two Jacoblans
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The second factor can be seen at once to be the difference-product

of the roote &4, which gives the required factor in your disiribu-
tion function, It remains to integrate the first Jacoblan factor,

which works out in detail as
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with respect to nondiesgomal elements &y of A, oVe. a ramge givem

by assigned ve}lues of the &'s, ana to show that this result is a



function of p only. Now the determinant ( which is new to me )

is easily seen to alternate in sign wnen the hth and 0 rows and
columms of A are interchanged. Henmce ite square is a gymmetrio
tunetion of principel minore of A, and theretore of sums of prib-
elpal minors of A, end so by the relations expressing these sums
as elementary symmetric functions of &'s we can remove the elements
By &nd expregs this function in terms of a symmetrie function in
the @'s ( I am practically sure that this part 1s the sguared
difference-product of the &’s ) and residusl terms involving non-
diagonal elsments By orly. MNow integrating this reciprocel of a

"\rfE}"mﬂﬂ't-ﬂl: Iunctinry with respect to the s, , #p(p-1) of them, over
fixed &-renges, we must surely obtain a function ef p conly. You
arrive st the same conclusion by orthogonel transtormation of A4,
your al.j boing elements of an orthogonal matrix E such that W'l =L
It is known that an ortnogonal matrix of order p has $p(p-1)
degress of arbitrariness.

Both spproaches are bound, I think, to come up against this W
Jacobisn which I have mentioned., It mey be thst 1t does not
require to be evaluated, but it would be of interest to know its
value in terms of the roots & and the non-disgonsl elements By e
1 have been unaple to get down to this ( having been for the last
week the butt of various local importuners ) emd 1 do not even
know tne result for p= 3, which would give a clear clue, Yor p = 2
the squared Jacoblan 1is {nl - EEJE - 4a? eguivelent to the

12 !
p¢ = 4g - 4b% of your first letter of Jam, 29.



It is curicus that this interesiing Jacobian has not received
notice pefore, | It meay have, of course, but in a moderately wide
reading 1 have not met it, | One would have thought that the
Jacobian of sums BDLA of principal minors, those fundamental
1n‘ruriant_n of a matrix A, with respect to principsl elements L
would heve played some important rile in the study of positive
derinitenese, for example. Ferhaps it may yet, and if so I shall
heve been indebted to you for bringing the matter, however indirsct-
ly, %o my notice.

Yours sinceraly,

a.C. Atk



