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STfMUIARY

Let fù be a d-omain in Rn ' fhe equation

, ,T=rA, J 
(xrurvu)u#*, = B'(x'u'vu) '

lvhere g(x, zrþ) , Ar J 
(*r"rp) , i-ri=1e o " erl¡ are given

functions of the varlables (xrzrp) e ÎxRxRn, and' where

o< g " Aì l(*,zr9)€r€l ,Ée Rn-[oJr(*oø,9)e nxRxRn ' I

I t J=l
ls call-ed. a quasilinear elI1pt1c equatlon on Q i

'i[re wi]- here þe concenned. only with

quasillnear elliptic equatione which can be written ln

divergence fonm - 1.€n equations of the form

( .r ) 
, 
3.fun4, (*,u,vu) (; î*' o,(*,..r,v") ufr, * 

, !,4,f x,u,vu) ä
*r!r^,r¡(xnurvu) ) : n(x,u,vu)'

where tbé vecbor function A(x lurn) : (¡1r (xrrrP),"'¡A¡(xr''rp))

le such that

Ar n , 
(xrurVu) ârë1rE e nñ-[oJ'r (*rurp) e flxh'cRnn

o<>
I t J=l

a

Ifote that (t ) can be written in the Íntegral

forn

,ä, l^ o,(x,u,vr.r.) ffi dx = - /n 
t(*,",vu) 4 dx 't=t Jn Le r:'p(o) '

where f,ip"(n) is the set of all Lipscltitz functions with

compact support containeil in ll' .

In case thet'e exist positir¡e continuous

functions c(z) , c, (z) , d.efined. for e^11 z e R and. such

that
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"(r) le l'" <
t, J=L -

for al1. f, e Rn and (.*rz"p) e f¡(R(Rn ,

then (t ); :iu. said. to be r¡nlfornly elllptlc .

Iî however the na:clnun and. ninÍmun elgenvalueg

of the matrix å(lto 1(xr,zrp) + AJ n¡ (x¡ zrg)) , d.enoted

r1,(xrzrB) anct À(xrz¡p\ resBectlvely , are euch that the

quotient

/r(x, z¡p)/ À(x, zfi)
1s not þound.eil as lpl 4 æ, then (t) ls said. to be roû-

unifornLy elllptlc . An example of a non-uniformly

elliptic cllvergence forn equation of c)-assloal intereet

is the minimal srrrface equatlon

,å' h (+ / /îr-|u-p) = o' ''
Fon this exampJ.e we have

Ar (x ,z,D) = pt/ /tTTÏtfÐ
and.

À(x, zfi) =(l+ lplriu", n{*rzre)=(r+ lpl')-'tß t
so that

/r(x, zrD)/ X(xru rp) = 1 + lpl'.
lhls theeis w111 be concerneil with non-

turlformly elllptlc equationsr In partlcular r wê will
be concerned. Trlth provlng the exlstence of local
a-prlori lnterior grad.lent bound.s fon sufflclently smooth

soluttons to equations of the form (t ). That Is , for
sultable equations of the forn (ít ) we w111 estab1leh the
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existence of a real-valued- functlon f(prM), deflneô for

p>0, M>0, such that a.ny sufflciently smooth solution u

of (f ) with l"l<rr,r must satlsfy
sup lv"l < r(p,M)
nfrr

for all subd.omains fl' C fl whÍch are such that the dlstance

between Q' and- òll is no less than P.

It is to be emplrasised that f (prM) does not

d.epencl on the particular solution u , but that f (p'M)

may not be bound.ed. as p -+ O or as lvÏ -* ooo In fact 1t, can be

arranged. that I does not depend. expllcitly on the functions

A , B of (l) ; rather it can be arranged. that f depend-s

on certain structural quantities izhich rre invrnl-nnt under

appropriate changes 1n A and B .
ft 1s not clifficult to d.emonstrate the importance

of such local grad.ient bound.s. For exanple r many of the

resul-ts in [ 1J can be extend.ed to the case when the bound.ary

d.ata is merely continuous ( rather than C2 ) proviÖed.

a local grad.ient bound. is knot','n c

Generally speaking r one can thlnk of a local

grad.ient bound. as localiy reduclng a non-unlformly e11ipt1c

equation to a uniformly elliptic one , thus maklng 1t

possible to use the theory of uniforrnly elJ-iptic equations

to stud.y the solutions to non-uniformly elliptic
equations .

The grad.ient bounds obtalned. in this thesis

generalize the work of Bombieri-d.e Giorgi-Mirand.a l,3l
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and. Laityzhenskaya-UraLf tseva [4]rPart II ., llhe main re€ults

appear 1n Chapter 2. The technlques used. are generally

mod.lflcatlons and. extensions of those used. by the above

authors . The nain analytle tooL is the sobolev-type

lnequafity d.enlved. in Chapter 1 . Chapter 3 consists of

extensions of the results of Chapter 2 to other equations ,

und.er the aesrlrnption that an estlmate of H$lder contlnuity

of the sol-utlons is alread.y known . I¡1 Chapter 4 reflned

gfacllent estlmates for a certain sub-cIaes of thoee equqt'ions

d.eal-t wlth fn ChaBter 2 are obtained. .
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Thie thesis contains no materlaL whlch

hae been accepted. for the awarC. of any other

d.egree on d.iploma in. erny ilniversity. [o the

best of my knowled.ge and. belief r the thesis con-

talns no materlal prevlously published. or wrltten

by any ottrer personr except where due reference

ls nad.e 1n tÏre text of the t'Ïresl s.

(L.tt. simon)
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CHAPTER 1

AS -TYPE IN ALITY O}i C 
2 SUBIVIANIFOLDS OF R

n

In t2] a Sobolev-type lnequallty on non-parametrlc Cz

m1nlmaI hypersurfaces was establlshed. The result was later

used by de-iìIorgl (see t¡]l to obtafn an lnterlor gradlent

bound for solutlons to the mln1rna1 hypersurface eguatlon.

In Part II of i4] Ladyzhenskaya and Ur¿illtseva genepallzed

these results to non-parametrlc hypersurfacee whlch

represented. solutlons of certaln class of divergence form

quasfllnear e111ptlc partlal dlfferentlal equatlons "

The Sobolev-type..lnequalltles 1n both iZ] and t4] were

obtalned Uslng the theory of J-ntegral currents, and 1n

parti.cular an lsoperlmetrlc inequallty, establlshed by

Federer and tr'Iem1ng.

In 1970 J. H. Mlchael pnoduced a slmple test functlc¡n

proof of the lneguallty ln t2] whlch led to the resuLts ln

the Appendlx on nlnlural ffirersurfaces. It lqaÊ during the

course of an attempt to generaltze thls proqf that the

lnequallty to þc. pnesented, ln this.ehapt'er vras dlscovered.

The inequality, glven 1n Sectlon 3, wllI be used 1n

Chapter 2 to glve gradlent bounds for the soÌutlods of a

large class of dlvergence form quaslllnear elllptlc

equatlons, lncluding all those treated 1n Fart II of [4].
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1. C2 Submanlfolds of Rn

Thls sectlon ls devoted to a dlscusslon of some basic

deflnltlons and results coneernlng ç2 submanlfolds of Rn.

Except for the materlal concernlng the sum of squares of

prtnclpal curvatures, the dlscusslon here essentlally fol,lows

that ln t5l.
II w111 denote-' an m-dlmenslonal çz submanlfold of

Ro(1 < m <n). By this $¡e mean tlrat I'1 C Rn'end that for
each polnt xo € t{ there 1s an open set U C Rrtr together with

a one-one ç2 rÍlap x: U + Rn such that xo e vtl,i C x(u) c I'rI

fon some opon sct V c Rn'anql such that 1å(") " 1 1

ãTÍ ' ¿ - r¡

m, are llnearly independ.ent for each u = (ü1r...,uB) €. U¡

Such a map x v¡ill be called a repre-sentatlon for 14 rtêâr xso

The m-olmenslonal subspace of Rn spanned by

ffil"t ),. . . , *l"t ) r, called the tangent space of M at xQ =

x(Qo) r denot".ltby Txo (M). Trco (M) is clearly lndependent of

the particular nap x used to represent M near x¡.

The orthogonal eomplement of T*o (M), taken tn Rn, 1s

called the normal space to M at x¡, and is clenoted. bV N*o (M) .

Relatlve to the map x: U + Rnrepresenting M near xs,

let Bij
(r.r) Íj

and

,lrj = 1r...rÍr, and g be defined on U by

U)
âxâxF
ã-ur' ãl,r= n,!r ffil Bil

(7.2) e = det (9,, ).¿J

It ts easlly checked that (eíJ ) is a positlve defl-nite
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symnetrlc matrlx, so that g >

functlon ¡ deflned on M r,rlth spt

compaet suþset of x(U), vtre have

r(1.3) | x(x(u)) '6'CÐ-dür...Jg

Also, for any conülnuous

(x) (the support of X) a

du!l I XdH.
M

where H. denotes m-dlmensional llausdorff measure 1n R
n

x

uslng the notatlon (giJ ) = (si¡ )*1 l"t the n x n

maürlx (ËíJ (xo ) ) be defined by

(1.4) Ë1J(*o) = i - ffir(tol ffi¡("0) et.(uo),1,J = 1,...,n.
rrs=l r s

Then (ätJ(xo)) is lndependent of the partlcular map x:

U + Rn used to represent M near xo, In faot, the matrlx

CäiJtxo)) represents the linear tnansformatlon of Rn lntq
ltself whlch leaves lnvarlant all the vectors 1n the tangent

space Tx. (M) and whlch takes to zeno all the vectors ln
Nx' (i{) . That ls, tÊiJ txo ) ) 1s the matrlx of the projectlon

taklng Rn onto the tangent space Tx'(lvl), and (ôrJ - ËiJ(*o))
ls the matrlx of the proJection taklng Rn onto Nxo(M).

Verlflcatlon of these facts Ís left to the reader.
(uo ) be a uni.t vector 1n I
i

Then the vector o = (olr.., ron) defined by

m

Nowletv= I
L-1

aL

I

êx
ãu

(M )
0

CLa
nm(1.5) r¡- = I Ir- s=1 i,J=1

(6", - Ër"(*o)) 5 ^- 
o),r=1,,,.rr1,

âu*âu,J

ls called the normal curvature vector to M at x6 ln the

dlrectlon v¡ and 1s lndependent of the partlcular map x:

U + Rn used to represent M near x0, Geometrlcally, lf y(s)



1s a Qz curve ln M with s the parameter of arc-length, wlth

V(0) = x0, ând wlth / (O) = v, ühen ui ls the normal component

or rhe vecror g1(o) (ruu t ¡l l.
üle now defiDê non-rregatlve quantlti.esF (xo ) and

82(xo rE), wdere E e Nxo(M), by

g2 (xo) =

nmI¡I
irJ-l' ¡ rt' rsrB'=t
(1.6)

ßz (xo ,E) =

(o
r.J *.1 ¡ sT

r
uo )g

ÞÞ
(uo ) â 2x, (uo ) â 2x. (uo )ãÇäu" ãlç9¡*u,

4.

t
nri

-8t

m

I
lrr rs¡s

the veetors v = a f1

-1

stü,le?'io I 92x(uo )
TE-âurs

- â2x(uoË ãF, aur

âx(uo )
t*J -

)

s
€

IT ls easlly checked. that 62(xo) and 62(xort) *a¡e l.nclependent

of the partlcular map x: U + Rn used to represent 14 near xs .

Alsor when m = n we clearly have 62(xo) = 62(xor|) tr¡ 0. To

glve a geometr'1c lnterpretation of ß2 (xo ) and. ß2 (xo rE) when

n ) n and lql = !, s-r¡ppos" *ijrlrJ'= 1:.,. rm are such tinat

Qx(uo). r - ir...rm, form anâu-
1

onthononmal basis for Tx. (M) o so that .a1 sJ
Qx(uo )
âu.-

I
ar

8*:"t' = ôrr,r,s = 1,.".,m. Then murtlplylng by br,oa-r,,'
J

where (t¡ iJ) = (atr) , and summJ-ng over r and s, we get

m

Tr

-a

m

i
JIJ-

.Jft-
Þ

âx (uo )
Ðtr'

J(uo)

¡(L . ¿A; ¡i11 rl- =ô i "J ., wirÍch showo that
f ,r=1

(r.7 ) 1
è5

ï
so that deflnlng

m
-4-

ìr t"iar¿'1'J = 1' " .,m'
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n = i ârrâE, ff[T:' Ë,P¡s = 1¡...¡rn¡
'Þa u '

: t 
-14 r ,J -¿

m

T
,sr

{fr", ) r so that frïs =

m
> t n2 , we have theþ'- ¡¡r=I

D
dßo,t) = I

r=l-

and uslng (1.7) Ln (f.6), we geb

(1.8) 62 (xo ,E) n rg

) ne an m x m orthogonal rnatrix whlch
m

I
r tB ,lri=1

2

Now let (p. .-- r-J

dlagonallzes

D ¿ã, 4.'rr r 1
0 ) þ, = Orr I s. Then (1.8) g1-ves
j

lvo
n- fr(1.9)

à2x(u
Ps. -â" 'J ãÇdu

(nr, ) to

m

I o ¿â. ..
rr. - -ff f 1r ¡].=I

m

I -nt*r,9=Lrrï t'
r=1

But, by (1,5), ñrr ls the Ç-component of the normal

ncurvature vector oi M at xs 1n the dl-rection v", and AS

{Trr... rïr}: glves thls' rnaxÍn¡um val.ue,. are called

Á¡

the Ç-component of the normal curvature vector in the

directlon $ âx
ã{r ¡f = 1¡...eln. Thus, slnce

I

g2(xo,t)

geometric lnterpretatlon that 62(xorE) ls the maxlmuni'value

attainable by l,aklng the sum of squares of the t-componenfs

of nornal curvature vectors of M at xo 1n the dlrectlons

speclfled by an orthonormal- basls for T*o (M).

The directions speclfled by a basLs which, like the

r

basls

prlncipal dlrections of M at xe nel.atlve to E. The

tu.,Trrr* = 1r...rm, (which are elgenvalues of' the matrlx (n"r)

and also noots of the equatlon det (ffi5Ï: ) - r*ii(uo)) = o)
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are called the princlpal curvatures of lvl at xo relatlve to t.
Thus (1.9) says that, for lgl s L,6z(xo,t) ls the sum

of squares of principal curvatures of M at xo'relatlve to €.

AIso¡ w€ can deduce from (f.g) that lf Ë
(n+1),...,t(n) fo",o

an orthononmal basls for I'l (M), then

+1

x

n
T

=tro1

0

( r.10) g2 (xo) = 82 (xo ,t,
(í)

)

In the case when ül = rr - L a formula I1ke.(f.6) for
the sum of squares of prlnclpal. cur:vatures ls glven by

Mlranda ln t6 ].
It w111 aLso be necessary subsequently to refer to the

normal mean curvabune vector of M at xo ¡ denoted

g(xa.) = (q(xo),...,H;(xo)). This ls deflned by

(1"11) fl (xo )

nmI I (o
s=1 l ri=L rs

Note tinat by (1.7) we can wrlte

¿

n.fS i
È(xo ¡ ¡ s(*orffi¡ çuo ) 

"r = 1r... rn.*J

(1.1-2) fl"(xo) =

nmII
s=1 irJ rr'=[

(o
n.f El

È(xo ) ) ãr.Lã ff;l;"'" = 1"'"n'rs 1^'J

so that, bV (1.5), H(xo) fs the sum of normal curvature

vectors of M at xe i-n tlre dlrections speclfied by any

orthonormal basis of 'I*oÍ'M).

Uslng (1.8)r(1.L0), and. (1.12) lt can þe qulte easlly
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proved that
(1.13)

(1,14) H

lg(xo)12 < m gT(xo).

The components H, of.# are also 81ven by the identlty

r¿\ {.r* åouîteiJ ),r = 1,. - .,n,(x) =

mn -l-

,,å=L7AI

þecause -e""C"f = ôri, we have *. t*""Uur) = 0rt'ri = 1'... ¡IIl. '

on U t[l], Theorem (2.4)). T'o prove thls, flrst note that

and summing over 1, we have

Thus Bet *rf g"t) s -g"" *r,B"r) and hence, multiplJ,lng by

icg

(1.15)

(1.16)

A1so,

*Íl'urs ffi:t
!t
Ii, s=1

äu /g = '../g.j

t¡r
gs.l,d

T
IB, I

whloh clearly fol-lows from the known resul-b that if
or¡ (t) rirJ = 1r. ... !m are dlfferentiable functlons of t E R,

þ = det(br, ) / 0, and (bÍJ ) = (bij)-1, then

årq = o",l=, o;o # bss: rhen, bv (1.15) and (1.l-6),

*, ,¡s #i eiJ ) = 'e/BL,r,'Ï,8=r *"0 Hiu F"i *t' +

tur,i;, srr #*, - '*r,r,i,,=, Hî *urut" 8f;t '
, ôx â2x^tãq frUä" +

n
I

q.=1

Ao
and, uslng the ldentlty ffisÍ, =

J

ð2x^ ôx \
F"äu, ãit' t

J



B

1t foLlows that

*,t/s 3å" err )

/e

so that, þy (1.1),

(eij ffi.,
m

I
irJ=1

ôx- ðx^
àul ÐuÉ1S

gg lJ 
-Q. =:to
Ðuoâu )

J

IAm

I
ß , s=J-

n
I

ç¡.=L

Thus the requlreo ldentlty 1s establlshed slnce, bV (1.4),
m

I
í, s=3-

A real valued funcblon h wlth domaj-n M w111 be called

u C'(iul) function 1f, for each local. rep.Pesentatj-on x: U'¡ Rn

of M, the functlon ñ- deflned on U by ñ(u) = rr(x(u)) has

continuous partial derlvat1ves. Thus äÍi. c' (M)rlrJ = 1,

. . . elfl.

For h e cr(M), ôh = (ôfhr...rônh) w111 denote the

contlnuous vector function on M deflned by

#; 8in *t" = Ëqr(x) '

mn
f orr(x)12 =., . I , -.I-Ìrf rs¡8 =I r=I

(1.17) ôrh(xo )
axi(uo) *re(uo) a,E(uo),r = 1¡...eÍr¡

rs
m

T
rrg=1

where x: U + Rn is a representatlon for M rlêâr xo = x(uo),

ana ñ 1s deflned uy ñ(u) = h(x(u)). It ls eas1ly checked

that ôh(xo) deflned by (f.f7) ts lndependent of the

partlcular representatlon for M near xo and that the

dependence of ôh on xo is contLnuous. Vte note that on U

rs r" s' âñ- ailg g ãu ã';. ,-'8s

añ' añffiãl ,ss
m

lon(x) l2 = I ss(1.18)
9¡Êl

g



If V 1s an open suþset of Rn contalnlng M and 1f

h e C' (M) Ís the restrlction to M of a functlon fr wr¡rch has

ffintool s'.(ro) = Ëkk(*o) I o)
Þ

9.

(xo )
j

U+RnofM
1<f, !m,

e U.

1t follows that

conttnuous parrial derlvatlr"r #;6),8 = (81,. . .,tr,) e v,

then 1t follows from (1.4) that

ätJ (*o ) $r,t = 1,. . .,n.
n
T

J=1
ôih(*o ) =

Thus ôh(xo ) is the proJection of the gradlent vector

lor,lxo)lt:s Ï grJlxo) âfr
ãEirJ=1

Þafr(xo )
¿Er

lrle wil-l subsequentty make use of the fact that 1f k 1s

posltlve integer wlth 1 < k 1 n and rr Ëkk(xo) / o then lt
ls poeslble to arrange for a representatlon x:

near xs which ls such that for Êome lnteger t"

(1.19) x*(u) = r& for all u = (ut,... rtr)

To show that thls can be done, Iet.î : û * no be any

representatl.on for M riêâF xs and Let to t Û ¡" suckl that

î(to) = xo. Then, because the n x m matrix C#t(t)),

u = (utr... rur) € Û* has rank m, and. because

c#u(to),...,ffi;(to)¡ ta o (slnce by (r.l¡

m

Ir, s=1
3-8.'- (to )
âutr

there must exlst lntegers la r...'L wlth t < lf (...( 1, . t,
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L¿ = k for sone ¿, and. such t'hat the Jacobian natrlx

ò(îr Le..'rÎrr)
òfur, ...rlh)

ls non-singular in some neighþourhoocl of to. Hence tf¡e

transfornatlon (Îr r, .. . ,i¡. ) I Û -+ Rn has a local inverse

X which is a C2 functlon cteflnecl on some neighbourhood.

U of tlre point uo= (Îrr(fo)r...rÎrr(ûo))e Rn. Then the

composlte fr¡nctlon * = ÎoX ! U -+ Rn 1s a nepresentation

for M near ¡ro irith t.tre d.eeired. pzoperty (1.19)r whefe

4 1s such that l¿ = k.

ff we nout cLefine suþsets M¡,,t of M for

k=1 rrro¡rr¡ te Rr by

(t.eo) Mr,r [f = (E*r..,ef¡) e M; ff*(¿) I o, á* = tJ,

then, when m > 2, we have either Mkr. =Ø or that M*rt

is an (nr-1 )-ctlmensional euþmanlfold of Rn. fn fact, ¡.f

m>2 and. rrceMk,t, andif x!U-+Rn isarepresenta-
tlon for M near xo with the property (t.t9), then the

restrlctlon of x to Ur = [o. U; tr¿ = tj pnovlclee a

representation fon Mrrr near xo. It follows that if X

is a continuous functlon on M with spt(X) a compact

subset of x(u) n [¿ . M; ff* (e) I ol, then by (1 .5)
11'.(1.21) / x d:tro-r - //g¡.,rCü y(x(u)),tur..d.u¿-rclu¿+1oÒdü',tt
M*rr ur

where gr , r 1s calculated., in accond.ance with (t . t ) -(1 .2) ,
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by taklng the cofactor of 8¿¿ in the nxn natrix
(err) = (ffi.ä). rhen, bv the adiolnt formula ror the

lnverse of . a^ natrixr rivê must have dl¿ = Er rt/ 8. But,
òx¡ (u)

uslng Tlil - 8¿" rr=1 , o r r em¡ ln (1.4) r w€ also have

d¿(rr) = Ëk*(*(n)), u€ U. Hence 8rr,t(u) = e(u)Ëk*(x(o)),

u € Ut, and. (l,21) becones

(l.zz) [* dII¡-1 =
J
Mk,t

ff* (x(") ) g(u) x{x(u)) ¿..".'du¿-. ôu¿*1, .dtrç.

Integrating with respect to t an¿ using (t.l) thle gives

I
UÈ

(1 ,ú) r
¡oo

I
I
M

t Xdlfr - 1d.t = Ëtßt( x d.Ïh.

Mrnr

B:¡ coirgld.ering a sultable partltion of unity for M lue see

that (l ,23) is vali¿ when spt(X) f" an arbltrary compact

suþset of [9. M; ät(e) I ol.
Subsequently, for the manif ol-it Mr , s (when m)-2

ard Mr,¡ lo), (Ëll)r63.,", anil ôk,t = (sT"r...rô1")

will d.enote the quantlties correspond.ing to (Ël J) , ß", ancl

g = (ôrr.,.¡8¡) respectlvely dLefined. aþove for M. Note

that 1f he C'(u) then the nestrlction hkrt of h to

Mr,r 1s a C'(Mr,r) function, so that ôT"(hr't) ¡naxes



sense. llVe will always write a! ' 
È ( fr)

O[,t(hkrt).

12.

rather than

2. Prellminarv Resulte

[he main lnequaltty lfl the next section w111 be

proved. by lnductlon on ür the d'imension of M. the

nesul-ts of thls sectlon w111 enable us to carry out tlp

ind.uctlve step of the pnoof , and. also to establleh the m3in

inequality ln the case ß=1.

First we will establlsh the inequalltles

(z.t) I u E; (*" ) lz 5 s' (x) ,
{

(z.z) F*(xo) 88,¡(*o)< (tt-t) sz(q),

çz.l) lor,tn(*")l <

(2.1) beilg va1l¿ for û ). 1 an¿ k = 1 ¡.. . ¡rI at all

pointe xo of the submanlfold. lvlr = [€. M; ff*(¿) t oJ'

ard. (z,z), (2.3) belng vaLld. for m > 2 at all polnts

1ço € M*rr, k=l ¡r'r¡Il¡ te R"

Proof of (e.t ):
In the pnoof , let us u.se the notatlon xl ,r = #,

ò"x¿
Xl ,tJ = EË e L=1¡.rr¡Il¡ irJ=1 ¡rrr¡IIl, where

x:U+ Rn ls a representatlon for M near xso By (1.15)

ògl ¿

ãur= = I *slgrJI ¡ l=L

I

n
Ð
,¿L

n

q 1
gsl gr J (xq , txs ,t J*xo , Jxq , t t) ,
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ard hence, þy (1.4), it foIlor¡rs that

=-2

xfr g (ð*o-Fq (x) )*o , , r

gst ft Jxq, t ¡xq,Jxk rrxk rs *

,.irj=1 ,rro¡lII¡ k=1 r..r¡flr

I

ll¡

Ð
¿,BrL

n

q

+

n
= 2>

9o1

L

t

Ít

F¡3¡t=1

I2>
r,g=1

Using (1.4) thls gives

òÐk (¡l
ður

(¡*o-ËEo (x) ) gI"xq,s rxk rr rr Ðt

Bo that, by (t.tB)'

I oE* * (*) l' F'
î

rl ¡S

g_r., -grJgrsrr'"'^fsxkr"&u .I(krrrr,
¡8¡t¡J=1

l+

Hence, since we can wnite gl ¡

1e i=1 ,. . r ,flr for a suitabLe

(t.7)), lve have

ãpt ãpJt

matrlx (.t l) (eee

where

q

n
sl

Pt1
IIxn

l¡Ë-*(*)l' = [ d " ap rÀl sxn', r
¡n

DÊ1 (
2

)
a

Using the Cauctgr lnequalitY
/ ß \2
I > dsEr4"l
\r ts=1 /

ll¡

,gr(

thls givee

L
gr"ErE"Y i grsnrri"),

//\r rsEL /



I l*.

I oË+*(*) l' . (,,ä= grsxt rrxk rB
) atL

/m.l >
\n=r " ,ä=r 

r"" (,'3, ap rÀr"X,ä-,or,'nb"))

(. ,þ=n 
d"*k '"x¡" " X L

/ms[ >
\r=L

n

t
terLÞr

¡n

kr
gr

n

krre¡el=L

k 1

u¡,xIl).

)'(, 
' ån

an ¡ 'l,f lt )
,

whlch, by (1.4) and (1.7),

= 4Ëk* (*) (ô*, n-Ë*'n(*)) (8rr qr-Ëk'qt(x)) .

'dtgtl'xqrtsxgrrt/rr

Thus, since (ôr, q-Ë*'q (*) ) (8* r s r -ã¡'f a¡ (x) ) =

n

r¡Brtrtl =1

n

T

= Sqsr-Ëqq'(x), we have

I off* l, < 4ffk62.

(Z.l) now follows by notlng ttrat 2ô ?kÞ k on

M¡ = Ie. M; ë*(E) I ol.

Proof of (z.z):

In the case n=rrr 1t ls not cllfficult to show that
gR,t(xo) - O, and. hence (Z.Z) is satlsfled. in thts case.



In the case rÞnr let r'o € Mrr¿

x:U -+ Rn be a representation for M nean

wlth xr(u) = v! as ln (1.19). Let

rn ðx(u" )
vr = rìau"t lffi-, P = 1 e...¡ilr

form an orthononnal basls for fto(M) such ttrat

v1 ¡ r e r ¡v¡-1 form an orthonormal þasls for T*o (M* , r) ancl

such that e.rl * Or r = 1¡..r¡IlJ1 .- Note that such a
éx(r¡" )

basis can be found., becauee 1;;_ . Tro (M* , r ) , Lll'.

Define ê¡ = (ô*rrr.rr8nn), so that lu*l = 1 antl

êtr € Nro(tul*,r), and let 5(n+t) r,..rf(n) þe such that

€kr 6(n+t) r...rf(n) form an OrthonOrnal baSis for
Nro(M¡r¡).

Then, d.eflnlng

15'-

a.nd let

xo = x(uo)

tl¡

úrls = , r?=ru"t

we have, using (t.A)

€k.tbs = O fOf 1'rS

6fi,r(xo)

¿2x(uo )

ãutõul ¡ f¡9 = 1¡"'¡lll¡âsJ

+1

n
¿r
n

and. (1,10) together with the fact that

= 1 e... tllll

(orr".5(t))z *
n

=¡ll

n

,sE1I r+1

rD-1

r r8=t

But, by (t.8) and (1.t0),

(c+ 
". n)' = 62 (xo, rl) < ø' (xo )

f rg=1

n

for each n e. Nro(M) with lr?l=t r so the nequired. result
w111 clearly be establishedl lf we can show tfiat for each
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€i i), i = m+{ ,,..rTr) there is an n(r) e Nro(M) witJe

l4(t)l=1 andwlth

(ú,h".E{ r) ) " a * (ob". r7(r))', Frs = 1¡..r ¡Itlr
fft(*o)

To construct' such ,'l('\ , first let

1

(A-t(*. ),. ..,S" (+") 
),

Eo that l"tl =1, andcLefine n(L) =ñcn/lñ(t).|' where

Then, because 6( t)

we have

and. €¡ aîe orthogonaL unit vectore,

Also, since ñ( t) is orthogonal to v1¡.or¡vp-1r and. e[

which form a basis for Tro(M), we must have

i(t) € N*o(n¡).

It fol-lows that 4( t) has the requined. property,

because by (2.4) (again using the fact that

êr.úrbs = O¡f¡S=1 ¡...¡il)

(ob".q( l) )
(er. u[) (c^r"s.ã( r ) )

lñ( ') |

J

and. 9¡.€f = Ëk* (*o ) ¡

J
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Proof of (2.3) ¿

Let xo € Mr , t, and. ]et lr É V -r Rn be a represen-

tatlon for M near ï,o - x(uo) wtth xr(u) = 1r¿ as ln
(t.'19). I¡et h

the nxm rlatrix
(") = h(x u))I u€ U¿ 81nee the rank of

xr (uo

(Ànr...rÀ¡) e Rn such that

n
-sf=1

(
)

Òu¡ ) 
is m, ne can flnd.

À"t

s = l e.tr er(te so that sr¡bstituting this fn (1'17) and. r¡slng

(t,l) we have

ô1h(xo) = .$, Ëtü(xo)À¡ t i=1¡r.r¡1¡r
J*1

Sinllarly, slnce the restriction of x to

Us = [t. U; u¿ = tJ

provid.es a representation for Mkrr near xo, we have

8[,th(xo) = rårãilr(",.)À1, i=1 r-r¡nr

Bur rhe vectors (, i" EtJ (xo )tr , . , . ,, årËn 
r {x" )lr ) 

and

(riru*1.(t'o)À¡,,..,rirã*ir(xo,^r) are the proJectlons or

the vector (Xr, ... ¡À¡) onto T*o (M) and. 1ts subspace

Tro(M*rr) resBectively. Hence (2.3) foIlows.
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The fol-lowing Lemma, which glvee an integnaL

ld.entlty for Ct (M) functions having eompact support in

M, 1e proved by ueing tlæ identity (1.14).

(2.5) Lemma

Suppose h e C' (M) is such that spt(h) ls ä'

compact subset of M. Then, for k=1 ¡ r å r ¡rl and" t e R,

I Ëk *rr dII¡ - 1 =

1¡.d.II6 - 1.

[ ( a*n*rt Hr) dH, ,
J
Mfi,rMrrt

where

MÊ,r = [E = (Err...rf¡) e M; Ër > tJ¿

Rernanks. (t) rr ft=1 ard. if X e. C'(Mr , r) has coutpact

supportln Mtr,r then [*üt-l means -ì- x(ã).
I EeMr, t
Mkrs

Note that this sum ls eitÏrer empty (when it 1s lnterpretect

as zero) or has at most a finlte nr:mber of llon-z€ro terms.

(rr) rf lt is only true that x e. c'(Mr,s) is

the uniform limit of a Bequence [X" J of C'(Mr,r)

functions with compact suppor't in Mrrr (u.g'

x= Ë* *r, ae 1n the lemma) , then I
M¡

X dlt-1 means

tt

lin
n-roo

I
J
Mkrr
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Proof of lemna (2.5)z

Let x ! U -+ Rn be a Iocal representation fon M

such that x¡r(u) = :ut,¡ tr = (urr...¡r6) e Ur as in (1.19),

and. define ã(o) = rr(x(u)), u € U. First we w111 suppose

that spt(h) C x(tJ) r ðo that spt(i) C u¡ Define

Ui = [u=(irr¡ri.¡t4) e llitl¿=tl, Ut = [rl=(ur1...¡tþ) € U;

1,7t >

else consists of the single point t.
. Using ç1.3) with Mt,¿ in place of M glves

JEf u*n*n, = |ti
Mfi, t Uû

L,8r (#-"" *F*"'dr*o.

llren lntegnating þy parts wlth respect to us anil usi4g

(1.t4) we have, fon U¡ - Ø anl m ) 1,

I 8¡h dH¡ = -t h Hk dIIn,

Mt,t Mt,t

wh1le fon Us I Ø,

I ôkh ctIL =
ft

ur

Mt

/ "Þ. ffi-" 
¿JEl du1..ctu¿-rdlrr*1..d.ra-/ r, n- d'In, m > 1,

Mfr,t

$irt) /r(t) -n(t) - / r' e- drrlr m = ,t ,

Mfi,r
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where we bave used the fact that in ttre case m=l

u=1L) (et J) = gLr = + = +. Now because l{t$tr g ôu"

tr=1 r. o o ¡IlI¡ m > 1, we have, by (1 ,3) ,

t

ð*E *t J¿ - :kK
ôu, ¡5 -¿5 é

( anct * ¿æ - l'F in the caËe m=1 ) . Then the
{

requlred reeult is established. ln the case m=1 r and. in
the case n>l the result follows fron (l .ZZ) because

/ãm n 1s the uniform Limit of a sequence of continuous

functlons with compact suppor,t on x(u)n[ë e M; ë*(E) I ol.
lVhen spt(n) is an arbltrary compaet subset of M

the lemna is proved by taklng a eultable partitlon of unlQr.

(2.6) Cocsl:LeËg

rf h is aB in Lemma (2.5), then

(when

= ôrru

M

Isup lrr(e) |
( I ôhl+z"lnlø )dH1r tn=1 .

Buppose e > O and. r eplace h 1n Le¡nna ç2.5) by

Thls glves

/ A-*l r,l ¿¡r"-, - /,** I ¡nl +(1+/-milff * ) I rrl6) dIT,, ñ)1,k=1 ¡ . r . ¡ïr¡

Mrrr

€eM

Proof¡

M

( æ-tnl)
1+C

a



12,7) I
2-L+2

(Ë. *) lnlt*"ott, =

21 .

e -r 0, it follows

Mrrt

MÈ,U

Now at points where

I (ôk (/?Frl r,l )'.'*(Fl 
^l ) 

*"o*)ar6 
.

u-(J æ- n)'."=(1.")(JFl 
"l ) Ët'¡' a* lrtl* lrtl a* Ëk

]'

and., as d.escrlbect 1n the proof of (2.1) r wo can firrd'

Ir r... ¡À¡ such trrat o, lrtl = ,å"Ët 
,nr, i=1 r r. r enr Note

that then lsnl = lalrrl | = , ,i=,.ãt 
tlrrl r so that writirrg

¡* I rrl =, 
, ä=, 

,* , Ët JÀ¡ ¡ and. using the Cauchy inequality

lr,i= Ët rËrzir I <

lË** hlo
\t

ËkL Ër rlrrl Ë** lonl

k

l¡*lnl I = l¡*r,l * I r J=l

at all polnts where h I O,

Hence, using (Z.l) and. lettlng
fnom (z.Z) that

I Ë** lrrl¿H,-. <JI
Mrr¡

Then by (t.t5)
Mt,r

Ë** lsl )drt.



Mrr¡ M

which Broves the reqUlred nesult in the case o)1, whlle 1n

the case Ír=1 (eee the renarlc (i) after l¿e¡nma (2.5)) t" get

/ æ*lr.lan,-* < 
/ca-.'lar'l 

+ (rdñJæ-v dIIm'

sup Ëk*(e ) lr,(e) I < ftll* | snl+(r + it--l lr'lø0n,.
ÊM{r1

Then the required. result is also estaþLished. in the case

k ard. using *årË** = 1 together wlth

22.

,rn> 1 ,

'l(pcm,

D=1

(1 +

by eumming over

1. The MaÍn fneoualltv
lhe nain lnequality wiLl now be stated..

(3,1) Theorem

Suppose h e C'(u) is such that spt(h) is a conpact

suþset of M. Then

[/t"t#å*tT" " [/lanlnu,,,f 
. *[], lr,lø),*,I

M

gup lr'(r)I <
&M ,_ ,_

Pnoof:

The proof of the theorem 1n the case p=1

mathemati cal irduction on ¡n, the d.imension of M

MM

1o by

Thea
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case p>1 ls easlly d.educed ft'om thie case by replaclng h
by hp(fiåf) arul ustng HbLderr o' lnequality. :

Let P"rr=1 ¡22"-..- be the propoeltlon that the

theonen hold.s (wf th B=1 ) 1n the case tn=P fon all lÞF'

P1 has alread.y been establlshed. ln (2.6).

fhen suppose mÞ2r and. for k=1 r . r r ¡rI and- e > O

ret tn," = (max I( | 6** - e)ro|)r+e. Then úr,. is a
\

C'(n¡) function uriür conpact support in M and.

spt(úr ," )fllr , t ls compact for each t e R. Hence if P" - r

hold.e we have, slnce Mnrt ls either empty or an (rn-1)-

d.l,me¡rs ional eubnanlf,old. of Rn ,

ß.2¡

sup
Mrrr

M¡,rt

I
J

Mrrr

I ( I o*' t (úr,"h) I +cflrr,. lnlsr,r)cttt, e r\=z¡

Ml.,t

U 
(ú¡.." lnl)Hun,-. tEA

f-'
( la*'t (ú*,rh) l+cúr.," lnl6*,. )o¡t- aer>zo

r¡rhere c = rP-1, ß)2s and. c = Zrt¡ llÞ.z.

Now, uslng (z.t) and. (2.3),

c

= úu," lonl+(r+")pffil¡rl la
l-

< ún," l¡r,l+(t+"),/l:: lr,lø,

Ë** |



go

t/
M¡

that, by

ff* lhl

,t

usir€ (z.z) andE.l LË-e\n-2 .ìn--l-

I dIt"_. I
/)

/(
Ë* * | srrl + ( q/ã-¡n+r ) I rrlr ) .ÌH, - 1 ¡rÞ 2,

Mrrt

2l],.

J.ettlng o-,Or ß,2) glves

ß,1)

G.s)

8up
Mrrs

\utL-,',/ 
^=2.

Ëk rß lr,l < Ë* * I ôrrl +( e/Fn+r ) lhlsI
Mkrt

A1eo, by (2.6),

3.4)
/a-- 

li'lær-. - / (ð * I ¡rrl +( 1*/ñ Ë¡ßk ) lrrle),rH., mÞ2t

Mn, È

I
M¡.rt

M

But, uelng the H8ld.er lnequalltyr wê T¡ave

4ll.m-1
!rk , ,J-

lhl"-1 dllr-, <

- K J 
æ- t "l )H*r, ",I-T/ F' I r,l aq- ^Ï*r,

M¡rrt Mrrt

8rt
Mrrt

)i t-*lnlo¡r, ,m=2e"on I iFt.l lr,(E) I

€e¡,[, ¡\ \
Mk rt
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and., uslng (3,5) and. (l.t+), 1t folLorvs that

(ã**lnl l#
Ëkk

dH0-1 (I
Mtrt

Mr rt

M

where

3 ek=rnrK=1

constant

argument.

i/ Ë** | orrl +(4ãã+r ¡ | nlø)dnn-1 x

X

Thus, lntegraüing with respect to t anil uslng (1.23),

[/(** I snl.(,no 
J 

u.)l r,lø)an I*, mÞ2.

M

-E--

/(u-- | nlI-'*, - 
[/(u-* | unl*e. I r,lø mÞ2 t

M

er=rnâx[(dFñ+1) ËkkJr 1 +/ñ
J *]r 

k=1 ¡'r¡oo

Hence, since

the required. resul-t is obtained. by surnnlng over k, uslng

and. noting that *3r9* * nm. Clearly the
m

rF can þe lnrproved. by giving a more careful

fn the case when M is an m-dlnensionaL Dorr-

paranetrlc hy¡rersunface 1n 3u+1 given by the global
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representatlon i. = (î.r...rËo*r), O'+ Rn+1, $there

ir (*) = xr , 1=1 r. r. rm, and. ä*t(*) = f(x) for

x = (*.r..' rxr) e .ç¿r with n arL open suþset of Rn ard'

f e C"(n), dlrect calculatlon uslng this rel,reeentatlon

glves

8tr

g

gtJ

-ðfòf= òrJ + ãñ @' i r j=1 e.. t ¡ûe

=1+

þtn+r

þ+rn+r=1-l/(l+

gz

= Ërr = 8* - (Ë.Ë) /(

g /èLY
ír\axr 7 '

+,Þ.(ä) 
)'

1rj

=þ*rr=-Ë /(, +,ä"(Ë¡';

1

=1 ,'..9lll¡

e 1=1 ¡.rr¡tll¡

,ä,.(Ë¡"r'

1 i gt Jgrs
/òf\2 lrJ'r's=t
(ã'/

ò2f
òx¡ òx" a

1+ n

I =1

Also , ít h e Ci (n) then W d.efineil on M by

rrfl(xr¡r.. ¡fu.r1) - h(x, ¡ i o. ¡{6) ¡ (xrr... ¡x6*r) a lvlr is a

c'(M) function and.

ô,ha =,1"r*r r ä,
lorto¡' =r,T=r*tJtr ä.

Then (l.t¡ gives, for m > 2, 1 < p ( f,r
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(3.6),
[/r"r

J.P,-n-P 1+

,{ òh òh\D/s'u ffi ã_ri

clx
rE-:-P-

J"o

'J r + ,å.(Ë)'u-

t=1 I
n

U
n

+(m+1 t'[/r cr",ä,(ä¡ l-'

D

I ¡ Ji=r ]"n 
+

Ò 1+

n

t r J ¡r ¡8=1

X1

strsr"ffiffit'Í.
o

lp
Ð

ts1
a
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CHAPTB, 2

INTERT,OR GRADTENT POIINDS FoR

pJ\rE&GENCJÛ-FCR. M Er.t IPIIC ESUATTONS

As nentloned in Chapter I ' in []] Bomblerl,

ile-Glorgl, ard., Mj-rand.a were able to d.erive .tt ¿-priori

lnterlor gracLlent bound. fon 6s solutlons of the mlnlnaL

aurface equatlon with n lrrcl.epenctent variables t ÍL à 3,

thus extend.lng the result Bl'eviouely establ|slrcè onLy for

Ít = 2. lþelr nethod. r¡yas tO use teet fqnction argumente

(t3] p.261 and pBr 26t-4) together rÍith the Sobolev-t¡rye

inequallty on the mlnlnal surface glven ln Lenrna 1 of L}J.

Sinee the test-fqnctlon argunents fn [3] generallz-

ect without n1¡ch dlfficu]ty to nany other non-uniforml-y

elllptic equatlons, 1t was apparent that lnterlor gradllent

bouncLs cou1d. þe obtainect for these other equatlons provldect

ttre approprfate analogues to the Soþo]ev-t¡rye lneguallty

could. be eetaþIished.. Recently Ïradyzhenskaya and

Unal'tseva t¿+] obtained. such lnequalities (temma 1 ln

Part II of tt+] ) fon a class of clivengence form elllptic

equatlons lncludlng the minlmal Eurface equatlon. [hey

were thus able to oþtain the required. grad.lent þound.s for

türis class of eguatLons.

fn Sectlon J of thls chapten the generaL Sobolev-

t]æe lnequallty establishecl in Clrapten 1 wlLl be used.,

togetþen wlth the appropriate test fìrnction arg¡rments
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(establlslÞd ln Section 2), to obtaln interior grad.lent

bound.s for a very large c:Lass of non-unl.formly elllptic

dlvengence forn equatlons, incfucllng all those mentloreÖ

abor¡e. The nain results appear Ln Theoreng (3.1) (5.4).

Some pantlcular applicattons of the results arq

d.iscussetl in Section I!.

1 . NotaÇi on- arrd. Str\rc turaL Cond.l tlops ì

In this âr¡d. subsequent sectlonÊtr n will' be a'

bor¡nd.ed. open eubset of Rn(n > 2) wlth þound,ary òn anö

cloeune î. tl = (xrr.ir¡x¡)¡ z, and p = (p.r..rrPn) 'm11

denote points in OrF, ard. Rn fesgectlvely' f'(xo)r for

p > O anct xo e fl, ,g[1l1 clenote tfF (cloeed) sphere of

raclius p ancl cenùre xsr f,fp(n) w111 clenote the set of

real val{fed. ftrneu.ons 4 on O suoh that, for Eome coti-

etant k>o, lf(")-f(*r)l <klxÄx/l roralL xtxl =ñ.
1ryú(n) , Ltt posltive lntegers, will d-enote tlre Sobolev

space consisting of all firnctlons ln I{r(O) having genqraL-

Lzed. partiaL d.orivatlves of ord.ers I e... ¡l lylng 1n

r,r(n) (eee [7]), r{c '2 
oc(n) the f\rncti-ons whlch are 1n

UH (n, ) for each open set ÍL¡ with closure contalned. |n Qt

anö Ttt#,o(n) the set of W#(n) frrnctlons havlng eompact

Eupport in g. For 4e Wl,'¿oc(fl), YL ar¡d. ärL,

1 = 12st¡trlr wÍII be d.eflned' by VL = (4r"r.'.rf,r¡)

ttaa For 4e18,¿oo(n),4,t¡ w111 d.enote

r irJ = 1¡...¡Il.
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will d.enote aUnless otherwise stated. u

r,rB(n) n tß'zoc (o) functlon vrith l"l (MrMconstant,sup

=fÀwhich satlsfies almost even¡nvhere in n the equation

( t .l ) dh A1 (xrurvu) + B(x,u,vu) = o r

where A(x, zû) = (Ad (*rurP) ,. . . ¡â¡ (*, "rp) ) and. B(x, zrD)

are respectivell¡' vector and scalar fr¡nctl one of

(xrurB) e fl x R x Rn such that A is Iocal]y Llpschlt'z

(w1th pantlal cLerlvatlves d.enoted. A* 
1 ,Az, An 

1 , 1=1 , ' " er)

ard. B is locally bcuncLed. arrl measurable.

In (1.1), an¿ in what fol-lows, repeateil 1'cllces

incfcate summatlo¡¡ from 1 to II¡ Of counse, 1n (t.1)t

å o, (x,urvu) should' be taken to mean +¡f-l where 9t

is d.efined by ,/r(x) - A1 (xru(x)rVu(x)), xe, fl, 1 = {¡rrr¡ro

Ihe weak form of (t.t) ls

(t.t) t 
!or(x,u,vu)ä,rü 

= 
Ir(x,u,vu)teu-, 

4e Wt,o(n).

nn
It w1ll þe assumecl tTrat (t.t) is eL11ptlc, 4t least

fon large enough val,ues of lvol. That ls, lettlng

I(xrzrþ) clenote the minlmum eigenvalue of the synmetric

matrlx å(Ar n I (x, zrg) + Alu ¡ (x¡zrp) ) , coniLltlons w111 be

lmposed. to ensure that ¡,(xrurVu) > O for large enough

valuee of lVol . It ls perhaps worth pointing out tlrat lf

u€ r,fB(n), 1f (t.t)' is satlsfled., lf h(xruÑu) >
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on O, c constant, arrd 1f B ls locafly Llpschitz on

O x R x Rn, then u ï¡111 automatically be in '[IE'¿o"(O)

ancl wllL satlsfy (t.t) alnost evenywher"e in fl. (A pnqof

of tJlls can be basèd. on tlre argUment in [7] ¡ pp 273-6r but

note that tåe argUrnent ls elmpllfled. by tTre assumptlon

u€ r,rp(r¿).)

The preeise gtrtrctural cond.ltlons for the functions

A ard. B w111 be formulateil. in terms of quantltles

f ,wrvr21 ,e ,þ ta tTo ¡lJ t ard. nfl r Tvhere f d'enotes an'

arbltrary positlve contlnuous ftrnctlon on [1r-) (for

fnar\y equatlons lt su[fflces to nake a cholce for f of the

form f(t) = tl , I constant - speclfic examplee are d'1sj

cussed. tn Sectlon 4) r w 1e d.eflned. on [1r-) by .

,- *[(f dh) / Ç =tËr)]

d.sïGIwhen oo

t 1 1w(t) =
t f" dts

J FGT = oo'1+ when

1 1

v = utTîJ[ffr Xre ¡þtr d.enote positlve C'(Oræ) functlons to

be further speciflecl Later t To >

arþitrary consta¡ts, nÛ = J1 fon n > 2, and nil clenotee

arr arbltrary constant gneater than 2 f,or rL = 2.

Then 1t wllL eubsequently be aesuned. that vanlous

cornbinatlons of tTre followlng corulitlone hold'.

I
d.s

îTJI
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(1.1)
{x 

(*(") ))1-2/;'tl1

(r)x' (*(v) )
x (w(v) )

gt JErã¡ <

for aLl Se Rn,

whene

gr¡ = ôrJ (Brp i/(r*lpl'), i, j = 12.,o¡ru

( 1.¿+) lr(v)¡,, o, (*, z,p)rr.:etl

+

n

l=

lz

1
q (w( tr) )p.A(x, z,þ) rft

x€ f¿, l"l ( Mr and lpl Þ ro,

for all E¡e e Rn, x € flt l " u, and lpl à rst

(1.5) r(v) tvl¡" (x,z,p) l+lA*(ro, zfi) l*ln (xirrp) I i <

[x(x, z,P)iå fø (*(.r) )p.A(x, r,p) lt,

for all x€ o, l"l ( M, arrd. lpl Þ ro, where

F(v) =

[^r'rl /" otä]' . [" /" =b' I* when f dä'=*
111

1

,#i /TG)'f FbI'.[f db I') when

v v 
ffb"*

arrl |(xrzrp) is the mininun elgenvalue of

1

å(¿r o, (*, z rD)+Atp r(xrzrp) ) .
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(t.6) ll(*, zfi) I < r(*(*'))p.A(x, z,e), l¡(*,r,p)l <

¡/p.A(x, zrp)

for all Ne o,r l"l ( M, and lpl Þ Ts.

(r,7) l€.t(*, zrp)[2 < /¿2p.4(x, z¡p) r(v) Arp¡ (*rrrp)€rË¡

fon all Ee Rn, x e fi, l"l < M ard lpl à Tst

It will become apparent tTrat the cond.ition (t.ã)

is lnposed. 1n ord.er tlrat appnopriate use can be nad.e of the

Sobolev-t¡{pe inequâlity establlshed. in Chapter t. TVe w1ll

in fact here use only tlle follofving consêquence of tJ¡e

lnequallty (1.ø¡ of Chapter 1 I

llf*r(nr-2)"*]# < 
" 
{,,.)[/ (t-n/n*l(r.s) vd.x

fnspt(4 )

Irr't *t Jg""ü, trü, J"rBt J e,trr,¡)vctxr
n

where n 1s an arbl trany bouncted. 1¡Iå , o (n) firnctlon,

¡f ls as ln (1Õ) r c(nt) f" a conetant d.etermined.

by Íttr v=rlTffip, and.

-tJèr 8rJ (u,1u,ì/(1+lvul3), 1¡J=1¡..o¡Dr

In the case when \trl ê c'(n) (t.g) 1s obtairect by

usirrg p=2 ln equallty ß.6) of chapter 1 when n > 2, arrd.

by uslng p = # together with H8ld.erts lnequallty wÏæn

tt=Z. Generally, when ur? are nespectively

tlp(O) n ïtlfi'zoc (fl) ancl bounded. wâ,o(n) ftrnctions, (t.0)

n



le obtalrred. by taklng suitable C'(f¿)

seçluences for u and. rlt

If in (1.¿+) we rePlace ë bY

1, (e > o) then (1.4) becones

^le

34'
aBBroxlmati ng

J-e€ ard n bY

(r.k)' lr(v)¿rrr(x,z¡DhrEll < e r(v)n¡nr(*rz,PlEtEr +

o (w(v) I p.A(x, z ,p) n?
1

n
Ð

tê
Ò

Choosing e=t and. é=4t (1.4)¡ gives

(1.9) r(v)¿rr ¡(xr zrP)ErE¡ < ¿{q(*(.') )p.A(x, 2,9)rå.r?

for all (€.r..,rfn) € Rn, so trrat

hq(w("))p'.A.(x,zrp) ís not smaLler t'han the rnaxlrrum

elgenvalue of the sJrrnmetric natrlx

år(") (Arp 
I 
(xrrrp) + Alp r (x ,zr9)) , and hence cert-

ainl"y

(t.to) r(v)x(x,z,e) < hp(t("))p.A(x rzsP).

If the functions B, Ato, AtrJ, Att5, 1eJ=1 ¡rro¡rr¡

are locally Llpschitz on Q x R x Rn, then ln subeequent

sections lt will aLways be posslble to use the followlng

coniLltlon lnsteacl of (t.5):
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ry#ll ot ,'-t(*,r,p). qF Atr¿n(*, zÐ) +

P¿o
Yõ ,(xrzrg) - #[orzxr(xr zrÐ)+prAr oo(xrzrg) +

B, (xrzrp) I < ø (w(") )p.A(x¡ z,p) .

(1.5)

(r(")
.t

E +

G=1

, ,Þ*r lþ, xtDajx,z,p) +

þr¡(x, zrl) Arzp*(xrr,n)l

The condltlon 1t.7) ls funplietl by the nore

convenlent cond.ltion

(t.7)' lA(*, zû) l" * ¡r"B,A(x, z,p)r(v)x(x,zrD).

Since erþ$ are assuned. positive, eaah of the

conclltlons (t.4), (1.5),

for x € o, lul ( Mr lpl

and. (1.6) requlree p.A(xe zrp) > o

) To, In fact, lf (1.3) hoLcls in

TÍ

ad.ctitlon to any one of theee conctltions, it folLows that

(t.1r) p.A(x rz,p) ,$/ñrtF,
1-2/n*

f ør¡ãfã)/îir'Ïã
Ts< ,

for xe. f¿, l"l ( M, lpl à rs+1. lhis 1s easily

seen by lntegratlng t'Ïre id.entlty
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$rn.l(* ¡zttl) = Aro¡(*,zrtp)prpt

þetween t = ro/lpl anct t = 1 (".f . [8] ). f'or then,

using (1.1) togethen wittr the lnequallty

strErE¡ "T-lnF lEl', vallclfon E = (8r,...r{n)e Rn,

we have, for lpl >

p.A(x, zrÞ) - p:A(xrr, fri) >

(I

2

1

ro/ lpl

(re+'i ) / lpl * 
1 -2/ nø (wgJr-llTãTtd

f (/ETã'l6p)/î+TãÏplã

*1-2/nt (wUTrtTõ¡ãJI \ ,tl lpl"fm)''

"(#-ih) lpl" = clpl'

p ,

ro/ lpl

which, by the d.efinitlon of o,

(t.to) follows since

" lpl > f; ]T+{e-f; and p.A(x,2, "" TppT) 
>

Subsequently we will al.ways assume cond.itlons

(t.¡) and. (t.5)¡ hence (t.tt) 
"ur¡' 

also þe assumed. to hold.
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throughout. Then Ít follows from (1.8) trrat

rfþ-2
( 1 .B)' nt

llr,""r 
rn's-2)v d,(

gl'tspt(4)n

a

I in" $u' Jg""ur trll, ¡si8r Jn,to, ¡)vd:c,
n

where c¡ ie a corrstanü d.eperldlng on ro, rr*, and.

the constant c of (t. t 1) i Of course, thls mod.l-

flcation of (1.8) l" only of 1n-þerest 1n the case

rr=2¡ Bince for n>2 li¡e have rr{=n and. the factor

t/
(t -dntt)

vd:t

filrspt(4

l
)

)

ca¡r be onittecl from (t.8)'

2. Intesral fnequallties

In thls secti-on, using test function argumentet

some integral inequalities to be used. j-n the next sectlon

are established..

I
Kp

The flrst of these lnequa3-ities gives a bound' for

lvu.e(xrurvu) | ax provid.ed. K* (xo ) c n. The test
(r'" )

function used. in the proof of thls bor¡ncl will also þe

lrnportant (tn a mod.lfied. form) 1n Ctr,aptene 5 and l+.



(z,l) Lemna

guspose r*(t) c n
wlth cr(t) - O as t -+ oo.

that (1+¿rp¡¿)f ø(w(t)) <+
A be a constant such that

38.

and. suppose that (t.0) holds

Let, r* >

for all t >

be a conetant guch

JW, and let

(r+hpru) zspm (f 1",", z,e) l+ule (x,r,p) l*lp.A(x,',p) l) < A

for all xe f¿, l"l ( M, ar¡d. lpl € î. Then

[vu.A(xrurvu) lot " 
cnþn,

*p (*" )

where cn ls a constant depend.ing only on rre

Proof:

Define L = nax [u+3W-Lllt/e r}l, where

I
J

lf = l"-*ol,
ln place of

where

that

and. ].et k=1+I¡#M. Uslng(t.t)t v¡ith 4k

4 vre have

u[Uk-nvu.A(x,u,vu) ilx = k
J
E

4þ- tvr.A(xrurvu) d:c

+ l¿*s("ru,vu)dx,
I
E

E = [*. o;ã(x) I ol.
Then d.efinlng W = [*. E; lV"l > rl anö notlng

l¿l <

MT
Fl

E

foflows that
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ErE1
"I

Ef

{ f-- lvu.Actx ( (å+l+¿u) 
[ 

Z"-lvu.Ad.x

Er Er

ãk- lvu.A ctx < k I zr'r l.tl ax . J+¡r/ LE- L 
I s I dxu

p

A and. B

a

+ I Ek-t
J
E-Er

where of course

(x Ë l¿l * r+¡¡lal + rlvu.Al )a'.'

are abbrevlatlons for
respectlvely. Then, uslng (1.6)

r.frø(*(/Tãlvãfã)) <t on &,
A(xrurVu) ana n(xru¡u)
together witt¡ the fact that

thle glves

+

E-qr

t ctearly followe that

[u.-'(n Ë lrl * 4ulsl + *lvu..o.l )o..

I

I u.-lvu,Ad:c < t{.*"'(}to¡ + ulnl + lvu..cl)u*,
F,r E-Fr

anL, adcling 
I ,*'rlvu..e,loc to each s1d.e of thls lnequallty

E-f,f

a¡rd, uelng the cleflnitlon of A,

P"-r lvu.al ôr < w/:',- '(Ë t o¡ + rrr In | + lvu.*l ) a:r

E E*trlr

JJ
E-qr E
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Then tte pnoof 1s completect by uslng the fact that

Kp(xo) C U C r*(*o) togethen wlth the estlmates L > M

on Kp(th) anÖ 4 < l+M on ttr-(xo).

[he followlng two lenmas are proved ueing an

argi¡nent vrhich is a rnod.lflcatfon of that in [J], P.263.

(z.z't Lemna

suppoee ro(xo) c n, let I 'l¡e a posltlve con-

stant, Let h þe a positive Cf (Or-) ftrnctlon, and. euBpose

that (1.6) an¿ (1.7) hold with ø(w) < t!/ILo (*). [tren for

q.> 1, q.'> 1, and. rÞ16

I (p-r) zt¡ltt Vu.A(xruñu) ¿x

*p r,

( 1z.zsrúp (ttr*r"lU 
I 

(e-*¡rn- z:n?q'-rtvr..A(x,urVu)d,¡c +

K
P¡T

(e' )' (p-r)rqh?q,' -'t(r').o.r p (xrurvu)hn , rhr , ¡dx

K
P¡T

v =/T:;-lffip
hr = nâx [rr(w(v) ) -¡r(w(/iìiF) ) 'o I '
r = lx-*ol,

*, ,, = ro (:t ) ñ spt(hr ) ,

I t

where

and.
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^P=
sllD

xero-(xo )
o(x).
)

1nf
xer, (:ro

(2"3) r,e¡uma

Iret î be a continuous flrnction on

/iT1Vñfã < î on f¿' Let h be a Bositfve

functlon, and. Buppose (1.7) frof¿s. Then fon T

òn

I h? qvu.A(xruñu) clx

I J
h?c- 2f (v).0.10 (xrurvu)W ,rh7 , ¡d-lß¡

ÍL¡

where v and. Ïh are as ln Lem¡na (Z.Z) anat

n' = fl fi spt(hr ) .

Pnoof of Lemma (z.z) z

Write 4=nklh?c (rnaxl(p-r)rol)'q, where ràTo¡

7l = flrrr-rll - inf .u¡ ancl k = 1+2ltnr. Then by (1.1)"r P r^(:c") P
p

uslng Vï" = k4k- lVu(p-r) z|¡?c + rf LZq' (p-r)âa¡2e'-1Vhr -

Zq(p-r)zt't¡|c 'Vr J on fO (r,o ) , we have af ten sorlê re-

arrangement of terms

n such tha t
C' (o r-)

O¡

k I rlß' L( p-o) P c;6?q rVu.A .x
*0,,

= -(zq.')I trb',4tr-r)qhfl'-' H Irå 
-tØ-r)ene'7ffi,]ax

*p r,



&
2

n
*t(o-,)o- rnf 

i;5I rE 
-rro-,1'u'7roJl*

,to r,

+ [ n"(p-") zc1¡?a'Bdx.
I
KPfi

Then using the lnequality I"tI <

k I eE- t ( p-r)r rn?q' Vu.Adx

*r,,

qF I ,".' (p-r)qhfq'- ' (Y*',i+)'-ctx 
+

K
P¡T

. +3 I ,*.'(p-o) zq-z:n?o'($t:f)"*

e > O ard. a¡be n)

on the nlght gives

on each of the flret two lntegrale

+

I

no,,

rf - L (p-r)"on?q tvu.Adx 
+ ,f (p-r)zqh?a' la I ax.Zrl

Kp T, T*p

Now using (1.7) and. (t'e) together wlth the lnegualltiee

lvr..e,f " <

,
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k I TR- t (p-r) zq1¡?g 'Vu.Adx

*p r,

"ry[,-*'(p-"),chFct-2f(v)At,l(x,u,Vu)hr,thn,Jd.x+
K.p,,

+
u.2 a2

,k+t (p-r) ze-2;¡?c' -28Vu.Adx.+

K
PsT

(2e+?t"tno, 
I ,''¿ (p-r) pcnlo'v,r.Ad*.

K
PtT

f'her¡ the r'equlred, reeult ls establlshecl by chooslng ê =
arrl, noting that *p { n < hp.

tenma (2.1) ls proved. ln the Bame way as Lemma

(ZtZ) ¡ exceBt ttrat we start with 4 = ñkn?s ri = M+u-ir¡f llr
lnstead. of L = rfih|o'¡hax [(p*nlrOl)"q .as ln the proof

above.

Note that thÍs can be d.one since W I s a bound.ecl

e ï

L
h

Wâ ,o (s) flrnctl on when r > r"{"Ëf; f ,"" ].
ltre folJ.owlng three lemmas ane proved by what ls

þaslcally a stand.and. test function argument (see êrgr [rJ,
[h] ' and t7] for similar argunente).
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(z.l+) Lemna

Suppose f<O(rrc) C n, J.et h be a positlve Cz(Or*)

functlon with h'rhz Þ Or and. suppose that I ard' t are

argr posltlve C'(Or*) functions such that elther (1.4) ard'

(t.5) or (1.¿+) and. (t.¡)' hold.. Then fon grQr >

for rl16

I (p-r)'c¡P a' - r d ¿Ar 
n 5 

(xrurvu)u, ¡ ¡ll, ¡ ¡dx

*o r,

+ q, 
[ 

(p-*) zq:h?q t-2f (v)Ar n ¡ 
(xru,vu)T¡r , rhr , ¡clx

K
P¡T

(p-") zq1¡¡q1 -zú(*(") ) [*= (v)rrt, (w(v) )h" +

*0,,

w(v)¡r' (w(v) )t" +(w(.t)rr' (r(v) ) )a pu.A(xrurvu) d'rc

I

+ ct q.( 1+q/o,') (p-") a q - zri?o r r 1w(v) )vu.¿(x,u¡u) d.x,

*p,,
where

v = /Tf'lslfã
hr = rnâ.E [n(rv(v) )-rr(w Ç11ç, ) ,o l,

gr¡ = 8rJ-(u,¡u,!)/(1+lvul2)r iri = 1¡...rrrr
r = l*-*ol

*p r, = Kp(xo )nsPt(rt" ) ,

I
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(z.D) r,enma
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are constants depeniling only on rrr

I¡et h beapositive
ht ,¡tt à o, and. suppose that ú

functlon such that elther (t,5)
be a continuous function on n

fl. fherl, for T > nax[sup Trr
òn

l'+"-tr(vlgt 
( v\' rr' (w(v) ) g" t*r n , 

(x'urvu)u'r 5u¡ ¡ ¿dx
flr

+ +[ n7u'2r(v)¿r n , 
(*,urVu)hf , rhr , Jdx

J
fl¡

J
Qr

(w(v)rrt (w(") ) ), jvrr.A(x,u,vu)d.x,

where the notation ls as in Lem¡aa (2.4) and. O¡ = O ñ sBt(frr).

(2.ø) Lemma

Suppose

1

that grú are any posltive Ct (Or-) functlons such that

elther (t.4) and. (1.5) or (1,4) and. (1,5)' hold, then, for
q21, qI >

Cz (o roo) ftrnction with

ie any posltive C'(Or*)

or (l .5)' hold.s. r,et ?

such tha t /T;fvff,ã < î
o J ar¡d. q. > 1,

on

no(*) cn, f ?b(-r and. suppose

I (p-o) 2qw?s I -z f (v)w/ (v)
I

K
P¡T

v g" ¿At 
o

(x, urVu)u, r st1, J rü



l+6.

+ t þ-r) zsw1q't -2f (.r)¿r n I 
(*rurvu)w" , rïrlr , trdx

I
K
PtT

I
l

(p-")z qw? r' -. ú(w( ") ) w(v)vu.A( x, u,vu) dx

K
P¡T

+ cI (q?+pzq.t") (p-r)zq-zw?sr -1(ø (w(") )w(v)+

np,,

e (w(v) ) @ )vu.A(x, urvu) d'x,

where w7 = ¡nax[*(n) -w(J l+ ) rO J and. t'tre other notation is

as in Lemma (2.4) 
"

Proof of lenma (2.4)

V'úe will flrst give the proof assumlng (1.5) holcls.

If 4e. TE,o(n) u¡ecanneplace 4 in(t.l)t þy

1rl, l, = 1¡t.tsTLt

Then, lntegrating by parts Ìrith r espect to x¿, (t. t ) / glves

(z,l) (A.1 (xru,vu)ã¡1d.rc = -1"(xrurVu)4rtdx.t l,=1 tr r r ¡D¡

t

d..

dx¿f
J

fl n

anil by considering approximating sequences 1n C'(n) u¡e

see tlrat this hold.s for all 4 e tÊ,o(n). Hence we can

reprace L in (2"7) ¡y f (v)rr' (r,v(v) )*'(.r) ff ,, where

q e ïVåro (g) w111 þe chosen Latero NovI, for i.¡l'=1¡.. e ¡rl¡

uslng the fact that



\rt.

f (t) (w'( t))', r* ds

] TGI (oo

f¡trtt)w'( t) ) =
1

0, -@l

1

we ïrave

where

frtr(v)h' (w(v))w' (v) +ù =

lor(v) (w' (v) )"rr, (w(v) )+r(v) (r/ (*,) ¡z¡z(w(") ) I **nt, ,

+r(v)rr'(w(rr) )w'(o) #'",s rr?+f (v)rr'(w(v) )w'(v) 4*r,, r,

0

o, =oo

( oor

1

I,
1

and. where we have used.

have

"ods
J ãrÐ'

v llrs t. Aleo we

'åf ot (xrurvu) ) = Ar n , 
(xrurvrr)o, 52+Ar o (xrurvu)u, z +

Lr* r(xrurVu) ,

so that af ter s ome rearrangement and. summing over l, (2.7)

gives

ò
ôxr )=

.,#./v-ú
\v
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/[+#^ ro rd"o, r t!,t"r/+f (w' ¡z(oh.+h'¡)A1D rü, ttþ,n+

(e.s) fhr w'Or n ro , r, Yr, r Jdx =

a fh,w, \r,r Jd:c,

where

At¿ - A1*, (xrurvu) * ü, ¿Ato(xrurVu)tôr¿B(xrurVu),
Lrl = 1e...rfll

and. where we have written f ,h'r}rrtrwt, and' Ato, as

aþbreviatlons fon f (v), h'(w(v) ), ¡rt'(w(v) ), w' (v), and

Ar, J 
(xruñu) reepectLvely. Úsrng the iiLenti ties

E,tt Y = vrJr (w(t)), ='rY/(v)v,tr W,, = ht(w(v))wt(v)v,r

spt(hr ) , and. the Cauchy inequallty

n

on

lct¿Dt¿ I c?¿ D7¿

-[rr¿ [f (w' )z(6nt+h") Y" ,t1+f:rrtwl *" }ÊÁtl *
I
n

l1l,=1

(valld for arbitrary real matrices (Cr¿ ), (Dr¿ ) ) ' together

with the fact that

(z.s) d,*t6"Er = dt€,Er - #(?E"I

1t follows that

(Err.,.¡fn) €, Rn,



l+9"

( z. to)
i[q5^tp r8 

uo, 
r t!,ts4+f ( 0:n'+h't)Arn r(w(v)), r Ò

o

, (w(lt) ), ¡rl+fA1o Jhr, !.T, I

f
J

lcl r
L

,

n

where lcl =
L rC=7,

f\,v, ( ottl +:ntl) lvw(v) la+ v llrstürtt n +

fh'tr' lv4l ]u"'

c?¿ Denoting the right sid.ea

of this inequality by R lue have, upon substituting

n = n?qI*I(nax[(p-n),OJ)"e and. uslng the lnequallty

lv'rl <

on nO (r.o ) ,

R < I ltl lrr'(oh'+ht') (p-r)zsh?st -tlvw(v) | +
J
xo (xo )

I

+ (Zq,-t )ffr,wt (p-r)zqh? e! -2' lVftr I

/g (P-')zsh?q'-r+

+ 2qf.htr *' (p**)zq-t:¡îic'-t ]d.x.

After some rearrangement of terms tl..is can be wrltten



R<

+ t

(e.tt)

+

+

t

I f b-"lzsh?q., - t ( on, +h,,)nlvw(v) l, lT (p-r
J L JL

50.

)zc:h?qr-r (On, +

*r,,
+h//)f (w, )" lc l"/xlåax

(zq' -1) (p-r)" s,i?q'- nf^[vrr" 
I ' lt l(zq' -t) (p-r)" q:n?q' -4 .I

KPfi . r(h, w, ), lcl"/xJå¿*

(which is eaelly seen by writlng
for a suitable real rxn natrix

zs:n?qr-r .

g"È - 8.¡râtrrsrt=1 ,...rllt
(arJ))' it follows that

/ [,0-")ashPq'-r 
-Êbl4 rs" tur 

s re,. , ]*[(p-")
*p r,

dx

J1

I lz+re-r)'q-'b?o' 
*]12q(p-r)achPq' -eî(hrw' )' I c l'lr]=a*,

K
P¡T

where L = I(xrurVu), Then, using the inequallty

lutl < (vaIid. for e > 1n

eaeh of the integrals and. noting that

?\dtu,s tu,¡ I ( Arn JB"tor rsu, Jü
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I to-">zqlt?q' - t (eir/-r.h¿,) rlr p,, (w(v) ), r (w(v) ), ¡dx +
J,
*o r,

I
+ E(zqt 4 [ (p-r)2tn?q' -zfÂrrJ h", rhr, ¡d:c

I
*p,,

* , 
fte-T)zq:n?qt-rgwl 

ArnJ B"o, rso, Jrdrc +

*p r,

l-f
l+" j+ (p-t)zcta?tt -e¡1*t ¡e [an'+h'/) h,r +

+(2q+zqr -t ) (h' ) " I I cl'lla"

.* 
lb-"l"shFq'-¿ 

Éd4 lclaTxar< +

*p

R< ê

(z.lz)

ç2.t3)

*p
,

T,

Zqe (p-")zq-z161c'fì, dx.

KPf

Now d.enotlng the left hand. sid.e of (Z.lO) ¡y L we have

I

, = [þ-r)zqhfq'-.[tntJ' 
¿,n, d"o,rf 1r, 1e *

np r,
r( orr, +h,,)4, n, (w( v) , r (w(v) , , , J*



+(zq, -r) f þ-")"on?qt -z'r.ltn 
Jh, ,,rhr , Jdlx -

I
*p,,

-"nl þ-")zq- L:h?q t - lfAr 
o Jh", ¡r, r dxr

K
PtT

and, uslng the lnequality (1.4)' with

1n place of e, inr,t/h, ln Place of

r rL/ (p-r) rtt place o f rl ¡i , u,e have

52.

e(zqt -t)/(zq)
4t , and. wi t'fi

(e.ll+) (p-n) 2q- Lh?q t -1fAr, 
Jh", !r, JcLx )

K
PtT

-e ( zq'-1 ) (p-r) zq:¡?q' - zfAr 
n brrth¡rtrd:cr

l

I J

K
PtT

- ;çffi | ø-tlzq-'l?e' e(w(v) )vu'Adx'

K
PtT

Uelng thls estimate in (Z.E), and. using (Z.lZ), lt foll-ows

from (e.to) that

U-r) I þ-r)zqh?qt-l[rhl'v'' ¿1Drd"o, r¿u, rl +

K
P¡T

+r(orr¡+h")Arn (w(.r) ),, (*(*r) ), r ]u*
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+(zqî -1) ( 1-2ù 
I 

(p-r) p'cttil=q'I -zîa.tn 
J 
h" , rbr ,J ctx <

*r r,

# / 
(p-n) zsri?q' - zr(w' ,'[,oht +ht')hr+( 2q+2qt -1 ) (h' )']

Kp

I c l,/ra* . t-* / (p-*) zqn?q'- t *#4lc 
I 
,/¡.¿*

np r,

ú

T,

+(8qe.ffi I
I ( p-*) z o' - a¡fr e' 9 (w( v) )vu. A.d.x,

T¿'Ir.
PtT

where (t.tO) has þeen usecl to estimate the last tern ln
(Z.lZ). Then the requi-fed lnequallty follows by clroosing

4
e = Ë ard. noting that' (t.5) impl5.es

--,[#+fe' #] qE " c r/(w(v))vu'A(x,u,vu),

where c d.epend.s onl-y on rrr

Inthe case when (t.l)¡ ls assuned. instead. of (1.5),

first note that the right hand. sid.e of (z.g) ls Just

-þr, ãh(rw'h' Y n)u*,

r
I

which upon integration bY parts

fl

can be written

Itntw, Y t¡^ tx¿x,*u, rAr*rz*ü ,c[tz, r*u ,¿,ù,tLtr, + B*r+

o

* U, r", ]*
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+ 
frr'n' Y r[^rxrÞ*-r'r-r,e Àrun*+ 8r¿Bp;]",¡1dx.

n

a = þ'lor.¿*, *o, rAr"¿ o+u,lAr z* ¡+u,¿u, rAr oo+Br r+

Definlng

and.

+ ttrl,Bz

l
!rl

Dtr Ar * rn u{'u . ¿At rn n*ô t ¿Bn r ¡ i¡k = 1er..rIlr

and. uslng the ld.entii¡. u.kr = gksu,sr - + vrrt

1¡k = 12...¡ILe

thls can be wrltten

Itnw'?cdr( 
* / rn'vr,4D1rsß"u,srdx - 

Itn'wf 
4Dr- + v,ldJ(r

n n o

so that, using ihe inequallty lDr*Et.l , ]*=?? *
2
t kÐ E

I ¡k={

(valtcl for arbl trary real. nx n matrices (Dr *) , (Er *) ) ¡

together vrith çz.O), it follows from (2.8) tnat

(z,to)t rhrwr lc[+*r,w, lDl,¡ffi;,,f; *

+ f lDl lvr'(w(v) ) I ]u*'

"-/r[
o

where L Ls the left irand. sid-e of (Z.tO) and.
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lol = t , h=1
D?t Ò

Denotlng the night hand. sld.e of (Z.lO)t by R anô ohooslng

T = l'úq' -t(nar[(p-") rol)"q, after some rearrangenent Ìue can

wri te

(z.tt) n

+

I

*p r,

[ 
&-"1" chpq, - 1rh, wr r, I o | "/^]å

/ [,o-' ).on',n' - "tîlv],n I " ]å[ 
to-.lzqhFq' rl p l,,zn]å**

*p,,

/ [,0-t)aqh?q' 
-..*;"'. r.d tu,s rü, r, ]*

dx

(p-") zs;¡?q r - trfhrw, 
I c I ¿rr.

a

K
P¡T

Uelng ttre lnequallty ab d e* +

two integrals here givee

(z,lz),

.l

Ë O' 1n each of the first

R < , 
lb-")zq:n?q'-1 

+F ¿lrJg"turErü,t¡dx +

*p,,

lØ-")"qhf 
q'-zfArr 

rh", rh" , rùe

*o r,

. # lfo-"lzsh?q'-t(rhrw'v+rh7) 
lplrlx¿x +

np,,
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(p-o) zs1¡¡?q,t -Lftat .r,vt 
lC lAr..

KPfi

The remaind.en of the argument is sintlar to that glven abover

Leruna 12.5) can þe proved. by uslng n = h?q'-t

lnetead. of n = WQ'-t(tax[(p'-o) rOl)=q an¿ fo]lowing the

above arguments exactLy, taklng ad.vantage of the elnpllfica-
tlons ctue to the absence of the factor (t"*[(p-")rol)'q ln 4.

Lenma (2.6) can. nont al.so be eas1ly proved. by uelng

essentlally the same argunents as above, wlth h(w) 3 ur

Tl = v?q' -z (tna* [ (p-o) ¡o J)'q ir¡stead. of

4 = túqr-t(r"*[(p-o)rol)"0 (r, = m€r*[r(rr) - w({T@)ro]),
andl subJect to the following morllficatlons:

(r) ln place of (e.th) use the lnequallty

-rql (p-n),q' 1ïy?q' - efAre 
¡wr,Jr, rdx >

np r,
I to-"lz cw?q t - afAr p Jrr' tìrvr' ¡dx

I

-e

*0,,

_ h_9, f G_r¡rq,-zw?q, -ze(w(v) )vu.A d:r,e J'n
*p r,

(fr) in the case when cond.ition (t.¡) is ageumed.

(2.11) f" replaced þy
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1z

Iz
-"/[ (p-r)' n*? r' - "fl,lvwr I 

2 (p-o)'n*?q -2f (wI)z ICl'¿ dx/i
*0,,

+

+

+

R=

+

/[ k-"1,c'F o' -'nlv*" l, ]
*0,,

K
PtT

(Zq, -Z), p, (p-r), c- rw?o' - rf (w, ) n.
.l

. lc I "/ll'ar.)

I lrr-r)'sïv? 
7t -z t ^o 

tu, 
s tu,r, ]*[(p-r) 

zqw?o -" t#'

1
2

L
2

I

1

2

/[u* 
(p-r), q-zw?o., -,rnl*[ (n-ol"n*Fo' -ár(w' )' l c l,-rtf

.lcl*/x d.x

dx

K
P¡T

(where we have used. (p-")'n < p3 (p-r)nq-' ln the seco4d.

lntegraJ.) ¡ and.

(rrr) in the caee when conclltlott (t.5)' le assumed.

(2.'tl)t is replaced by

/[Co-"lBqwpq' 
-"'Y' ].dtu,s rü,r,]*[(p-r) zqv?c' -z¡oto' .

*o r, Iz.loln/") dtx

Iz

/[ 
to-"1 zsvÊs' -'rÀIv", | '] (p-r)zqÍn?o¿-z¡lPle d.x +

K
P¡T

(p-r) zsw?c' -a1,.rot 
I Cl ax.

/t
I
K
PtT
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3. lt¡e Grad.ient Bound.s

The fol.lowlng theorens represent the maln results of

thls chapter. Some specific app1'lcations of t'lre theoreme

wlL1 þe d.lecuseed. in Sectlon 14. fn all the theoreme

i conèltlon (t.¡)¿ can be used. ln place of cond.ltlon (t.5).

In the îtrst treorem cor¡dltion (t.7) ls not requirect

to hold., and. for this reason the tÌporem ls especlally

applicable to equatlons of the form (t.'t) when p.A(xrzrp)

has rapld. growttr as lpl + æ (see exanple (4.t¡¡.

ß.t¡ Tlleqreg

€lu¡pose tC* ('xo )cr¿Jet ô be a posftlve constant,

anö euppoee (1.1) - (1.6) troldt wltJ¡

lD( (w( v) ) , I p.A(x, z,D')

fon aLr x € fl, l"l { M, and lpl Þ To,

wltlr ç(w) = þ/w28, and with ú(t) , r(t) -+ o as t -+ oo.

Then the estinate

ees suplvul < r
hoLcls, whene tÏre essential sup 1e taken over Xr¡4(+)
anct where I ls a constant detennlned by tü, fr Ú, 6¡ lJt

Tot anct the quantlty A of l¡emma (e.t).
The proof of this theonem wiLl be given Later.

lhe rext Theorem shows that, in the case wlen

cond.ltlon (1.7) ls assumed., cor¡d.ltlon (1.5) can be consld.-

erably relaxeö.



ß.2) Theoren

(.) gupBose

suchthat k>O and.

hold wlth

wl t,lr

t.+ æ.

59"

r*(xo) c n, let krô be constarrts

ô > o, and. suppose (1ð) (1.7)

q,( (Ìr(v) I > /t*tv) )- 
kp.A(x, z,e)

for aLt x € fi, l"l ( Mr and. lBl v To,

q(w) = tt/w26, ø(w) = ¡r/w6, anl with t/(t) -+ o ag

Then the estlmate

ess suplvul < r
hold.s, whene the eeeentlal Bup 1s taken oven Xr¡¡f(A,)

and. where f 1s a constant cleterrninect by rf, rlrt rkrô sþlrot
Mrp, and. the quantity A of Lemna (e.t).

(t) Suppose the try¡rotheseo art aa 1n (a) exeept

that t = tt. Then the estimate

ess Bup lv"l < r

hold.e, where the essentlal eup ls taken over XO¡4(A.)

ancl where f ls deterrrlned þy the sane quantltles ae 1n (") t
togetÌr,er wlttr tlre noclt¡J.us of contlnulty of u on O.r

(") SuBpose the try¡rotTreses ane ae ln (a) except

tÌrat f/ (w) = p/ú8 and

ú By the modulue of contlnuit of u on O
real valued. firr-¡ction u d.eflned. for all e >

îl:ì, i- å"f l}tl 
u(x)-u(x') l <

we nean the
by
O and.

o
ê
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vx(w(v) ), I "-0(v) 
(*(t'))tn.A(x, z,e)

for aLl rc € fl, Itl € M, anct lpl à Ío,

where O ls a non-negative continuous function on (Or*)

such tJrat d ( t) .+ 0 as t .+ æ. Then ühe estirnate

ess eup lv"l < r

holds, where the eseentlal sup ls taken over XO¡4(xo)

and. where f 1s d.etermined. by the same quantltieg as ln
(") , together with the f unctd.on 0.

The proof ls gLven Later.

fn the case when ( oo tlre conilltlon on

g can þe nelaxed. to ar¡ extent that enables equatiorrs llke
the mlninal, surface equatlon and. tlrose e{tlations ln part II

¡* ¿s

I Tt6r

rt*(xo) c o, f fb ( ær let k,8

1

of [4] to Þe tneatecl.¡

þ.ll theorem

(") Suppose

1

þe constants euch that k > O arxl 0 < I < 1, and. suppose

that (1Õ) ('t.7) hoLct wlth

qr (w( v) ) r /{*t") )- .B.A(x, z *)
for all x € ft, l"l ( M, and lpl à To,

u¡ltrr g z þt r(w) = p/w6, and, wlth
Then the estlnate

ffiJ)* o as t'+ oo.
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ess sup lv"l < I
holds, where the cssbntil.l sup is talrcn ovùr 't<O¡¡*(A)

arrd. where I ls a constant d.eternined þy îtrlrtrkrô ¡lJt.Tot

M tp t ar¡d. tÏle guanti ty A of Lemna (2,1) .

(t) Eiuppoee ttre h¡potheseg are as ln (a) except

that 7 þ. Then the estlmate

$lhere 0

such that

ls â non-negatlve continuoue functlon on (Or-)

6 ( t) -r 0 as t -+ oo. Then the estimate

ess sup lv"l < r

ho1ds, where the essential sup ie taken over XO¡4(X)

and. where I is d.eter¡nlned þy the same quantlties aB ln
(a) r together wlth the uroùrlug of contÍnuity of u on O.

(") Su¡rpoee tle Tgpotheses are as ln (a) except

thar ,¿tg 
= p/wzô ar¡d.

vx (w(v) ) , I "-u 
(v) (w(v) )u t'p.A(x, z,e)

for al-L x € sr, lrl ( Mr aird. lpl à ro,

ess sup lv"l < r

hold.s, where the essential sup is talen over Kr¡4(4o)

and. where I is d.etermlnect by the same guantlties as in
(a), togetTren with tfre functlon 0.

The proof is glven later.
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Of course each of türe Local gnad.lent þor¡nd.s oþ talnecl

1n the theore¡ns above lnpllee a grad.lent bound. on anbltrary

lnterior subr.eglons fl' C n whieh are such that ñr .C n.

For example, from Theoren (l.t) we can, d.eituce that if
lr¡fllx'-xl ;x'e fl', x€ òOl > p, p > O constant' ar¡d. if
(1,3) (1.6) hot-d with .4((rr(v) ) , l p.A(x, z¡D) t

ç(w) = p/#8, and. with tlt&), ø(t) -+ O as t'+ æ¡ ttron

q,(w(v)) u 1
l.L

for all x e. fl,

lv"l ( r,

v) )-kp.A(x, zrg)

(M, arril fp|

ess sup
f¿'

where f 1s d.etermlnedl þy # Ê tþ tô ¡þ tTo tP r ard' the

guarrtlty A of Lemna (e.t).
Ttlhen a suitaþle þound. for the grad.lent of u on

òO 1e known, cord.ltlon (1.4) can be dnopped. altogether

and. a global esti-mate for lV"l 1s obtalned.:

(¡.h) Theor.ern

(a) Let î be a contLnuoue functlon on ñ euch

that /TTIVãF < î on o, Let k > o be a constant anl

glrI¡pose (t.5), (1.5), (1.6), and. (1.7) holtt wit'tr

To¡

(w(

lul

wLüÏr c anbltrany, and. wlth /(t) -+ O aÊ t - -. llren

the estinate

ess sup lv"l < r
n



ho1ds, where I is a conetant deternlned, by

sup îrkr¡2, p.A(x, z¡g) anö the measure of o.
òft

63,

tt9 ef 2{ sre ¡

(b) guBpose tlre hy¡rotheses are as on (u) r except

that fl (w) = uhP ô and.

.,ar(w(v) ) , i "-d(v)(w("))tB.A(*, z,e)

for. al-l x e, fi, lrl ( Mr and lpl >

where ô ls a posltive constant and. 0 ls a rlori-ll€gative

contlnuous functJ.on on (Or*) such that d(t) -+ O as

t -+ oo. Then the eetimate

ese sup lvol < r
o

holö.s, where Ir ls a constant d.eterrnlned by tl¡e same

guantitles âÊ ln (a), togetTrer with the functlon O arrd

the constant 8.

Before gfving the pr.oofs of these four theorens we

need. to estaþlleh the followlng lemma, which le pnoveCl by

an lteratlve argument like that ln Theoren 1 of $l+ of [9],
maklrrg use of the lnequality (1.8)' anil l¡enmas (2.4) and. (2.5),

ß.il Lenma

(") Suppose xo(r'o)cn, let Iro,ttþt¡ 1=1 r...eþ¡
be constants euch that 6rþt >

let h be a Ca(Or*) functlon wlth h > 1, hr >

and. wøn,,(w)tr(w) + (wht(w))z { É1h2+at(w), and suppose

(l.j) - (t.5) hotd with



ox ('(r,) ) > þr(rr(w(v) I I 
*"(Afulvè¡(

fon all x € o, lul ( M, and. lpl à ro,

q(*) < Fet|-d:a-2t(*), and. wlth r/(w) < p|hqo (w) . Then

'r ) T6 and. for anY constant cro >

esg
Kp

(ffi (n-")r,f < r+rr 
llr',+hr 

)'( r+(p-r) ti)zo"/avu.A(x,u'v")at 
]o

where rrhT rKþtT

K
PtT

are as ln l,emma (e.l+),

^ = (* - r\o" . { nax[46 ,ar+aal, Tr^(I are constante
\z)

d.etenntned þy f ,ntlr[rdo ,prþt¡... ,9+rSsTtde and. hr and.

where ct le a constant determined. by n* and. 4o'

(¡) I,et î be a continuous furrction on n whlch

ls such that /Tï-vfÏã < f on f¿, let qt/t rl=1.2.J be

constants such that ctl >

h be a,,, Cs(Oroo) functlon wlth h > 1) ht >

with rÊþ, (w)rr(w) + (whr (w) )a < þ,t(r¡(w) )3+41, and zuppose

that (1.Ð and (t.¡) holcl with

qr (w(v) ) > þrrr-ca (*(v) )(þ+t"#) 
(z'.t¡/ (n,-z)p.A(î 

,z,p)

for alL x€ o, lrl d M, and. lpl Þ To,

and wj.th /l(w) < B"ho" (w). Then for r > max[re, 
"Ënn 

l],

and. for any constant cro >

64,
2¡t) / (ñ-z)

D.A(t rz ry'')'

wlth

fon

esssupTh<T+yt
o U,.t 

+Ïh ) 
m+2aoo..,. A(x ru,v") ar.]

flr

d



where n = (ä- ,)", . { (a.+4"), hr

65,'

1s as in Lemma (Z.l+),

.f¿r = O ñ spt(hn), TrTt are d.etermined by frngrilrcrord.

þt r9z tþs ¡r t ard. hr and. where d. 1e d.etermlnect þy 4l

and. do.

Proof of Lemma (¡.¡)(a):
By aÖdlng the lnequallties oþtainedt from Lemma

(2.4) 1rr1th q.' = gô and. q.' = qô+4, where q > maxll 't/tl
ard. 2¿ = (l-Z/n*) (rn+ar), and. using tTre estlmates

c, [rr(w(v) ) 3az <

where c1 = [rr(r+w(/Tæ))l-"t; 
t it forlows that

B,e¡ [b-r,)"sh?qô-rhzl 
fhlw' grtA¡DJu, ¡slr,¡ ¿dx

J
K
PtT

+ql(p-r)'qrr?q t-ahzlfAr 
n J 

hr, rhr, ¡d.x
I
K
PtT

I
K .Aclx
PtT

+c2Q l(p-o) z q- z:nr 2 q s ¡z trç (w(v) )Vu.Ad'x,
I
K
PtT

where c2 d.epends on cL and. the constants crcr of

t Here we have usecl the inequallty n(1+c)-n(") >
vaIlcl for all c > Or whlch follows from the fact that
ht>
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Lemma (2.4), and. where we have usecl hrh' ,h", and. w aB

aþbnevlations for rr(w(v)), h'(w(v)), h"(w(v)), ancL w(v)

resBectlvely. Now it foLlows from (1.1) that

f Arorh",thr,5 Þ v[x(w(v))J.-zrnalt. (*ärsFD)"] .

.gtJhr,thr,¡,

and., elnce $'e can wrlte gst = âgkârk ("o tJrat

Arp Jdtü, tsü,f , = *år(Arnr€rrãrl ),

Err = âek E, ls¡iek = 1¡...¡fl)

(.t¡)r wê aleo have by (1,3)

where

for a eultaþLe rxn matrlx

that

in this last inequalityr and. notlng

on spt(tr" ) , it follows that

@u"'ArpJurlslr,Jr >

lhen using wh' >

that h,t = (w(")),rhl

ß.1) t, ,- 
ll(p-r) 

zsri?qs-z¡lxv [x (w(v) ) Jt- zt n{ .
oo'

'' . 
[.r 

. (ofiì*i$îÍ"")'] .

. (h, )ost J (v¡(v)), r (*(r) ), ¡ lat *

{Co-rl 
,t:ri?q6ha tux"r-a/ nt (w(v) ) #rt Jgs co, rsü, r tdx,

no,,

ü Here we have used the lnequality th' (t)>h(t)-rr(o) 'valld. for all t e R, vuhich follows fron the fact tha.t
Wt > 0.
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where L Is ttre left ha$d. sid.e of lnequality (3.6¡.

Nowr using h> 1t ¡r >

that

I 
t *d r h¿ - L( t)xå- t / n{ ( t) (rr( t) -rr (w U GF )) ) s ô ], =,,,,, ]

, 
[r" 

(*(.r) l]'ne s6*z:riztr (w(v) )

on spt(tç ) . Hence using this lnequality in (t,l) and.

uofrrg the inequality ¡zt 7- v¡z¡zl'z on the second. term

on the right of (l.l), r¡e have

L > å(q.o+¿+t )-'l[( (p-r)qn)" #*t rs""u, rsu,5r +

K
PtT

+(p-n) "qst JH, rH, I 
Jra*,

where H = hf ôwhd - t [x (*(lr) ¡ 1ä-l/* .

4

(l.e¡

Aleo, slnce gtl is a positive cteflnlte sJrmmetrlc

matrlx, we have

gt J( (p-r)qu), r((p-t)qH),1 ( 2q2H' (p-t)zq'-29¡ J'r,tr, r

+ z(P-r)aogr JH,1H, ¡,

and., by (l .3) and ( t . 9) ,

vx1- zlnt (w(rr)) el Jr, rF, J ( r(v)¡.rÞtF, rr, J

< l{.q (*(v) )vu..n lvrl "
- L¡9 (w(") )Vu,A
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so that

(p-r)"tlgt lH, rH, J >

-hq." (p-r) ze- z¡zc ô*p¡zl - zp (w(v) ) *+

Hence, using tiús last inequalityr lt folLows fnom

(5.4) ürat

r, " 
lUCgô+/+ i)'' 

l(n'# 
gt Js"'o, , so, tt*Et J e,t4,t)ta¡c

K
PtT

dåfi1"/ (p-ùoq'*h?. st,z¡zt'-"q (w(v) )vu.A dx

*0,,

where n = (p-r)ott.

Then, uelng thls estinate for T' together with

th€ lnequality (1.8)', 1t follows fron (l.e¡ that

(3.s, 
llr,nÐ 

t ( no- 
", .,*]r-al n{* 

".n"[/(, *vo.r)ax]l- n / nf 
.

K
PtT

np r,

[ (p-r) z q:n? q 6' zhzt / (* ( v) ) (wzrr'tr" +whr hr + ( u'ht ) 2 )
K
PtT

+ (p-r) zq- z¡¡z q ö¡at - z (þz+wa ) q (o'(") ) ]vu..e,ax

¿, h¿ (1+wQffi) ),núr 8, and.

t

where os d.epend.o on

the constant ct of ( 1.8)r.
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Now tbe stated. conditlons on h glve

wzhttr"+wh'hr+(wrrt ) z 4 þrhr*o t4fr.n:-+d,¡l rW <

Also t :¡z1¡laô-a = [++rr(w(/W) ) Jz57a0-a <

+ zÍn(w(Jffi ) ) J"hf q ô - z on Kp ,r, so that we can es tina te

(p-") zobz¡f,qô-a < z((p-r)hP) rs+z [h(w (Jæ)¡ lepz / t .

' ( (P-r) hi)'Q-2 t I on Kp,r'

Then using tÌrese estimates together wlth the given estlnate

vx(w(v) ) > þ. vu,A ,.azG,)'".'r"n-?) G.Ð grves

,- ., ,Zç¿t¡,'rr / (¡r*-e) Zt(a*/ (nú-Z) )-o" ,(nt-Z)/rf
U(b-"r"f) h vu'xaocJ

K
PtT

(1-úñ)
x

( 3. to¡

K
P¡T

x 
[/(,r-')r'f )' 

oú (*(,,) )* ¿+c1+

K
PtT

(+c6 (p-")rrf
)"'- "' ú('(r,) )tf¿ 

*o 
" *

"(co-"lol)"-"q (*(rr) )rr" 
*"u 

lv,r.la*] ,

where cs d.epend.s on cs¡ þt, and. 82, and. where
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(on'(ïr(/EF) ) )
zlE

v5

From the given conÖltions on t

I1+Vu.Aclx ( ilx + Vu.Ad.:c

K
PtT

K
P¡T

Kp (xo ) *p r,
zqriþ/ (nr7z)

U(,'-","P)

and. g and. the estimate

1t follows tlrat

(nü-2)/nq
ÌPVu.Ad:c

t

Q-B

a

I
I I

no,,

)
x

(5.tt¡
x t ( l a

r/ )

2q(p-r)trf + ({n-"1hå )" 

q'- e /'* 
({n-o, nf 

)'
K

PrT .hoVu.Ad.:c¡

where c5 d.epenÖs nü rp ¡Q& c ca ,þ" t anct É¿ . Notlng

K
PtT *r r,

(p- r) nf If Vu.Ad.x

(tn-',lnl '/ o *(h-r)hî)'o-'* z((n-n)nt)"n * z, thrs sivee

(t.tz) 
[/(,r-")i'f)'e*h'vo.A*f - 3ceqa[.r.,|v".Adr,]t 

t- ntnt)x

ea*{ ,x

K
PtT

)'

s
hnVu.

K
PtT
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where rc = n*/ (n*-2). Nor¡r using HBld.ent s and. Youngr e ln-
equallties ( t7]p.l+O), rve t¡ave

/(tn-"t"*)
2q

KPf

/(rn-'r 
hr 

)"
qc

hnVu"Ad:c

( (p-")rtf ) ao( r-<r )h'vu'A.x

z qtc /,c

*0,,

(p-") r,,P

ls
hmVu.AöxJt(

K
PtT

)
a

.[/((p-n)hf 
)"qß 

( 1-a t t(tc-a')h'vu.Ad.rc

K
PtT

(r-al /x

"U ( )

zqK tltc(p-")nP hnVu.Adrr +

K
PtT

( t -a¡(ã)'
*p r,

for arbitrary cor:stants a e (Ort) and

renalnd.er of the angument let us assume

cLearly lrnrolves no loss of generallty.

e = {to.q"[1+lvu.Aoxlt-n/n*1-t and. d-\---L J ) /
K
PtT

/(to-*lu)'0" 
( r-a ) t (tc-,'' n'oo.o*1ffiPI (*q)

e > 0" For the

do € (ort). Thie

Then choosing

such that
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# = dI t rnhere qt = nin[ae ,qo/81, it follows fnom

(3.12) and (l.ll) that

[/(,r*)r'f )'n* 
rpvo.A*Ï . 

"u I r/(tc-"1+)
*p r, no r'

2qa'
( 5. 14)

where H A7

q

/r,lvo..o,a*],

h9 a

1/a'.. Vu..A.d.:c] +

*0,,
(nø-n) (rc-o')/(zarrc)1+ a aa"] e7 Cleperrd.-

*p r,
ing on c6 and. do, and. where d depencls on ¡ts anct

qt. (¡.t4) clearly lnp1les

K
PtT

op r,
U (,r-")hf )2q"r','vu..o,ax]d' 

/rc * ,at nl,,r[/(,r-..,n)*n"'hn '..

,

qt. Vu.Ad¡c + t Aöxl

KPfi

* snu"'[n . 
/(,0-'rn)'n"'h'vu.Adx],
K
PtT

r . (/r"vu.r.ox)'].
Iytrere fr

K
PtT

Thus, d.eflnlng I(s) =



75'

=.t . ((p-*)U)t"'sïPvu.Ad-x, e ) or we ï¡ave

*p r,

(r(r'q,))1/*' <

where K, = rc/q,. Wrltlng 6r = min[Sr1 J ancl uslng ttrle

lnequalit¡r repeated.ly witfr q = 1/8t tc' / 8t , "' r (rt )" / û'

(v " n:"ltive lnteger) r wê obtaln

(r( (r' ')n /t'))1/(rc')u <

"01 
* !,*...*(ål-'çrc,)1 + r(#)...*,(#i-' 

r.(t/st),

0at KT
rct -1whene Ge = (1+cr)(l/t') a *"" ,Þ"(å) :

ar¡d.

ov

V-:l

U+æ

(fu)', hence we have

(l.tr) r1m supI r ( (rc' )u / s')J1/ ('c' )u <

""rc'/ 
(rc'-t) (r, ) 

(rc'/ (rc'-1) )'r 0/a, ) .

Then the requlred. inequallty followe from (¡.tÞ)

by using the lr¡rorvn fact that

rrm sup[ly"a*Jå = eesenttat sup TLJJo
ft

for any non-negatlve measurable functlon Y on flt

together witJr t,l.e fact that Vu.A(xruÑu) >
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lv"l > rt >

(fnis laet fact 1s establishect by the same argument as

tÏrat used. to prove lnequallty (t.t't), except that Tt ls

used. lnstead. of rq+1. )

I¡emma (¡.E)(t) can be proved. 1n exaetly tTre sane uray

as above, except that one starts the argunent by uslng

Lenma ç2.5) instead. of Lemma (z.lr). The d.etalLs of tttg

proof are aolpwhat slmpllfied. clue to the abserrce of tÏte

factor (p-r)"n.

The remainiLer of thle sectl on is d.evoted' to tlre

proof s of Theorene (3. t ) (l.l+).
Proof of Theorem (J.t):

tr'rour the hy¡rotlreses of the theorem it ls eaelly

chêclted. that we ca.n use lenma (¡'¡)(u) wlth fr(w) E wr

a¡ = Or 1 = 'le.t¡r4r ard. wlth þt = Bup_ Ú(t). Then rn=O
teR

ard. t'he lem¡na givêB¡ ulith do=1r

KPfi

and. hence the requlred. bound. w111 be oþtalnect lf we can

e9B
Kp (iT(p-')"" < r + t'[/(.r+(p-r)wf)'/'vo.*a*].,

/(.r 
+ (p-o)'f 

)'/ 
'vo.na-,..appropnlately ee tinate

wlth

have

nr r,
To d.o th1e, finst note that fnom lnequallty (].tO)

fr(w) = ïr, q(w) ? þw26, and. f, = dt = dz - O, we



(t-rdn*)
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x[/(to-'l*t )"* 

qvu.Adxf - r",,n lll +vu.Aa:c]

*p r, *p r,

K
PtT *0,,

[/ø 
t"t") ) ( (p*o)"f ), ovu.Aax{l 

"o 
( (p-r)*f ) 3c- z t s ü(w(v) )+

/(fo-"lrl)"ov.,.ru" 
* { ú(w(v)) ((p-')*f )sqvu.Ad,x +

n{ ""*r)/f (tn-"1 "P )' 
c'- a t t* 

( (p-*),.rf ) "o- 
a lvu.Adrr,

K
PtT

t¿((p-r)wr)za'3]Vu. t

where K = _d_
n¡ü-2 t and. since by H61d.ert s lneguallty

/( 
to-"1 *l 

)" 
ovo..a,dx 

< 
[i(, r-') 

*f 
)' 

qßvu. 
Ad -H/ vu. Ad.xl'-Ê

)'
*p r, *p r, K

PtT

this givee

K
PtT K

PtT

where H = lrc¿nr[/r*o".a.o.x]

K
PcT

2-1/rc-ry'rút(H,

Ê - pc+"ll l+lvu"al*]
K, (xo )

Z-t/ç-yy/nt
a
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Ihen choostng r lange enough to ensure frf/(w(v)) t å

on *pr, (tfre cholce of T ca¡r be nad.e to clepend' only on

the quantlty A of Lemna (z.t ) t1tî{.;þ¡ ard' ô) r thls

glves

/(to-'l*l)ovo..m* 
- *lt((p-r)"f )"'-'t 

o 

*

K
PtT

K
PtT

(co-"r"* )'
q-2

where G5 clepend.s on ArQrtrËtþr}tctt and' csr

But nowr bY Youngt s lnequallty

(l"tl < "l.l# * (r-o)

arbeRrc€ (ort), and. e>o) wlth e=+ and.

+

r 19ê Ïrave

]Vu..Adx

(åfJolt*, var.rd ror

t
C=

ar¡ô

((p-n)"P)"q- ztsca * l((e-n)wf )ac + c

( (p-")wf )zq-'ce " t( 
(p-n)wf ) a c + et t

whene c d.epend.s on ce r er and. ô, and. ct depenÖe on

c6 arrcl er It foflows that

I The case
lnequallty.

Zq-z/t = o 1s trlv1a]l-y harrd.led w1tÌ¡out Youngrr
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(to-"1"1)novo..no* * z(e+e' )/ vo..e, a*.

K
P¡T

op r,

Clearly thls gi.ves

I (, + (p-n)wg 
)'ovo.aa* " ., I vu.A.d.x a7 

/lv".ala",
xO (:co )*r r, no,,

(z.t) we have arr estlnate t"" 
/(r+þ-r)wf)'oVu.aax

where c7 clepend.s on 1tc ¡ arul cr . Then using Lemna

fon argr

q > Í¡ax fl ,l/ t l,

K--P tT

Hence certainly we have an apE t3opriate

Ibound, for ( t+(p-r)wf ) "l ôvu.Adx and tTre pnoof of

K
PtT

Theonem (1.t¡ 1g compLete.

Proof of llreoreur (lel (.) r

From the hypotheses of the theoren we. can use

Lemlna (¡.¡)(") rû1th rr(w) 3 lrr qz = k, ctl = ca = dL = o,

a6 = 1, anô wlth p/2 1n place of pe
l<rrú
2 (l+(p/z-r)Yrf)s/8.

Then

+2
ess guÌ)
xo¡2(ñ)

(p/z-r)nì <r+ t'U (t+wr)

Kp/2,,

.Vu.Adx
]"

and eince p/z-r > p/4 on xo¡4(u) thls glves
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"'" ç;it,h)*P " 
t['.q(t*'") '

KP/z''

+ l+ \dr
vu.aax) 

J

w'

where i clepend.s on T ff'' ,ôr8, and. pt Thus t'he pnoof

wlll be cornplete if we can appropriately estlnate

knü+h

/(,.*):*.Adx,
Kp/2,,

To do thls, flrst note that by lernma (e.l+) with

n(w) = Tr we Trave, using dtArDrü,tru,Jt ) O,

{ 
[b-")Þqw?c 

-3fA¡ 
o r*" , rwr ,l,Ix (

*o r,

(p-r)' sw? n ' - ãrry3 
r/ (u(v) )vu'A.dx +

K
PtT

+c, q.( 1-q/q, ) /(p-o) zq-zw?o'9 (w(v) )vu..e.erc.
J
*p,,

l{ow slrne # = (w¡+w(f@))' < 2.v!? + 2w2(J@ on

we have

(p-")' cv?q' -'rÍ' > z(p-c)z cw?s t +z'vq 1¡TW) (p-r)rqwf o'' r,

I

Kp rr'

so that



Iro-tzqw?qt 
-zfAr p Jw, , twr , rct* (

np r,

79.

ß,t6¡

(1.t7¡

1b"( +
å, [/Cr -r)'n*ã q ¡ 

P (w(v) )vu,Adx+

no,,

'Þ ct (p-") zqw?c -rv (w(v) )vu.anx

K
PtT

+cf ( q/q') ct-q/q,) I þ-ù"n-rw?c a (w(v) )vu.¡.ax,

*r r,
where c1 = w2 1¡Tð.

Bettlng q' = E8¡8 Þ max[111/81, and. uslng the estlnate

(p-t)aqw?Qô*2 < p2 / I ((p-t)wP)n q-zl 6

together wlth the given ld.entlty ç (w) z þtr26 ¡ thls glves

l fp-"\zqwlqô*zfAr p wr , rwr , Jdx <
J
*0,,

4c ( 1. *l(Co-r)wP )' 
o,*{*{") 

)vu.lax +

*p,,

I

(p-")wf 
)on- 

"" ü(w(.r) l.(tn-'lø)
K
PtT

2Q,- 2
Ac[x,
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nthere cs d.epenils on rlsll tcr r I , and p t

Next, by lernma (Z.Z) rtrf th h(w) = w and. Q'=9ô,

we have

/(to-"1"1)' 
ovo.^o,a" * ""q'(Co-r)wg)' 

--'vo.Au* 
*

np r, *p r,

( 5. ta¡

r cs 82q2 [b-")'nwfq6-PfArD Jwr, rwr, tdxr
J

np r,
where c3 = J\.zzl"w Qt^p)t.

/(Cr-'l"l)'ovo.^o,ar, 
( ecc"e" s'/((e-')'t 

)

Cornbinlng (3.11) and. (1.t0¡ 1t fol.lows that

(5.19) 2q

nP,, K
PíT

.ú (w(v) )vu.-tdx +

."/[((p-n)'P)' s-z t'ú, (n (.,) ) *((n-")*t)'o-"]o*.
*r r,

where c4 = cs q2 (1+cs ô3 ) ,

Then chooslng T large enough to eneune

Scca qz 82 ú (w(v) ) < + on Kp rr, we ob tain

a

Ad¡c,



(r. eo) (to-"1**)"ovo..adr" <

*o r,

C5
/[(,o-") "f )" 

q - z t'*( 
ce-o) "f )'

clþ 2

8{.

Aèx,

K
PtT

where c6 d.epend.s on G4 a¡ril lt.
Now, ueing Yorrngts inequallty as in the proof of Theore4

(r.t)r w€ l¡ave

""(tn-o)"P)'q-a/' * f(tc-o)*f)' + ee t

""((p-","t)"0-" * f(tn-")'f)"0 * eå,

where c6 d.epend.s on c6 , q, and. I, i¡na c{ d.eBende

on c5 and. q¿ Hence (l.zO) glves

/(to-"1*f )'nvo.na* 
* Q(e6+c[)/ vo.m*,

*p r, K
PtT

ancl, elnee p-r > p/z Kp¡2(+) 'on lt follows that

.Ad.x¡ çL > nax(l ,l/a)(3.211 It1+rr)2e6vu.A¿x ( cz
I
KP/2,' K

PtT

where a7 d.epend.s on c"+c{ r e, ô , ard. p ¿ Thue chooslng

ç¡. such that 2q.ô 
" I 

* t* and. uelng Lenna (2.1') ,

Theorem (l.Z) (^) 1s estabLleTred..
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To prove Theorem (3.2¡ (t) ' firet note that lf we

replace p by p

enough to ensure

ln (t.lg), where i < p/z ls snall

8¡¿cËs q.Ê ô2 <

Yùe st1I1 oþtaln (3.2O)

hence

(ü th þ 1n place of P) , and

(3.2t)t | (r+rf )?côvu.Adx < ëz þu.Aaxrg>max[ 1'1/sl,
lt
%/''' nþ ''

where ë7 d.epenits on ÍLsþ swÇT#) , þ ,8, ô rp r ar¡d.

Ë,s (=J2. zzÞni Qroö), ) .

fhen repeatlng the remainder of the angunent glves

(5.22) ess soplvr.l * r,
where essentlal sup is taken over nF/,*(X) ard. where f
d.eperrd.s on îü ,î rJr-rï tþ tTo rÛrþ ard, the quanti ty A of

Lenma (2.1).

Now þ ca¡¡ clearly be chosen to d.epend. on-ly on PtAt

lr¡îtl, and. the moùrlus of continulty of u on fl. In
partlcul,an (pnovld.ed that Kþ(xo) c n) F ca¡r be chosen

irrd.epend.ent of ï*or so that, slnce Khã(xó) C n for any

xå e Kp/l*Go) (tecause we have etlpul,ated" þ < p/z), the

reguir.ecl eetlmate for lV"l on Kp/lrþn) f" obtalned.

Proof of Theoren (3.2)("):
To prove (") first d.eflne h by n(w) = ""*t,

where e > O ls a corrstant, and Let T.¡ Þ To be large

enough to ensure 0(t) <



rr"(w(t)) >o for t>Jffi.
(") 't wlth T=Tt,e d"s=ots=1 , q.z =

with a suitable cholce of Pr r... ,þ1,

place of pt Then tlre lemma gives

BJ.

Then we can use Lemma (1.¡)
2n9ffi + 1, cfu=2ô c dL=Qt

and with p/2 1n

""" no)il 
^)b/r-r)r'f 

r(r+y'[f, , *hr 
:. )' ( r +(p/z-r)hf , )'/' .

Kp/2,r,

.vu..tcu]d r

where m d.epend.s on n# anil. 8. Then since p/Z-r>p/l+

orl Kp/U(q) rt follows that

)t *'vu.Ad-,c]t, ,

where i d.epend.s on T ,yI ¡p rdt and. ô.

Then since e can be chosen as near to zero as we

please, and. sirce m d.oes not depenil on er it ls clear

that ttre required. bounÖ will be obtained, if we can shovv

that / u"*¡rVu.Ad.x is appropriately þouniled. for some
I
KP/2'"

constant e>0. Tie wiil in fact obtain a bound. for
eu'9

e oVu.Ad¡c for eome sultable ê > O.

KP/z,ro
I

( Arr examination of the proof of lemma (¡.¡)(a) shows
that lt is neal1y only necessary for ]aI> 1 and. htÞ O

on the lntervaL - 
lw]æ)r*), and. we are ueing this

fact here.
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To shovl that such a bound. exlsts, flret note thatt

by (l..lg) wltTr ú = t¿/w?ô and. 'r=Tor lrf€ have

/(to-"1*lo)'ooo.o* 
* Bcc, * azufb-r)zo(wf o)'q-zvu.A.dx +

K
P tTo

K
P tTo

.ruf(le-r)wf 
)"'-'l'vo.Ad,* 

+

K
P ¡To

"./((p-r)rf")"0-'vo.Ad*r e > max lt,t/t!.
*o r'o

Then using (p-t¡"c < p2 (p-r)zs-z 1n the flrst term of the

rlght hand. sid.e of this lnequallty, we obtaln

(3.4)
/(tr-"1'e")"0 

v*'Adx <

K
P tTo

*p ,ro
where c[1 ilepends on p 2aa 2H t and ocs r

Now by Youngr s fnequallty

Adx,

dr 92 (p-")*f 
o

and.

2q(p-")*f 
o 4dt(

2q,- 2 1¡
4( )

.{c n,).(Y).,

u.((o-o)"f; ) 
s-z/ ' 

" f(rn-')"t" )
2q

+
qô

a



.[lso, lltr€ have the inequality ú¿q <

valliL for all posltive lntegers Q. Then using theee

inequalttles 1t follows from (3.21) that

/(lo-'l*f ")'qvu.Adx 
< (¿r)'c(ae) lfu..tax

K
P ¡To

*P ,'o

q > max[l ,l/al, where d.2 d.epend.s on

Now after reafrangement, and. notlngi tJrat

KP/2r'o' we have

for all lntegral
d.1 ,ôr and. pt

(p-") > p/z on

/ 
jftH*"q vu.Adx < (å)"'/ vu.Ad:<

/.d"*Po 
vu.Adx 

" +/

(l . z4)

KP/z,ro K
P rTo

where d.s = p/ ([ar¡. Then lett1n$ v be the least

þosítive lnteger 2 max[1 r1/8 ] and. uslng the fact that
bd +Pq

03, Tä)T " 
ceù-c[ for all real t' where c>0 and e

are constante d.epend.ing on ô, vÍe obtaln the estinate

Vu.Ailx ( d+1
lvu..o.l a*.

(r." )

c r
Kp/z,ro Kp Kp

Then uelng Lemma (Z.l) thls clearly yielcls an approprlate

estlmate for
1 Because (qq/q,t) ( (q-t ) l/ (q-1) q -'r)=Í.q/(q-t ) Jo- tte, ana

hence qq/q,l<e(q.-1 )s-t/ (q.-{ ) t, and this lnequallty can
be iterated. to give qq/q-l (eQ.

oT,
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Kp/2,ro
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( 1+w, )'( t * (p/z-r)wf)zt E .

for Sone constant e>O dlepend.ing on il¡W¡'¡e rlt il'L¡prQrôr and

po

Proof of Theoren (l.l) G) z

By Lemma (¡.¡)(a) wÍth rr(w) E wr cre=lr d1=o, dp=k,

cg=2ô, d{,=1 , þt,...,þt, depend.lng on P and. V, and- Trlth

p/Z ln place of pt we obtaln

ess srD ( tplz-ùrf)
xo721"o ) \ Kp/2,,

n d.epend.s on nÜ rk and. ð , and.

slnce p/ z-n > p/4 0n x.O¡,*(+) ,

* t.t,[/

.Vu.Aðx

d d.epend.s on nf.

thls Bives

]"

whene

lhen,

ess sun wfxo¡]a) ' i(r .t/ ( 1 +w, )' * 'vu. A.d.*]' I ,

KP/2,'

where i d.epencls on T ¡Tt ,p r ô , and. c[,

and. hence tT¡e requlred. bounil wil] be obtained. 1f we can

appropriately estlmate 
/t 

r *r" )n +evu.Ad.x.

KP/ 
z ''

To do thls, note first that Þy L,enrna (2.ø) wlth
g = It and. { = gô, q. > 1/õ,



I(p-r) zcw| q 8- zfAr 
p Jt" , twr , 5d:c
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4!} - eL fon al'

no ,,
I(p-n) ¡qw?c.8-2ú (w)lwu.Aax +

*p r,

I
I

+(c.+¡.r) ct q" ( 1 +pz oz ) (p-r) zq-2w¡ q ö- rwryu.Adx¡

K
PtT

whene e1

t e (or-).
r F-*-

Noû eirpe rrz=(w7 +wQT#))z <

Kprr, we t¡ave, after Eome rearraf¡gemont A¡ld after Uolng

thelnequalltyP-f(P(c.f.thenelevarrtpartofthe
proof of Theoren (3.2)(u))'

I G-ù'ow?oô:tfArpJ %, rwr, 1dx
I
*o ,,

J\ /
*0,,

crzee ff ( to-¿rrfl'q-et 
t*l(p-")*f 

)'o-" 
tlo.o*,

--JL\ / \ / )
*o r,

v¡here d4 ilepencls on c, ar¡d. d.z d'epend.s on gtQt ¡Pr8,Qrr

lr¡ arrd. wQ@¡. Note that here we Trave used o<ô<1.

comblnlng this lnequallty wlth (3,19) wu oþtaln

le a consrtant such tJ¡at



/(ce-"re)
vu.A.d.:c ( cu ôzcr, * 

l(r,;c-*r"t'*t$ü.ad.x*
2g

88.

q-zl6

(3.tg)

*p r, *p r,

+ca ( 82d3+1 le./[(tn-rþf )'o''*({n-")rf )'
K
PtT

+

*(tr-"1ø)
]vu.*dx.

zs-¿ I 6

The remalnd.er of the argunent foJ.l-ols the relevant

part of the proof of Theoren (3.2)(a),

The mod.if isatlons of the above argurnent whlch are

tæceÊaary to prove Theoren (¡.¡)(¡) are ld.entical to ttre

correspond.lng mod.lflcatlons 1n the cage of Theonen (3,2).

Pnoof of Theorem (l,l)G)t
llre argu.ment le sinÍlar to the proof of Îheorem

(3.2¡ ("), but sub Ject to t Ìe followlng rnodlf lcatf ons!

(f) Ienna (¡.¡)(") ls appliect to the functlon

rr(w) = ."" 
1' 

, wlth Ta chosen as before and. witÀ a1 ¡9 t

cþoeen as before, except that d¿=1. Then tTre pnoblem ls

recluced. to estlmating the lntegral 
I 

.t*'l'oo.o* fon.

KP/2'"
gome e > O.

(if ) {Ihe next part of the argunent ls otarted. by

uslng (1.19)', with T=l,o, lnstead. of (5.19). Then uelng

tfu)/w =- ¡rr¡28 ancl

(tc-')"t")'o-"' 
u*(þ-o)oP")"n-"'* 

z(k-r)r,uf o)'o-" * 2



(because ô(1) ¡ Ìrê have
89.

I
K

P ¡To

encls on ds arli. pc then thia
lzo Vu.Ad.x by eumrnlng over

whþre- ds' d.epend.e on .p ard. on drrcl¿, and. Gs of (3,19)t,

(fff¡ after an appllcatl.on of Youngr e lnequallty
and. tlp use of the lneguallty q¿t¡ <

qzq ( (aq) rl8\"eas before aa ln rtre case of Theoren (t.z)
\'/("))¡ Yro obtain

(5.2t)' I 
t-.îåfi 

ì- 
" vu.Adx ( (å). c

Kp/ 2,ro

Vu.Adtx, q>1/8,

where d.¿ >

yleLd.s a bour¡d. fon

0 clep

I eè¿wf

Kp/z,ro

lntegral q > 1/S ard, uslng Lenma (Z.l) aE 1n the proof

of lheoren (3.2¡ (").
Íhe proofs of Theoren (¡.¿r)(a) a¡yt Iheorer¡ (¡.+)(u)

are slmll.ar to the pnoofe of lheonen (l.Z) (a) anl lheoren
(¡.2)(") resBectively, except that r,emnae (2.3), (2.5), a¡rd

(¡.¡)(¡) are usecl instead of Lernnas (z.z), (2.4), and. (l.s)
(a) respectively. The only compl.lcatlon is that rre now

nêed. an estinate for
flr

.A(xrurVu)d¡c at steps of the
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angument corneepondf.ng to those steps ln t'Ïre proofe of

Theoren (S.Z)(") and Theorern (¡.2)(") where Lem¡na (2.1) wag

uged..

I
f¿r

tr'lrst, we have the lnequality

Vu.Ad.x can in fact be qulte easlly estimateclr

(3.29) w?qvu'Adx { d, w?qt (w(v) )vu"Ad:c

fþ
I I

llr

* u"/ w?q-'ú (w(v) )vu.Aûx, î > t""[ 9Up V¡76
ðo l ,

where d.l depencls on þ t M ar¡d. q. and. d., d.epend,e

on ¡t,r!/.rwrr, and. er Thls lnequallty is d.erlved. ln a

slnllar way to (3.1g) exce¡rt r;hat Lenna (ZÕ) and. Lemma

(2,>) are used. lnstead. of Lenma (z.z) ar¡d. Lemna (e.l+)

respectÍve1y.

Now si.nce we are glven ø(t) -r O aÉ' t - oo ln
each part of Theorem (5.1+) r wê can find.

Tt> Bllp V¡?,s
ðn

Then lt follows from (3.2E) (wltrr e=2 ancl T=TI ) tnat

(3.26) I wf, vu.Ad:c < d.g

I
ÍLt t

Nors talce Ttl > TI

-vUT+W)>1+cts.

suclr that ( t+a, )P (ïr(v) ) < å on frrt .

I Vu.Ad.:c.

fL¡ r

such tlrat wï'É(Vry)
Then lt follows fron (3.26) that
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{
O7

so that

vu.Adx + f wfi vu.Adx < d,p f vo.Aa*,ll
il Q"r-fl"lr fl,r-flyu

f vrr..car. < d.z

J
fiL¡ tt

/ 
vo.eo.* .

fL¡ t -lL¡ u

Then lettlng Ta = 911p V¡îe
òf¿

and. ad.ding

to each sid.e of this Jast i-nequality glveeI
nr

Vu.Adx

r-fl¡ tr

I Vu.Ad¡c ( (1+d.s)

L

I Vu..Adx

t-ÍLr 
ttf¿rflr

rr< lp I <tt'i.neae (n) ,

which 1e a sultable estlmate.

4. Some Examolee

(4.t¡ As an exarnple where Theorem (5.t) applies¡ consldler

the eçßration

u (exp(lvolr)u,r) = B(x,u,vu),dxr

which in the case g = O is the Eulen equatlon for t}¡e

lntegnal I u*( lvolr)¿*.I
o

ft 1s not too d.lff icult to check ttrat the cond.ltlons

of Theorem (¡.t) are satlsfieit, pnovided.
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ls(*,2,e)l < p(r+lpl,)"*B(lpl'), with r(v) = #, I =+,
î6 = 1 and $rith x such that *(Ë) = " exp v2.

We note tlrat for this and. for ¡nany exarnpLes wher€

p.A(x, z¡þ) has rapld growtlr as lpl { oor 1t would' sufflce

to use tùe ordlnary Sobolev lnequallty lnstead. of the ln-
equallty (t.8).
(t+.a¡ The mean curvature equatlon

¡lt" ,/JT+:rÅT) = H(x,u,vu)

can be treated., provld.ed. H

lt
ismeasurableon gxRxRn

by uslng Theorem (1.Ð G) Éthand. lt(x,z,p) I <
/T.ïãlã

f(v) = v2¡ ô=1 t To=1, X ? 1t and k = 1.

More generally¡ let us consld.er tTre class of

equatlons

frtv(rr)o,r) = B(xrurvu)r v =/î;lVff,
whene g Is a posltlve C'(Or-) ftrnctlon such that for
some constant c

+#Ï) " c ron a:.l te (1,*)"

Note t¡rat this cond.ition on ',f le equlvalent to tlre
requirements that V(t)/t" ls a non-i.ncreaslng fr¡nction

and. tg ( t) ls non-d.ecreas1ng, t > 1 .

Then provldetl. either ln(*, zrp) I * ø(") or
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v-118,(*,r,p)l + ln"(*,2,p)l + vlBn(x,z,p)l <

r¿v(v), (r = /ï;Ï;Tã),
Theorem (l.l)G) applies v¡ith f(v) = v2, k=ô:=ro=J, and.

1('ø(v)) = W(v).'TilLs oan be chec]çed. þy vrritlng

Ar (x ,z*) - 9(v)p r, i=1 ,. r. ¡rr¡ v = "/Eff'l?,
anil noting that

Arpr(*r",p) - E , iri = {¡ror¡r}¡

þrAr (*,r,p) = lpl"v(.'),

and.

l¿(*, z,p) I = lp lv (") .

ïIe note here ttrat the equatlons in part fI of t4]
ean also be hand.Ied. by Theonem (3.3) G) , pnovld.ed. we take

f(v) = Y2, k=ô=1 ,1 = 1, ancl Tç large enough.

(4.¡) Flnallyr âs an example to which Theoren (l.z¡ç^¡ ls
appllcable consülen the equation

fr ob,)

[',, - +? ("fi+ir)]

o t

wïrere O

o,(t) =

ls a C'(R) function such that

ffiP, te R' and o(o) = o.

Clearly O 1s a bound.ed., odd, lncreasing functÍon ancl

to(t) >o(11 ltl, ror ltl >



gro (pr ) > o(l ) lpl ,

anctwnltlng Ar(p) =O(pr)r 1=1 rrro¡ll¡ wehave

.a,10, (r) = 8r¡o'(nr), lrJ=1 ¡rrr¡rLr

9lt.

Fnom these facts it can be checked. that the

hy¡rotheees of Theorem (f .¡) (") holcL Trith C = ifu (so that
ry =, * 11ns(v)), ro = 1, X = 1' ô = +, ard. k = 1,
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CITAPTETR 1

DÏVËRGEN9E-FORM EÞIIPTIC ESUATIOIüE

fn tJrls chapter another Sobolev-tlry'e lnequality ls

d,erlved.. this tlme (c.f. ChaBten 1) the lnequallty w111

be obtalned. on non-paramet"rí.e h¡lpensurfaceg ln Rn+1 which

correepond to soLutions u of sultable elliptlc equatlons

of ttrre fonn # Ot (xrurVu) + B(xruñu) = O for whlch

estimates of . tt81¿er continuity are alread.y known.

The pnoof of the Sobolev-tlæe inequallty ls glven

in Section 1, and. in Sectlon 2 we iLiscuss how, uslng thê

teehnlquee of Chapter 2, tlre inequality can þe useÖ to

clerive a grad.ient þounct for ur

The stnuctural cond.itlons on the ftrnctlons

A=(A*r...r4") and. B are such that tve can treat nany

interesting non-uniform]y elllptlc equatlons to whlch the

results of Chapter 2 are not app11cabIe.

1 . A Loþolev:t¡roe_,Inequalitv
Throughout this chapter u will d.enote a

r,rp(n) n TVB(fl) fturctlon wlth l"l ( I'i[r M constant '
satisfying almoet everyurhere in O the equatj-on

:È- ¿, (xrurVu) + B(xrurVu) - ot
clxr

where A(x, zrg) = (¿"(" rzrg)¡...¡A¡(*r"rp)) and. B(xrzrP)

are respectlvely vector and. scalan functiong of
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(*rurp)e Ox Rx Rn such that A ig locallyl,lpschitp
(with pantial d.erlvatives iLenoted. ..Ao r, Ao, Iry r ,

1=1 r. . . ¡D.) ar,d. B le localJ-y bound.ed. a¡rd neâsllrâbl€ o

Alsor wê assume H > O ard. q,e (ort) ane flxed.

constants zuch that l"(*)-u(xt) I < Hlx-x'lc for all
xrx' € fl. (u is then said to be H6l-d.er contin¿ous wlth

erçonent d. and constant H. )

TTre structunaL cond.ltlons on ttre functlons A ard'

B wil"l be as 1n Chapter 2, except that in place of the

conclitlons (1.1) and. (1.6) of Chapter 2 we need. the follow-
ing two cond.itlons, which are fornulated. in terms of an

arbitrary constant dt e (Oro) and. a posltlve Ca(Or-)

fr.rnction 
^, 

ïrhere L > 1, L' >

ls non-d.ecreaslng fon t>4¿ lhe other quantities

f tw rX rþ ¡ and. Ts appearlng in the formulatlon of ttre

cond.itione are as ln ChaBtet 2.

(r.t) fr (w(v) ) I
(n-:-at)/(n-¿+cr)

T

v
[,

w v 2
lEi" <x w v

r (v)¡.r ,, (*, z rp) ãr €¡

for aLl Ë e Rn, x € f¿, lrl ( M, and lpl
¡r(v) < pp.A(x, z,p) + u.

lt(*,2,p)l " 
prr(v)/u,

le(*,2,e)l * p¡(r),
for all (xrzrp) e fl x [-UrU] x Rn.

Þ T6.

(t.e)
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Ihe proof of tlre sobolev-t¡lpe fneguallty will be

þased. on the following tremna, whlch gives a bounil fon

( 1 .1) l,eruna

Suppose tt*o(xo) C O(pe>O) an¿ Buppose tlrat (l .Z)

hold.s, Then

/r,t-lf"fd.x 
< apn-l+c

tco(xo )

for all p ( Po, where A d.epencls on nrfirøtþtPo, and Â'

Proof

IlTre first part of tlre argument 1s simllar to the

proof of .Lemma (Z.l) of Chapter 2. TUe s tariþ by d.efining

4=naxfu- l1rfp+3m-mr/prO!, where f =l*-*ol,
r* (xo )

4f u, and. where P 1 Po sâtisfles
(x.) -Íl = S11ll

K¿lp(fu
l¡ -¡

)n
i

ttp

l¿ttt¿a(¿¡p)o <

thls means that l+nl.tz < å.

Now, using YT. = Vu-(mrlp)vr on spt(ä)t
(t.t)' of CÏrapten 2 glves

/vo.mlc 
= l"/ù f ".4 d.r * 

/fea*,
EEE

where E = spt({,). Then since l¿l < !ü (l.z) gives
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/CrC"l-p)dx 
< u2(^/pr/^(v)/vdx+ W"nþ(')ö:c, v =,/Tffip,

E

so that, uslng

E

and. since

that

E

unlt sphere in Rn, we have

EE
Sirrce Wzm < å thls glves

E

l^
( v),/vax = f

J
tr¡r

EE

[r(")öx< tß6/ùfn(v)/vax+ )tt'}mûr 
")ctx 

+ þo)n(l]p)n.
IJJ

( r .4) 
F,", 

dx ( zÈ Gry' p) 
þ@ /"d¡c + z¡.t un(4p ) 

n .

E

E

Now,writlng F,r = [*. o;lVul > rl, we have

¡,(v),/v¿x + [ ñù/vax,
J

E-F,r

is non-d.ecreasing for tÞ1 it foll-owe

þft) /"dr( < + Ï^(,r)0,* 
. 9l d.x

^(t) 
/ t

E E-E

n (rì (¿lp)"

E

for all T > 1¡ ftren, using thle lnequality ln (1.1+) and.

choosing T = 1+l+tzn/pr wê have

Ef

-fþf")d:c+06
T
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i ,r(")drc < ål ¡,(v)o:c + (åtr(r) +w)a+(lrp)n,
JJ
E

so that

1r,l)
E

and.

whene ct

obtain

E

Then uslng

( [ to]p. a1 )

E

l¡(")c[x < (+n(r)+4n+ Lp)o pn,
I

Novrrsince 
^>1 

and. Ltt> Ot

l+nn(r) + 4n+tf¿ < (4n+hn *Lp)ty(r) ,

(4n+4n*r¡¿)a(r) < lt( [4+¿r" *tL¿Jr+ct ),

ts such that ¡,(c, ) = (4n+4n+rp)¡(o) t , 'we

l^
(v)¿x < úàpnli([4n+4n +'-¡,¿fr+cl) .

K^(xo) C n, togethen with Jensenrs lnequallty
P

we have

^ I vdx

t
J

K

pn) < .{\ ( l+n*4n *Lp)r+cr )

so that

op (*o )

v dx < úà (l+"+l+" +t¡t)rpi + ct rtnln,

("" )p

ü
Here v,¡e have us ecl the fac t that 

^ 
( c t+c' ) -"rf ( t) t

where c Þ 1 and c' ig such that ¡,(c'¡ = cn(o)' is
an increasing function fon t > O wlth value zeto at
t=0.
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and. hence, beqause of our oholce of T1

)tPn -L+ct1'Pî ¡

etr = (l.|. +4n *rp) + ct ,

fTius, slnce n < H(l+p)a , the requinecl nesult lF

established. foþ all p such that P 4 Po ancl

tt¡tttz(¿+p)o <

fol,1ows.

(1.6) Corollarv

If the Try¡rothesee are aB in Lemma (1 ,1) and' if
at e (orq), then

I /TTIV!f,ã l*-*otr-n-c'd'*. Q pd-a'.

Kp ("." )

where c d.epend.s on nrHrcú ,dt ,þ rPo , ar¡d. Â.

Pnoof I

The result ls a d.lrect consequence of tlre inequallty

tn Le¡nma (1 .t), uslng Lemma (l+.¡) on p.59 of [7].
The Sobolev-tlBe lneguallty w111 now be stated. ancl

proved.. The proof was notivated by the proof of the

Sobolev-t¡æe lnequality on mlnimal hypensurfaces given by

J.H. Mlchael (see the Appenclix).

( 1 .Z) Lemma

Suppose r*(xo) c n, and. 1et h Þ 0'oc a T,ipsciiitz

fi:nctlon wlttr spt(h) c Kp/z(to). lhen for all dr e (oro)
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where

lC=

[/r'r
D

r"+tr##Ð

vdxl 1 ( p . $ * 1,vclx

n

and. where ct d.eperrd.s on Ptqrdt and. the constant c of

Corollany (1.6).
PToof

TlIe finst prove the lemna 1n the case p=1 . The

case 1<p.$* 1 lseasilycleouced.from ttrie caseby

using ¡u(n-t )/(n-l-ctrp+ctr ) tr, place of h and. by using

H8l-d.err s lnequallty.

lfe start with the well known id.entity (eee €.Sr

l7l , p.61)

n(s) =#lä ffi*,
x'¡'(xo)

which holds for almost all € e Kp/z(*o), and. where

û.,n = volrx[e of uni-t sphere in Rn. Using Cauchyis 1n-

equality, thls gives

h(€) *# I lonl l"-El'-nd*.nr'h 
J

KP¡ 2Go)

Mu1t1ply1ng by (rt(E) )"-tv(E), lntegrating over

E e Kp/z(xo) , and. interchanglng the order of lntegnation
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on the rlght, this gives

f
J

n* (e)v(ã)dã <

(*" )

tro¡r(a)

-1(ã) lx-€ I t-^v(f ) ø1a".
)

,(xo )

-'1 -nr¡h

Kp/ z

/ rr (s).,(e)d€ < # I t lvr,l [/ *(E)*,(r,*]'-t/ß
Kp/¿C*o) Kp /zk') xo¡r(+)

Uslng Hold.ent s inequality ttrle gives

and., notlng tfiat

1t follows thåt

xo¡2?o) c ro(x) ror each x € Kp¡2(n) '

a

(r.e) # Itlvr'l
KP/z(a

l"-El{r-n)rc.
r7 (x))
I

:-lß
..v(€ ) o€ l d.X.

Now by Corollary (1.6)

I l*-EIte-n)ßv(e)ag < c pd-o',
I
r^ (x)

P

so that the requirect inequality follows from (1'8).

2. ApBli_gations to Gråcllent B,pund.s-

The purpose of this sectlon is to d.enonstrate

that theonems s1ml1ar to (3.1)-(2.4) of Chapter 2 hold.
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when conditions (t.t) an¿ (l.Z) of tbls chapter are useÇ' 1n

place of cord.itlons (1.5) ancL (1 .6) of Chapter 2'

TIre will ln f,aet only coneid.er the fol"lovfing two

theorems, which corresponil to Theorems (:.2)(¡) ancl

(3.3) (t) of Chapter 2.

(2. t ) lh.eolen

Supþose X*(r.") C n, let krô be constants euch

that k> O anil 8> A, suppose wc(t) <l.t,t fonallreaL

t >- 1, and. euppose cond.itior¡s (1 .2)r(1.f) of this clrapter

together with cond.i-tions (r.tr), (t i5), ard (t.7) of

chaprer 2 hold. rrlth vx(w(v)¡ = ftwtv))-En(v)r
ç(w) = p,/vr28 2 and. with þ = tt. Then tfre estimate

ese sup[vul " r

hold.s, where the supremum is taken over all x € XO¡¡*(xo)

and. where I is a constant d.etermlned by nrHrørø'rf ,Ârkr8,

and. pt

(z.z) Theonem

Suppose rc*(xo) c o, f=b
I

constante such that lÞ0 and. O<ô<1 r suppose

( oor let kr8 be

ïrô(t) < pt

for all reaL i > 1, and. suppose cond.itions (l .Z) , (1'3)

of this chapter together wfth conditlons (1.1+), (1.5), (1'7)

of Chaprer Z hold wittrar(w(v)l = ft"tv))-hl(v), q(w) 7 ttt

and urlth *Í9 z þ. Then ttre estlmate

ess 
"uplvol * r



holds, whene

and. where f
ôr anil po

Proof of Theorern (2..1):

It !s not d.ifficult to check that aLl the ffirotheses

of fheoren (¡.2) (t) of Chapter 2 are satisfied. except for

the cond.ltion (l .3). In fact, the con¿itlons (t.4), (1.5),

and ( 1.7) of CTrapt er 2 with 9 (w) = P/waô and þ = t't

are also glven as Ìry¡rotheses there, and. the cond.ition

(t,O) of Chapter 2 wltTr ø(w) = F/wo (F depend'ing on t'L

ard. l\) is clearly a consequence of conôltion (l.Z) ard'

the glven lnequal-lty w8(t) ( /rt.
Thus we can repeat tttat part of the proof of

Theorerr (¡.2)(¡) which leaoe to the lnequality (1"21)''

slnce for this part of the proof cond.ition (t.r) was nÖt

need.ed.. That is r vre have

104.

tTÞ supremum ie taken oven alJ x € xO1¡rk")

1s a eonstant d.eternlned. by nrllrørø'rf ,4rk,

(zÕ)
/{,*n")"nsvo'Ad.x 

< "/ vrr.*o., Ç à max[ 1 11/õ1,

Kl / r,' *þ ,,
where c iLepencls on n, f, ¡1, k, þt Tot and. ôr ard

where þ d.epenils on atP tytþ t8 and. the mocLulus of

contlnulty of u on fl. Thl¡e þ can be chosen to

d.epend. on n, pt gr Ir Hr and. cxr

Then slnce rre can approprlately estlmate

(by t,ernma (Z,l) of Chapten 2) , we see from (ZÕ)..A.d.x

K-
PtT



that the required, grad.lent bound. for

ess
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u wllL be establlsh-

ln ter'¡ns ofed. if u¡e can estlmate suP . lV"l
xv¡uvrc)

| (t**")"n&vu'-Adx, for some q. > 1.
J
nþ/ r,,

such an estimate w111 be a consequence of tf¡e

followlng lernma, vrhich is proved. uslng the Sobolev-tlrye

inequality of Section 1, together wlth the conclltloni (t.t)t

and. Lemna (2.4) of Chapter 2.

2.4 Irernng

suppose Ko (xo ) c n, 1e t 8 ,dt ,F t , L=1 ,2r3, be

constants such that ðrÉr >

suppose (t.t) of thls chapter together wlth (1.4) and (1.5)

of Cïr,apter 2 hold with q¿(w(v) ) > ßt(w(") )-o',
q(w) 4 Êrwqe-Zl, and urlth ú(w) < B.to". lhen for each

constant c[o >

gul]
Ke(t)

(p-r)wf < r+r' 
[/,.r+wr 

)'(,*çe-")wf )
zao/ t

Vu.

no,,

where ,rLpr, are as ln Lernma (e'4) of Cllapten 2, w7

ls as aþove, m d.epend.s on d| ,a¡ anil ør t TtTr 'are

constants d.eterminect by f ,nrctr tdo ¡dt tþ t t L=1 t2 r3 rô ,Tr

and. where d ls iLeternineÖ by TLrdt , and. co.

Proof :

The same proof as for l¿emma (¡.¡)(.) ca¡r be usecl,



except tïrat

re¡rl.aceil by

106.

gt ¡ ls repLaced þy
8r t
v2

nf,
ñ-2 1sarid.

n+l rcr
n-1 -q'

We wil.l not prove Theonem (Z.Z) elnce thÊ rnodLlflca-

tions of the relevant theorem of Chapter 2 are of the sane

tyBe as ln the case of Theonen (e.t).

a
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CIIAPTER h

EF¡'IueD GR¡ÐIENT..ESTIltt¡.gPS ¡oB A. cÏ,Jss- -9r EOUATIONS

In []] the 1ntêrlon graclient bound. for C2 eolu-

tlon of the mlnimal hypensurface eguation ls oþtained. in
particulanly preclse form. In fact it is shou'n that if
ll 1s â ro¡.-1êgatlve solution to the mlnimaL surface equa-

tion on Ko(xo) trren

lv"('. ) I <

fn this chapten it will be shown that anal-ogous

results can be obtalned. fc¡r a class of equations lncIuÖing;

some of those equations d.iscuseed. in part II of [4].
The d.erlvatlon of gnad.ient bor¡¡¡d.s in the fonn

f v"(*") I < ..I'(u(xo)/p) is of more than aesthetlc interest¡

the Bernste.in-ty¡re reeult d.lecussecl ln [5] d.emonstrates

this.
The maln resul-t of thls cTrapter is Îtreorem (5..1 ) .

lhe technlque of proof 1s þased. on that used. fn [3].
1. Notatloq and S.::9luctu:ral Cgndl,tJ-ons

n will d.enote an ope4 subset of Rn, r:>2.. It is

not aesixred. that O 1g bound.ecl.

u wllL denote a 1oc aIly Ct , W ''e 
o-c (n)

functlon whlch satisfies alnost ever¡rwhere ln n the

equation

#ot (x,uñu) + B(xru,vu) = o,
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where A(x, zrþ) = (&(* ¡zsg)r...rAn(x rzrg)) and. B(xrzrP)

are respectively vector and. scalar functlons d.efined for'

(xrrrp) e fl x R x Rn and. Êuch that A has locally
Llpschitz flrst partlal d.erivatlves ancl B 1s locally
Llpschitz.

f will d.enote a posltlve continuous function on

(0r-) such that f Off) . * and w wilL be d.efinecl on

1

[1,o") by

w(t) = 1-'{f eÐ/firth)] .

t1
Let lço be a flxed. polnt ln f¿r let TotlJ be

positive constants, let v = "/TffiJã, 
and. suppose that

the foJ"lowing cond.ltions are satisfled. for all p such

that f^(:.rc) Ctl
P

(i.'r) pB(xrurvu) 1þt
v(¡Æu,A(xrurVu) +lrt

l¿(",u,vu) | " ¿,,

. fçr ;r11 x e tC'(xo).

(t .z) l r(v)¿r n r 
(*,urvu)rlr ãl | <

+ p¿ min["] 17l 'rr¿t n I 
(*rurvu) 4tntl

for aL! (,q e R: and. those rc e r'(xo) vrhere w(v(x)) > To,

çt.3) lr(v)arnl (*rurvu)u,rãl I ( fArn¡(*rurvu)f r?fþv

for all E.e Rn ancl those x € KO(xo) where w(v(x)) 2 ,o.
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for all € e Rr' and. x € re"(xo) euch that v'¿(v(x) ))ze rwhere

g!¡ = grJ (u, 1u,)/(1+lvulz), irj =.,l ¡...¡n.
(t.5) l€.l.(x,u,vu) l' * p"rr(v)arn.tr (4rurvu)€rãl

for all E e Rn and. x e KO(xo) sucrr that w(v(x)) ,- lo.
(1'"6) Ir(v) +vf (v)r,,r''(,.r) IåpInI <

[r(.r)w' (v) låp' lcI < pv

for all xe þ(xo) "*gl tha! vi(v(x)) > Tor whene C

and. l¡l are as in inequality (a.tO)/ of ChaBter 2 e, ûnd.

where h(xrurVu) is the rnlnlmum eigenvalue of the

symmetric matrix å (& r ¡ (x.rurVu)+41,p, (xrurVu) ) .

lle should, monûion that the first part of coúdition

(t.t) can be replaeed. by the inequa.lity -pB(xrurVu) 4 þ.

2. Ffellminary Results

Subsequently, for },e R and.

1et

ard.

xI € ro(xo), 'J/e

oo(l) = [*. xo(xo); l"(*) - ]..1 < pJ,

= [x. ro(x¿ ); [l* -*, ]'t (u(*) - ,r(x') )PJå < pS (x')
PtT

ana w(v(x) ) >

Also, tor r such that r < w(v(*o)),

(z.l) m
PtT =p+sup(u-o(xo)),

where the supremum ls taken over the component of the set

[* e xo(xo) ; w(v(x)) >
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(z.z) r.,enma

suppose rro(xo) c o and suppose (t"l) ls

satisfied.. Then for each À e R

where

(z.t)
Suppose K2p(*o) c o, xr e Ko(xo) , Buppose

(t.t) (t.e) hold., and. suppoÊe Tt < w(v(xt))-1 . f1ren

i"*u cpnt
J

e^ (r)
P

c 1s a constant cletermlned. by u and. To.

Lemma

Ictpn < dx

to,C+ í¡

v

where cI is a positive cons tant d.etermlned by n and. #

Proof of Lemma (Z.z) z

I,et T be tlre Llpsclrtrts functi on d.efineô on R

such türat y(s)=t lf s > p, T(s) = O j.f s <

f(s) increases llnearly for s þettveen -p and. po

Define

q(x) = f ,(u(x)- ^ -t)dt.
'p

C1eanly q is a locally Llpschitz functlon on O.

Now uslng (t.t)t of Chapter 2 with

E(x) = q(x) naxfzp-rroJr ]3 = l*-*o l, we h,ave
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.l 
o,o', f '''"-r* (".o ) -p

¡. -t) at( h-r)dx =

(zp-r)çgdrß.,

(x" )

ò
òxt y(u*¡,-t)at;

=I gArn, rdx +
(*" )2p

*rp
I , i :, .

K

where we have used.

*, f "(u-À-t)at- 
fP-t

. "-F '-P
Ihen us.ing

l¡,*,,I <

together with (t.t), it follows that

2p

(v-p) [y (u-],+p) -r (u-^-p ) J ( æ-r) ax
(x")

I
*rp

t
J
K

ç d-xt

(*o )

ard' the proof is completed. by observing that
y(u-l+p) - y(u-I-p) ,- t when l,r-Xl " 

p and that

lql <

The proof of lemma (2.3) is somewhat more

d.iffic'ur1t.

Proof of lemma (2.5 ):
Let g = lã/p, i = [lx-x, lr+(,.(*)-u(xr))"È,.

and let Th = rnâx[e-r-s-w(v)roJ (t =fiT]-vufã) ror T 2 .s'
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Then, usirrg the inequality 3.e) of Chapten 1 Ïrith

p=1 , n=rrr and. n = lrrg we have

t/ v d¡c(¡r" ç )
--!--n-1 lL=L

J"
+

sl r(hra), r (h"d, rJ vd¡c +

S (*')
PtT S (x')

P¡T

¡1cl hrq lgr Jg" to, rsu, Jr lãd*,
I
so r"(*')

where c cLepend.s on ltr

Using the Hbld.er inequality on each tern of, the

rlght haniL sid.e of tlrls lnequality gives

(e"4) U (h,ç)#''*
] """ 

*z"[i vd.x

tp (x')
,,7

a

S (x')
PtT

gt J (h"e), r (¡rrq) , trvdx + (hrç)Êgt Jg"tu, tsü, Jr** Ï,I
S (x') S

PtT
(*')PÍ

Now estimating terms on the night of (e.4) we first
have

(z. j ) etJ(hrp),r(r,nç),¡ <

Next, by cond.itlon (1.4)

(2.6) (hrg)agt Jgs t'r, tsll, ¡r <
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n = (nn,p),Now 1f rre use (z.tO)/ of Ghapter 2 with

and. ft(w) = w we will obtaln

/[,"r)" + A,nrBs tu, rsu, ¡rrfl¡ pJwr,, (tve)1,]a*
ft
(z

and

'lrLq)"[r*'lcl + rw'lr urslUrtl + rlol lv*l Jo*,
o

and. using the glven cond.ltion (1.6) *u have

rølpl/ãffi <lr v
^g" 

"u, é llit, r t v

so that, using the CaucÌry inequality lubl <

and noting that Àdtu,oru,rt ( AroJgtturstu,rJr

f'nn' lDl/m * " + ¿1ÞrB"ru,srr,rl " ï9,
where cL d.eBend.s otx u and. € o

À19o, again by (t.e) r,re have

ruo, lcl*,þ,

sd-
Izì

J

L

]",

1

Eã
þ2

r¡¡e have

rlol lvwl < øñlçrf JJ
p

where a d.epend.s otl u and. E ¡

Next, we have clearly that

,



fAr plwr,S (frP+"), r = Zg?!tre-wfÀrDJïrr, twr, J
,l

+ Zph?tl,t,J*",rgrJ

and., using cond.ition (l,z), thls gives

1 14.

lffrctïtr¡JfAr p

(z.s)

where

(z.o)

J

lvr r I (rtrqã ) ¡ r,)- r2gz:n¡(hr-e"w)fAr o

-2¡lÏrf f Ar n 39, rg, J

I 
(rr"q)' + ArnrB 'o,,slr,¡sdx

(*')

J

Thus collecting together all these estlmates ar¡d

ehoosing "=b, it follov¡s from (Z,l) that

S
PtT

õ a-27-3e,l qPf,AroJw" ,twr ,Jdx + T
SPf

(*')

t
I

vd:<+
xrSp

( )T,

+ c+e- r, 
I 

torDJe, re, ¡d.x,

,p,,

where we have r:s eiL lrr <

and. where c2 ¡cs ec¿ d.epend. on P.

Now 1t follows from (t.e) and. (l.l) that
c5

tor n, q, tQ, I < ¡Evt

(x' ,)P¡T

c5 d.epend.s on lJt Then uslng thls lnequality in

, and using the .J-neq.u.a1ity
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ç2.9)

(z.to)

(z.tt)

gtJ(tr"o),r(rr"q)t * Zþte. 2rg2 f oroJnn, ,rwr,J+2ucs#,
( rhish ir pror"d, w<t*3 (1,+)r ( t,'t-) , ønd (r'rl ) if gotlo,of t¡ov' b.+l fl'øt,

ti ,i":]4 *]5'- *"-"[/
"o rr(*') 

' -bo,
vdx

Ia
a

x¿

.[/t*"to,o lrlr,rtrìIr,¡ * þ")a*
so r"(*t )

where % d.epend-s on P and. 11¡

By consid.ening the inequality (Z.tO)t of Chapter 2

with q = qz and. h(vr) = w together with the condition

(t.6), it is not d.iff lcutt to prove

)(
T

li

ï

c7
qsfAt o wr 1f vrr , ¡d.x <j f

I
Sp

v clx,

-(x')t,S (x')
PtT

wlre:re % , d.epend.s on lJ.

Thus (2.10) ffnaffy gives

ii (n"q)

,(x')

n
n-1 rÂia*Jv e-Í

Ip

on

rp PtT

vdx.

S (x')
PtT

S
P,

Now, noting that g > sp/zr¡(*') '
anil that

I v d.x"

sp/zrr, (x') , (z'11) giveson

(z.lz) lt-er/er'![rp/2,r, j# <

for r¡ >

2ca

n-1
n eÍ PÍ

s
PtT

(x')
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The remaind-er of the argurnent 1s ttre sa¡ne as that

1n []] pp 261-2: !'tre choose a sequence Iç
to = eT* and. sirch that tv = t, - I +

v Þ 1, ancl use inequallty (2.12), with T = Tv-r=etv-1

and. -r ot,t - ,V v , and. wl th p/zu and. p/2u*L in place

of p and. p/2 respectivelY;

This leads to the required. result by iteratlon.

Next we have a result analogous to inegualÍ-ty

(3.2O¡ of Chapter 2,

(2.13) remma

Suppose n'(xo) c nr suppo,Ée w(v(xo)) >

Ç. = max. I^r r, + o(Io,), - n - znr r¿/ero'it t"rhele r = l" - tt" l

and- vuherg *p ,, iÉ a.s 1n (z.l)i Ï,et rv" = ûâx [w(v) - r'oÏ

and. let E¡ be tTre corlrponeht, of tht: qet [x. ic'(xo) il"¿tt' > O ];

containing xo. Thêrr if ('l .t)-(t.6) hold' tna $ 4 lrt tÞ1 ,

I such that
.*("(x') )-e7*

2v,

I
Er E1

where ë depend.s on # and. ro.

Proof:

It is not d.lfficult to checlr that Y, d.efined. by

ye = ^^r{n\¿ - "rol on'81' and Y" '= O orr,K^(*o)'- Er is a. L- ) P

Wâ , o ( *O (*" ) ) fr-l¡c -r,ion. Hence uslng

,à( ,. ) = 2w¡w7 ,J' -w?u,r-w? þr,, on spt(v.) c Er

anil uslng (t.t)' of Chapter 2 vrith Y.'in place of 4r wê

have, after letting e -+ 0t

wfvclx ( " (j'")u I '*,
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/ w?vu.lax = -21 ì¡ìrrArwr,r ,u* *fu [ *?/.rr,1d.x

ETEf w

I+ lfiBdx.
E,

[hen, using cond.itlons (t.1) and. (1.5) and.

nearnanging as in tTre proof of lemma (Z.Z) of Chapter ?,

(z. tt¡J wpvdx <
"/J

fAr DlI
J

4

where c d.epend.e' err lJ:

Nor¡n the terrn I tornJ*r, twr, {"ádx can þe
I
Er

estirnated þy inequality (z.tO)' of Ctrapteî 2.

In fact, using (2.'10)' of Clrapter 2 with rr(w) = w and-

with 4? in place of 4¡ and. using the cond.ition (t.6),

lt follows tù¡at

r

I rlr p,wr , rwr ,lt'dx < c(¿¿) (l,s')' lu*.
î'r Er

Î'lre d.etails of the calculation requlred to prove

this lnequality are nearly ld.entlcal to the correspond.lng

calculations that were mad.e in Chapter 2, except that

wfd.x

Ef

ET



terms 11ke

are hand.led. by using (l.z) as well as (1 Õ).

AroJ*" ,t4,J - -A.1 ptrwr,rü,J -þoruSwr,rpr¡

1 18.

< u the reguired. lnequallty

1. The Gradlent Bound.

ïtle w111. now state and. prove the main result.
(t.l) Tfieorem

Suppose KO(xo) cn anil suppose conôitions (r.t)
(1.6) holct, together vt¡1th the cond.itio" IÉ+LI { ltttÞ1. Then

w(v(xo ) ) <

where *p = *Jifl*")t(*) - u + p artrl o depenëls on

Itþ, ancl foo 
I

Proof:

By Lemma (2,13) we have for rö <

Then sirce

follows from (e.14).

t u" e,t)' / vax.

Iß.2¡ w? vctx (
Er Er

Now suppose Tr is such that r+2.< tt< w(v(*o)).

Then clearly f::¡;,tr, (3.2)rsince w7 >

"(þ)" /'*'

ß.1) (rI -7)z vd.x (
Er'-1 Ð,

Now from the d-e"flinitlon of W it is
not ctifficult to check that the oscillation of u on Er
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1s no greater than hp rr. Then it follows that we can

finÖ real- numbers h1, o 
" 

. ¡Xy r vrhere v ls the least posltlve

integer greater than ^0,T, ,çrrch t-hnt Er C
p

then by L,emma (Z.Z)

v
U

t=1
Qo(lr). But

I(¡.4) vd.x (
+

v

t I
Qo (rr

where c d.epend.s on P and. nn

Now it follows from the deflnition of ^p/Urr, that

u - u(xs) tatces aI-l values betrveen O and. 
^p/Urrr-p/\, on tine

component of t'Ïre set

s = [*. xr¡r(xo) ; u(x) < u(xo) ano w(v(x))'r''I

wbich contains xo, l,hen in ad.ititlon to xq we must be able

to choose v' other points c xLt o.. e{y t ,vlt - largest lnteger

u(xr.)=u(xo)-p/z
ard.

u(xr) = u(*t-*) - p/Zri = 22...¡v'.
(Wrren %M' - å < I this statement should be intenpreted.

as meanlng tirat we choose only the single polnt xo fnom S.)

It is easily checkeil that Sp/Urr,_l(*r) C Err_1,

Í - Or 1e..rtvt , anci hence, using I,ernma (ZÕ),

3.ù / "*,,ä | ua* > "kþ*') = t .(w' ),

T4 )

W'-r sp/U,r,-1(xr)
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for sone conetant c > O il.epend.ing orL P and' n.

Thus uslng (¡"4) and (l'f) 1n (l,l) we have

(t.ü (r, - r), %/4g' " "¡5*z\"-(lfÐ \"\p 
)

for a!! rrrt such that r 2 rs and. r + 2 < rt < w(v(xo))t

where c d.epend.s on P,rrL, and. re. But since ^pr, > ^p/4rr,

and. p, (316) trtv:.ally hord-e with c = 16 when Q < rt- r ( 2'

lhus r¡Ie can assume (1"ø) for a]..t- rrrt such that

Ts < r < rI < w(v("o))n The required- inequality is noÌY

eetablls1.ed. from (¡"9) Jry usi-ng the same Íteratlve

a:pgument as j-n [ ¡] .
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fhroughout thls append.lx tÌre notatlon will be ì

the sane as that in Chapter 1t except that here lt'f will

d.enote an m-d.lmensional nlnlnal gz suþnanifold of Rn.

By tT¡ls we nean that H = Or where H |s the nean curv-

ature of M d.efinecl ln (1.1t) of Chapter 1.

TÌtre materlal her"e orlginates from the work of

J.H. Mlchael who, usi¡g a method wtrlch was esaentially

equlvalent to that used. herer proved. a speclal case of tTre

result concernlng subharmonic functions (Ttreorem 1) ar¡d' the

Sobolev lnequaLlty ([treonen e) on non-paranetrlc ¡nlnimal

Ïg4gersunfaces ¡

llhe Sobolev-type lneguality obtained. hene le of

the same tlrye as the one usecl fn [3] to d.er"ive interlor

gfacllent þound.s for eolutlons to the nlnlnal- surface eçn¡a-

tlon. It is i-nteresting to note t}rat the corollary tol

Theorem 1 can be used. instead. of the Soþolev-tlæe ineguallty

in ttre d.enivation of such a gracllent bound. ($rfs follorrvs

fron tlre fact th^at 1f u ls a solutlon to the nir¡1mal

Burface equation ard. lf v = nfiffip, then Ln v ls

eubharnonlc on the correspor¡iling minlmal tSlpersurface' )

We wfll need' the formulae
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(r ) kh dIL = 0, k = 1e.,.rltr

valid. for C, (f,,i) functlons h wlttr spt(¡r) n M conrpact.

(f ) ls eas1ly establisl¡ed. from Lemma (2,5) of Chapter 1

by noting that fl¡ = Q ard' by choosing t small enough

to ensure Mt,r n spt(h) - IÍ n spt(rr) ("o that

Mk,t ñ spt þ)= Ø). The id.entity (1) is also useÖ 1n 13)

ar:d. [6].
By replacirrg h by QÚ, where q ard V arq

C, (U) functlons a! least one of which has compact support

contalned in Mr it follows fron (t) that

/'
M

(z) I
M

f
pô¡/ð$o, = -! y'lôrqdIfi, k = 1¡rrr¡rrr

J

M

A ft¡nction X c C'(U) w111 be calleil subharmonic

1f
(¡)

I

n

I(
(Ðrp)(o*x)o¡t, < o

M

f or each non-negative function e c c'(M) r¡¡ith spt(q) n u

compact. Note that if ôrX€ C'(fU), k = 1¡-..etl¡ then

thls gives (¡v (z) )

n

k=1þ 
sr ô¡1dlr. >

M

Thus C'(M) functions X ane subharmonlc 1f ar¡d only 1f

L

n

Iß
ôrôrx > O.
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The operator g ôr8r js calleil the laplace-Be1tranl
k=1

openator on M.

It w111 þe convenient to r¡æite (e) ar¡d. (Ð ln

tenms of the proJection matrix (ËtJ) of ChaBter 1.

To do this, recall from Chapter 1 tha.t if V ls an open

subset of Rn with M c v and. 1f, h e C'(M) 1s the

nestriction to M of a Ct (V) fi-rnctlon Ë, wlth partlal

¿erlvatlves #, J! = (*rr...r¡¡n) € vr I = 1¡...rrlr then
sÃl

(4) 81h = .èL
Ò*¡ on Sf, i = 1¡..r¡fLi g'r

J=1

Ihus, letting 6,V,

some open set contalnlng M,

(c, (trt) ) restrictions to M,

be Cz ff¡nctions deflred' on

arrd letting g rÚ be thelr
(z) gives

M

(z)' ,å./tË" 3ç
n

d.Hn = -.EJ=1 þzr, * 
drL, I = 1;...tît

M

anct (l) becomes (rvith

open set containlng M

rJ

í a Ca function defiræd. on an

suchthat i=X on M)

t

n

M

Ëk Jãk t = Ët J, 1, j = 1 ,. .. rnr gives

/t"3h tr*^<o.
L¡(

Then uslng (Z)' wÍth /r = X and wlth

n

J L

M

ß)

6_
òxr 1n



place of Qr ttris gives

(¡)
l*u'
M

'affk utt >

124,'

i e C2, by using

I

n

II,

fncld.entally we rlote that rif
(z') , (l+) , and. (z) we have

,å=,/*u" ffi ut' = -,,î=,/u" * fü *,t
M

n

t rJ ¡&'=1

M

òX

/Ë*'ã" 
t Sä ã\ üh = -*?' (s¡.q) (o*x)a¡r,

n

[f

I
MM

for all I € Ct (U) with

Laplace-BeJtnamJ. ope nator

= 3 le a* ô¡1clÏf,
k-1J

"pt(q) n U compact, so that the
n
Ð ôr 8r satisfies

h=1

n

I

n

JK=1
Jg'

a
t =4

We ca¡r now state the f inst theorem.

3@1.
, I,et xo c M, suppose npo

compact subset of Rn, and. suppose

negatlve su-bhannonic function on ¡Í

q(p) = (l * drt 
)

(*o) n rú (po >

x e c'(u) ls a

isa
I1OI1-

ro (xo )n u

a Then the ft¡nc tlon



1e a non-d.ecreaslng functlon of p

Proof ¡
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for 0<p1Po.

Note flrst that (¡) must clearly holct even lf the

first partlal d.erÍvatlves sõ-
òxr of õ are LipscltLtz

fr¡nc ü. or¡s ( f tt" tead. of Cr (tvl) functi ons ) .

Then consld.er tlre functlon õ cleflned' by

,pt(") = P(r),

where r = l*-*o I anb, ø is such that p(ù = o for

t> p ar¡d. tt'(r) =-T f"(r) forr '¡rr 0( e <p rse-'biofying

f.(r)=1vr¡hen r<p er'TG(r)=O when ràP,

and. d.ecreasiag 1tnear\y Þetween t = P-ê ancl t=P'

lhr¡s T¿ =-1/et P e <

t<p- ê or T>p, and.c1eanly õ hasflrstd.erivatives
which are Llpschitz functions.

Substituting or¡r choice of õ' ln (5), 
.an¿ 

canry-

irrg out the required. d.ifferentlation, Ìve obtain

,Þr/rat 
tr¿(r)arL + 

,,å= ,l*Ê', 
(*'-xo r) (*¡*ol) 

(rrnc (r))¿¡ü<0.

M I.Í

Thenusing 3Ëtl =m anËL
t =1

o< ËtJ
Èt

L

n

J

(which holct because (Ët J) 1s the matrlx of the projeetlon

of Rn onto the tangent space Tro(M))r and. using ttre



stated. facts concenrrlng T¿ t it fo3.lows that

for al-most all p e (Orpo).

be wrltten

126.

X cilfn <

But tlris last lnequal.ltY can

m t
J

X d.IIt

(",o )n m
P-e tP

np-,

where Ãp-. rp = (no (xo ) -Kp-" (xo ) )n u, so that

(6) nú(p-e) - t @b)-ú(p-")) { o,

where þ(p) = [* d.It.
I
ro(xo)nu

Now ú(p) 1s an increasing firnctlon of Pt ar¡d'

bence d.iff,erentlable for almost alJ. P, so that letting

ê -+ o, (6) glves

/\

# (EP)'o
hence the requíred. result 1s eetabllsh-

If tlre lgqpotheses are as 1n Theorem 1 then

x(xo) < (c,.rp')-/ x

*oo (

drf'l

xo )nu
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Rn.where a¡ ls the r¡olune of the ur¡-it sphene 1n

Proof:

From the theorem r¿Te f¡ave

X dIIm

(xo) n m

for aL] p e. (Orpo). Then the requineit result is obtalned.

bylet'blng p+0.
ljlie now proceed. to the statement and. proof of the

Sobolev-type inequali ty.

(c,.Upt)-tl x cuim < k+p^)-tl
J -- = \q{¡/L/ , 

I
Kp (xo ) n ur *po

Theorem 2æ
Suppose nroo

ancl suppose h is a

spt(rr) c K^ (xo) rì M¡
PO

[/l"ln/(m-', 
utü]

soo (xo )

(xo)n¡¡ 1s a compact subset of Rn

C'(m) fr¡nction such that

then, ilefinine SO(xo) = Kplxn) n Iú e

(n-r)/n - $¡h-'o{/
troo

{n
dn, i't
(*o )

llor'lo'l',
uoo (*o )

where c d.eBenils only on n¡rrr

Proof:

lïe can assume h > Or otherrzise roplace h þy tÀe

Llpschitz function l¡tl , Tlte start the proof wlttr an

applicatlon of (t ). In terms of Ët J (1 ) gives

(1),,ir/Utr * *,, - 0, 1 = 12,,.rrrr

M
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for any Ct fpnction õ d.eflnecl. ln sone open set contaln-

lng M. Glearly (t)' must al-so hold' if õ ie onJ-y a

Llpschltz fitnctlon. Then let us suþstlûrte

(*r -6r )t" ( l"-E I )Ë for õ, where Ë is a çt frrnction on

an open set containlng M and. zuch that Ë = h on Mt

where Te (e>O) 1s such that f" (r) = r-r for î > e

and. f"(r) = Þ-n for r < e, artÅ. where E ie any polnt

in Me

Then carrylng out tlre releva¡rt differentiation we

have

(*t -€r ) (x¡-€¡ )

1
t

lx-El -[x-EÏ-,årft"r" ( lx-E l )n ¿¡' *, 
,å

M

a(z)

together with the identitles

l*-f lr¿ ( l"-E I )r¡ar¡,

M

= -,,å=,/u" i#i * l*-¿lr"(l*-61)016.

Now uslng the Cauchy lnequalltY

l,,i=,Ë,, Hi ffir * [,,i=,Ë,' î#ï î#î]*t,,T=,Ë,, * r
.*

,,3=,.Ë" *h* = lsn¡'

(¡y (4) ) and i Ët t = m¡ together wlth
xr-Er xr-ëJ
]*'U1' lrEï <

r1
,

t

o * Ëtt 1)
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it follows fron (Z) that

m

M M

Ueing the d.eflnltion of

mr"(t) -r[(t)t=o for
lt folLows that

l*-E ly, ( l*-€ I ) I snl cut .

T¿ and. noting that

t, > e and. = men for t < 6r

f
I
M

Im/ ftaHr<
J

rJ, (6)-T-
I ortl l*-€ lr-ncrun rt

J

M

-Lmúå

and. letting ê -+ O tliis glves

(B) rr(E) < I ortl l*-r lr-n¿Hn

M

fon all E e M, whene ah ls the vol-une of the unlt
sphere 1n Rn.

Multiplylng by h'c-l(g), r = #¡ lntegratlng over

M, and changing tlre orilen of lntegration on the rlghtr (8)

gives

( g) 
/" , E) dïr. - *- /l 

ar'l[/t 
"-e I 

r-n¡r- 
^ 

(E) o¡u (e) 
]"tt 

(*) .

MMM

Now fon r 2 O let Mr = [*. M;h(x) >

t



replace h ln (g) by the Llpschltz ñrnction

n"(t) - o, t ( r, rl"(t) = 1, t > T + e

13O.

a, (h) , where

lncreag-

Thenanil

arrd n" (t)
t=7i8¡es llnear1y for t between t = T

uslng ðA, (rr) = 4j (h) and. lettlng
(g) that

€ -+ O it foll,ol-rs from

(ro) dIr, <
1

wrk ¡[t sup l"-elt-'an,(ë).
(xo

I
J)eþ

oM7 Mf

-qùr I ar'l o¡t

Mr

at all points where the d.erlvatl-ve exists(which is for

almost all T because f * dIL is a d.ecreasing f\:nctlon
J

M7

if, X Þ. O).

Now Let
L

]'

I.I

o = [eB(/ 
u*) I U

s4p

drt
(*o )

o

,

Mf

and, note that

Il*-¿1.-'¿H, = ll"-Elt-'¿r, + ll"-al"-'dtt, r
J-JJ
M' Mr-Ko (x) ro (x)ñ l¡"

Ehen slnce l*-El > I on Mr-Kô(*), it fotlowg that

(rr) ll*-el.-'o¡L <
llj
Mr M7 S¡ (x)



Nowfor p4po rve have ro(x) a *æo (xo )
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fon a].l

ard. hence using Theorem 1 wlth X = 1 wex é *po(xo),

t¡ave

dIü

(xo )
-Çz¡o¡'

I
t 2p

r
s

2Po

,

and Ít follows from thls (see Lernna (4.3) p.59 of t7])
that

r
I
I
S

l"-e lt-'o¡, (ã) 4 cp

(*)
dlt
(*o),,.

o

,

p
2Po

where c il.epend.s on rt¡nr

In partÍcular, since ô ( Po¡ rÍe h,ave

dII' . (2po)-t.

2p
xo)

Then combining (tt) and. (lZ'1 an1 using the d.eflnl-

tlon of ô it fol]owe that

n

õup .l l*-¿lt-'dn,o<
xëË^ (xo ) Jpo Mr

where cI d.epend.s on m anit û¡ Using thls lnequalÍty

in (to), it f ollows that

(
o
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M7
2p

clIlE

(*o )
o

where ctt depends on m and. rr¡

Now this is a verslon of the lsoperlnetric

lnequa11ty, and. the remalnd.er of the proof folLows l,3l

p.258 exactly, (wote parti.cularly that lt ls now not

necessary to consid.er the quantlty correspond.ing to

Hn-r(òÁ,(t)) onp.258 of [5]).
tr'lnaLly lve mention ttrat 1n t'tre case of non-

parametrlc mininal Ìgper-surfaces the lnequalj,ty of

llreor'eu 2 can be somewhat ref lned'r

[/ *}* * ",{ea-. ]'-*[- # / I'nlq]'
s Irlr
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