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SUMMARY

Tu'o t¡'pes of inhomogeneous elastic materials are consider-ed in this

thesis. The first ¡vpe of ma.ter-ial is made up of different regions rvith the

elastic coefficielts constant in each region. For the second t¡'pe of material

the elastic coefficients \/a,r'J/ continuousll' v'i¿L the spatial coor-dinates.

The thesis llla)/ be thought of as being composed of three parts. In
the first par-t, the one-dirlensional plopagation of u'aves through an inho-

rrlogeneous elastic materia.l is considered. Numerical solutions for- certain

rna,telia,ls a,re c-¡btained bi, using the finite difference method. In the second

part of tire thesis, axiall¡, sJ'rnrnetric a¡d sphericalll' s¡'¡¡toetric defo¡matio's

problems of inhomogeueous mater-ials a,re considered by er:rplo¡'i¡g analyti-

ca,l techniques. In the fiual a,nd major part of the thesis, u'e consider sone

antiplane and plane clef<¡r-mation pr-oìrlems for isotropic and anisotr-opic inho-

nogeneous elastic llaterials. In the antiplane and pla.ne ploblems ernphasis

is placed on the cleveloprnent of the bounda,r'¡r ql.m.nt method for- the nu-

rnerical solution of particula.r boundarlz 1,¿,1¡" problerns. The kernel of the

integral equation fol sorle specific materials is derived so that the standar-d

bounda,r-r' element method ma¡' be ernployed.
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CHAPTER 1

INTRODUCTION

The fc¡unclation of the rn¿tthema.tic:al theor.r' of elasticitv d-tes bacli to the ser,-

enteenth cettt,ttr-1r u'hen R,<lllr',r-t Hoolie stated tþat tþe exte¡sio¡ of sp'i'glilie solid

bodies, ploclucecl ìl' the tensile forces, is proportional to the applied force. Such

a relation u'hich is linou'n as a, stless-stlain relation ha,s been developed extensivelJ'

over the last t,u'o centlrlies clue to t,he glot'ing clemand f'or the elastic analS,sis of ma,n¡'

problems inr'oh'ing solicl boclies. A large nulnbel of boolis ancl theories have been

t'r'itten on tllr: sub.ir:c't invoh'ing irornogeueous ul¿itelials (see fol example Green and

Zerna [34], L.,r'e [47]. \'Iuslilrr:Usln'li [53]. Sokolnilic¡fi'[71]). T'he solution of bor.rndary

value ploblerms ftrr such ll¿r,telials has ìreen t'icleh'investigated. Sevelal methods have

been cleveloirecl such as the rrse of integlal tlansfor-ms (see for exanple Sneclclon [68],

[69], [70], Tlanter [77]), special firnctions (see fol exanple Sneclclon [70], \4ratson [80])

and complex valiable rlethocls (see fol exarlple \{uslihelisln'li [53]). \4ole recentl¡'

u'ith the help of'noclel'n c:onrputzit,ional ec¡riprnent, numerical rnethods such a,s finite

elerlents, finite cliff'el'ences (sc,'e lol exanlple Yang and Lee [S8]), the boundar-¡' element

method (BIEI\4) (see fcu' exa,mple Abch'abbo ancl l\,{ahmoud [i], Ang [3], [4], Clieng

[9], Clements [10], [11]. [12], [13], [14], [16], [19], Clc.¡ìeman [20], Cluse[22], Ligger

[46], Rangogni [59], [60], Rtzz<¡ [61) ancl the combina,tion of the finite e]ement ancl

bouudar¡' element methr.rcl (see fcn'example \\¡ealing ancl Sheikh [81]) ha,r'e been used

ext,eusivelt' tc¡ sc¡h'e ¿r nnntbel c¡f'l¡orinclal)' r'alue Ploblems fol horlogeneoLls elastic

mater-ials.

The stud¡' of borurcla,r-t' r'alue pr-oblem inr-oh.ing inhomogelleous materials is also

of gleat impolt,auce in applic¿ttions. In comparison rvith the homogelleous case rel-

ativel)'little has been done in this ar-ea. Prol¡lems of this t¡'pe ar-e of considelable



Practical itll:rortauce ill tiet'of the fact that inho¡roge¡eous l¡a,ter-ials such as fi-
bre reinfot'cecl ancl composite matelials hale l,icle applications in mocler.n tr:ch'olog¡,
especiall¡' in engineeling.

The solution of tll¿ìrlt' Ploblems for inhomogeneous llatel'ials presents co'sicler-

able rnathematical clifficrrltr'. Hot'erret' fol lamin¿rted m¿rter-ials a number of solutions

exist. Fol exa,mple, r'r:c'eut ilvestigations pr-esentecl b¡, Sun et al [Z ] ha¡,e clesclibed

the d¡'¡¿111ic behavioltl c¡f a lallinated composite. Follou,ing this s,orli, several r.e-

sear-chers have studiecl the 1>r'opagation of \\'a\¡es in a, co¡rposite u,ith per.iodic str.uc-

ture. Narvfeh ancl N¿r,sseL [S6] investigat,ecl elastic \\¡a\res in inhr-¡rlogeneous per.ioclic

mater-ials. Using the valii.rtion¿rl methocl, Iiohn et al [a3] stucliecl u,a,r,e disirer-sion in
conposite rnecli¿r. \4<-¡r'e lec:entì)', Yang ancl Lee [88] clevelopecl a ¡urle.ical method

t,o a,na,l¡'5<3 the lnocles of Flocluet \\'a\¡es.

Some l'ol'li has lteeu clone ancl a numl¡el of papels publishecl on the sr,rìrject

of linea.r' elasticit¡' ittvoh'ittg inhomogenec)us matelials u,ith continnous 
'a,r.ia.tio' of

the elastic par-a,tleter'. In palticular solne llrogless ha,s been ma,cle i¡ appl¡,ing the

bor-rndary element meth<xl tc-¡ such problerns. Since Rizzo [61] app'oached the classi-

ca,l ela,stc¡static ploìrlem using the l¡oundar.¡, intr:gral ¡rethod, tþe boundar¡r i11¡"*-rut

elemeDt trreth<tcl has ltecorne a mol'e a,ncl mole ac:ceptecl tool fol' the fast a,'cl accu-

rate numeric:al sc¡lut'icut of pr'oblems for- homogeneous ureclia. In compar-iso' u,ith t¡e
other comm<.,nh' used nurneric.¿tl ruethods, the obvious ach,anta,ge of the boundar¡,

integr-al element tec.huicllte is that the onlv c¡rantities that harre to be specificall¡,

determined in the numel'ical sol'tion process a'e the ìroundar-¡, rralues. Once these

ha,r'e been olttained. the basic unknou,ns at a,nv interior- point ma¡, be fou'd by the
use of a,n apptopr-iate integl'¿rl lelation. \ier¡, r'ecentl¡,, lt5, u"i11g the raclial ba.sis func_

tions apploach, Colerlan [20] has emplo¡,ed the bounclar¡, elerlent method to soh,e

the Helmholtz ecluittiolr rvith r'¿r,r-iable cor:fficients. Other- bounda,r¡, ele'rent tech-

niclues invoh'ing the er,'alrt¿ltion of the alea intr:gral have also ìteen derreloped (see

2



for exa,mpk: Cr.r.sr': [22]). H<¡u'r,'r.eL such ¿rs al.rploach emplo¡'s the unltnorvn interior

iroints u'hich nreans the boulcl¿rrv elelnent method is less effective. To emplo]' the

standa::d bouncl¿rlv elellent method, it is necessar')¡ to find a suitable kelnel of the

integral ec¡rat,ion. Unfc¡r-tunately, the kelnel of the iltegra.l ecluation is often ver')'

hald to fincl. This is paltic'ularl¡' ¡1'n" for elastic pr:obleras iu'oh'ing inhornogeneous

materia,ls. The tn'o cìimcnsi<,¡nal Laplace ecl.ration u'ith varia.ble coefficients u'hich

a,ppear. iu anti-pl¿lne c[r:f<¡r'mation ploblems inr'<.rh'ing inhomogeneous mater-ials has

been successfrill¡' apploached by Clements [10] using the bounclar-)¡ elenetìt urethod'

Hou,ever this apploa<:h still neecls to be clevel<-rpecl since the valiable coefrcient u'hich

is consiclelecl in his papel onl-r' r'a,r'ies u'ith one spzitial coordinate.

In this thesis. n.r' r'c'r'ir,'u' ¿rlcl clr:r'el<)p s{:ì\'{ìr'irl anal¡'tical ancl nrtmelical methods

f'ol solving proìrlems in the t,heor¡' of line¿il elasticit¡' of inhomogeneous llaterials.

In chapter- 2. the plr-rpzrgzrtioll c-¡f tva¡'es thlough one cìilnensional defor-mations of in-

horlogeneous rr¿lt,elials is cliscrrssed through tlie \\¡I{BJ methocl. The lesults of the

irertur-bation technic¡re fc¡r' specific ploblerls a,1'e conpaled also u'ith the r-esults fi-om

the Floc¡ret theolr'. The plopagation of Floc¡ret, \\¡ar¡es thrc-rugh iuhotlogeneous pe-

¡:iodic mater-ials is also investigated nuurericall¡' i11 this chapter b¡' using the finite

difference method. Chaptels 3 and 4 discuss axìall¡' s)'mmetr-ic defor-mations and

sphericall¡' s,r¡nmetLic deftrlmations lespectiveh'. Anah'tical solutions are der-ived ì:¡r

the integral tlansfolm methocl and the methc¡cl of separa,tion of variables. Numerical

solutions fol some ploblems ale obtainecl by the tu'o point boundar'¡' r'alue nethod.

Chapter' 5 dr:als u'ith anti-plane defor-mation ploìrlens fol isotlopic ma,terials. An-

al¡'tical solutions ale ck:r'ivecì thlough the nethcrcl of separation of variables and the

numerical solution thlougli the bounda,rv integlrl elenent rnethod (BIEÀ,f) conbined

u'ith the peltur'ìration technicßre. The clevelolrment of the bounda,r-5' element method

for certain classes of sheal mocluli for. the materials is centred a,round finding a suit-

able liernel fol the integral ecluation. Several ploblems and theil numelical results

3



a,r'e coutpare(l \\'ith theil anal¡'tical res¡lts in o¡cler to yerif]'the accurac)'of the nu-

melica.l ploceclr-tre. In chapter' 6 \\'e cc¡nsiclel anti-plane defor-mations for anisotropic

materials. The develo¡rurent of the bounda,r'¡' eleller:.t method again centles on fi¡d-
ing a. suitaltle lielnel fol the integra.l equation so tha.t the staudard l¡ou¡cla,r.J¡ element

llethod can l¡e clir-ectl¡' applied. Chapter 7 cleals u'ith plane defo¡mations for in-

homogeneous m¿lteria,ls. The numelical results obtained b¡' s6rtrling the boundar¡'

integral element methocl (BIEI\4) ancl the peltulbation technique a,r'e compared u'ith

the nurnerical lesults ttsiug the tu'o point borurclar¡' r'alue method. Severa,l nurner-

ical results lelating to stlc'ss intensitv factc¡rs ¿u'e a.lso discussecl in this chapter'. In

chapter' 8, hhe integlal r:cluation for-mulatic-¡ns fcrr anisotlopic inhomogerleous elastic

m¿rterials ck':r'elcrpr:cl iu chaptr'lr' 6 ale nsecl in c<ursiclering the surfa,ce effects due to

incident plane polalisr:d .9Jl u'aves.

4



CHAPTER 2

ONE_DIN{ENSIONAL ELASTIC DEFORMATIONS

2.1 fntroduction

One climr:nsion¿rl elastic clef'olrnations for inhomogerec¡us na,ter-ials are consid-

eled in this chapter'. Such rrir,telials, inclucling composite ma,telials, have l¡ecome an

iurportant ingredient, in manl' modeln engineeling stluctules. The propagation of

elastic \À¡ar'(ìs in such ln¿rtelials has, thelefore, ìreen cliscussed b¡'a number of u'ritels

using clifferent theolies zrucl apPrc¡aches. For exzrtnple b¡' 1s¡r.g \\rI(B method l(ohn

[+2] has discussecl thr: Pr'o1>agat,ion of small frecßrenc¡' \\;a\¡es in composite matelials.

In the plesent chapter', u'e consicler the plopagation of large fi'equenc¡' \\¡aves

through inhorlogeneous malc'r'ials u'ith consta,nt cross section a,s u'ell a,s u'ith vali-

able cross section using thr: \\¡IiB or'\\¡I{BJ method (named after \\¡entzel, I(r'a,mels,

Brillouin ancl Jeffrel's) in t'hicù the lalge fi'e<¡renc1' l'ave solutions can be compaled

u'ith their approxirlations. Using the perturbation method. u'e c.onsider the plopaga-

tion of \\'aves through specific matelials t'ith relatir;el)¡ snall 'r'ariation of the Young

lloclulus ancl the densit¡'. Fc¡r' tt'o la¡'et'ed courposite ¡raterials, tþe anal¡'sis of the

Floquet \\'a\/es has been clisc,ussed b¡' yut t ¿rncl Lee [88] usilg the finite difference

approximation. Hele 'u'e extencl their u'c¡r'k b¡' lt,.tndtng inhomogereous matelials in

section 2.5. The numerical lesults for- tu'o lavelecl composite cells are then compar-ed

u'ith the exact solutions.

5



2.2 Basic equatiorrs

\lle con*sjclel a sertti-jrtfirlite ¡'od u'ith co:rst,ant cl'oss sect,ion -4 a.s shot,n i' Figur.e

2.1. By ap1>l-r'irlg Nervto:t's lau'to the folce thlough the c¡oss section A al a 
'oi:rt 

e:

alrd ø f áa u.e obtain

-'l [ø(r: * ôr:) - ø(r:)] - p6xA 02u
ôt,' (2.2.1)

Here p denotes the lla,ss ol' the inhourogeneous rod at the po:'rit r:, u de'otes the

displacemerrt' and o clr:llotes the force at the relevant poi¡ts. As usual \\;e ca' n:ake

ó¿ albitral'ih' sllall. thus lrl usirg tl:e stless stlain lelation 6 - t70tt fâr: equatio'
(2.2.1) recluc,es to thr: \\'¿ì\:e equ¿ìtion fol tlie iuhomogeneous semi infinite rod

1 A / â¿¡\

ia.\'a.):
4,)
O- 1.t

0t?' (2.2.2)

u'here 4 denotes tl:e \'<nng modulus ol' the elasticit¡' coeffic:'ent.

+dt+

A

ø(a:)
ø(:r: f dr:)

Figure 2.1

Senri-infinit,e rod u.ith coust,altt ooss sectio¡l .4

In the case u'hen ri aucl p are constants, equatior: (2.2.2) simph, becomes the

u'ell knon'n one-dimensional u'ar-e equation

c'g: = l:!0# 1tz' e'2'3)

6
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rt \.¿ìI'ie 1211;, \\:€ obtaiD

ór:)- + A(,,))# e.2.4)

ancl ø( ancl talting the lirnit a,s ó¿

(2.2.5)

2.3 Waves in inhomogeneous rods

Considel e<luartior (2.2.5) fol u'ave proPzrgation along the e: axis in an elastic

inhornogeneous meclirul u'ith var)'ing cross sec:tiou

1 A / âr¿\ 02u
pAa. \'a): oF' (2'3'1)

u'here tr(r:,1) is thr: partick'clisplacement, 17 : ?/(t') is the elasticit¡' coefficient, A:
,4(r:) is the ar-ea of closs section, p : p(r) is the mass den.sity. Yih [90] expless tha,t

the solution of (2.3.1) ma.-r' r:xist in the fo::m

rr(r', f) : .f(r,) exp [r (g(.,) - rt.)1, (2.3.2)

also Clements [10] suggests that a simple spatial tla,nsfolr:ration might sirnplif¡'equa,-

tion (2.3.1). Thus if'u'e assumc' the clisplacement ta,lies the for¡r

rr(r,l) : [i (r:) [A(r,)i7(r,)] 
-à exp[-2,.,,t], (2.3.3)

rvlrere r.2 : -1 and o' is ¿r constant, then bv substituting equation (2.3.3) into equation

(2.3.I) u,e obt,a,in 
A2LIaf+*lî-#] u:o, (2s4)

¡



\\'het'e

Â(:r') - l{.t,,)" (A,ù-' - i (.tt)'' (A,ù-'. (2.3.s)

Eqr.ration (2.3.3) shou's that the conrlition (i - #) > 0 is sufficient for U to

lrave a, pelioclic solutic¡u. As is lirrou,n, unless G - 5) equal a, consta,nt, equa,tion

(2.3.2) does not aclmit ¿ì ploglessive u'arie solution since the inhomogeneity qf ¡h.

uraterials iuduces \\ra,\¡e reflr:ctic'ln. Hou'ever, an approximate solution can ìre obtained

u'hich exhil¡its man)¡ of the irlopet'ties of a proglec5il's 11'¿,1rs turcler celtain lestr-icted

conditions. Fnr-thermole srippose \\¡e can set

[;-( r' ) : ?(r) exp[r5( r)], (2.3.6)

s'heLe ? a.nd ,S ale le¿rl r'¿rlrrr:cl filnctions u'hich ale to be cletelllined. B¡' substituting

ecluation (2.3.6) into eclttit,t,iott (2.3.4) u'e obtain

7,, - TS,2 + T+(27'S'*TS")z:o (2.3.i)

This concliti<-rn onl¡' holcls if the leal and imzrginarl, pa,rts of the complex number

va,nish. That is

r" - rs'2 + (+- ,t)r : o, (2.3.8)

2T'S'*?.9":0.

T2 S' : const¿rnt.

The pou'er in complex notation is given b"r'

(2.3.e)

ot'

).{
0u
Ôt

P:ft A\ 0tt.

At

(2.3. i0)

(2.3.11)

u'heLe ft denotes the real pzrlt of the relevant a.r'gument or'

1 1
,,-t.*77 {7'sin 2(^S +,¿t) + T S' cos2(S + r¿)} , (2.3.12)

I

P
2

,-aAt¡T2 S' )



\\,her.e
IT : T(ht)'1 (2.3.13)

Usipg ec¡ration (2.3.10) since t.,r is a, constzlttt, the tillre a\;erage po\\¡er pel unit

volurne is then given lt.r'

lim P(t) dt
(2.3.14)

u,hich means that the t,imr: average of the polr'er' florv P ovel the unit 'r'olu[re is

consta,nt. B¡' :issr.¡¡i¡g t,hzrt (i - _+) is such that ? is a slou'llr 1r¿1'1'.f i11gfunction of

r, ¿¡d lrence tl'tat T" f T tetcls t,c¡ zero or call be neglectecl then fi'otl ecluation (2.3.8)

u'e obtain

S':*u (2.3.15)

Also ecluation (2.3.10) gives

P
o

o-
1

2

0

T2 S'

I

I
.l

T:To (2.3.16)

u,here ?o is a c6¡st,¿¡tt,. Tlnrs frnallv by u"ing (2.3.i6), (2.3.I5), (2.3.6) and (2'3'3)

u'e obta,in

z(c, t) : Tr(-{r7)- i CXP

For lar-ge ø, ec¡tiition (2.3.4) can be apploximated b¡'

['"('nl,'iffi-Y]
1

4
.L

do (2.3.17)

(2.3.18)**"PL':o'O:I:' ?l

so that the solution fcrr the clisplacemeDt iil (2.3.17) reduces to

,(.r. t) : 7u( Å,t)-- (})+ "*p[,,'1t * Ir" (i)t ,r,
I

(2.3.1e)



Anothr:r mr:thocl f<¡l' tìl<.compalison of t'r.'srtlts in the c¿lse of large ø u'ill ì¡e

discussed ne)it. Follou'ing N:r¡'l'eh ¿rncl Nassr:r' [56], if n'e n't'ite [/(r:) as

U(r) : exp[u.' Q dol, (2.3.20)

(2.3.24)

the¡ by suirstituting this int,o r:c¡ration (2.3.4) t'e obtain Riccati's ecluation

!,e'*q'+l-{:o
o?ln

(2.3.21)

Suppo-.r: *' is lalgt: an<l Q can ìte u'r'itt'en in the folm

Q:Qo+9t-*3* (2.3.22)

B)' using thlee telns of the selies onl\', rl'e n<>u' dete::mi\e Q0, Q1, and 8z lrl' t,t5-

stituting (2.3.22) into e<lttittiou (2.3.2I). Tìris gites

Q?,+L:0,vv q

Q'o * 2QoQr : 0, (2'3'23)

Q'l +Qi*2QoQr-'1':0,
or

Qu-- +ä,

Qr: *;' 1.
c)

Q, : .:r' r, *Ic'(ä)" + lc' (à)'' ,

q,here C : t/,tlp. B¡'rrsing (2.324), (2.3.22), (2.3.20) and (2.3.3) u'e finall)'obtain

u(z,r) : zi, [,{r7] 
-tc'i"*01,, 

{r* l,' là - 5 - #rir[r' -riål'')] ^]]
(2 3.25)

Equation (2.3.19) ancl ecluation (2.3.25) are sitnilar fol lalge values of o since

the teuls coltzrining t'.'-2 ale negligible.

10



Of particulal intelest is the r:a,se u'heLe \ : \0, A - -rl¡, p -- po(x * rr), u,here

qo, Aot Po alld ú¿ a,l'e constallt,s. \\¡e oìttain

Â(:," ) : 6 (2.3.26)

Bquatiou (2.3.17) becomes

rr(c,r) : ToAii (roro¡-Ì1r, -t c,)-i exp [,,{r . ffi(,'* a)i+t - ctî+t)}]
(2.3.27)

\\Ie see hele that fol thr: case ?? - -4 the arlplitude varies lirea¡I1' u'ith ¿ u'hile

the u'ave speed a,lso r'¿r,l'ies u'ith lespect to position according to the ecluation

.t _lIl : \å pl, (* + a)2 (2.3.28)

In tlre case u'hele Â(r') : 0, A: -40, ?'l : rio(z * n)2 and p: po(r f n)2 u,e

obtain

tL(r,t,): ?i,lu i (r,uoo¡-Ì1., + o)-1 "*o f,r{t 
- 

,Æ,,., "}] e3.2g)

Equation (2.3.29) shol's that the \\'a\¡e speecl is constant as u'ell, u'hile the am-

plitude is invelsel¡, pr'<lltoltional t,o rr.

In tlre case of a hornogelìeolrs right cir.culerr' cone, A: Ao:r, ?l : ?llj p: p0,

^ - -|z-2 .o'e ha¡'e the clisplacement in forn

u(r:, r) : rolAo\or,l -å 
l# . :,.*]-* "*', 1," (, 

+ l,'{# . #=}' rÐ]
(2.3.30)

If u'e appll'a lel¿rt,ivr:l¡'lalge frec¡renc.r' ø, then ecluation (2.3.30) leduces to

tr(r:. r) : Toro à (roro)-*.'-' 
"*1, [,r{* * rÆur'}] (2.3.31)

11



2.4 Perturbation method

Motivatecl b¡' Na¡'f'eh and Na.sser [56], u'e consider'here a,n inhomogeneous rra-

teria.ls rvith lelatirrel), sl:rall r-aliations in Young's moclttltts and the ma,ss densit¡'. lf
the Young's moclulus ancl the ma,ss densit¡' c¿rn be u'r-itten a,s

1l:?lolep(t),
(2.4.r)

p: po + e.f(¿),

u'itir e is a srlall positive nuntbeL, ¡r(a) and rJ(rl) are cont,inuotts functions then equa-

tion (2.3.4) can be u'r-itten as

uthere

a2Lr
012

Prs,0 - -rtl ¡t

+ ,'lro * err * e2rz +. . ][f : 0, (2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

?'1
4u2 (qqo - Itpr¡) - 2\opt'

+oznå

1u2(7f psf Tr: - ItÒ ¡ 2pp" ¡ 7t'2t2 - +a'11-o

Furthelmc¡re, if u'e assurne th¿rt

L| : LIo * eLt, + e2Lr, ¡

then b¡' eqr.ratiug the coefficir:nts of po\\;ers of e n'e obtain

LI¿'+a2rsLI6-0^

LI'r' + a2 t.¡Li., - - 12r.,L16,
r¡-1

Lr:: +a2r¿(i,,- -r'Lr,-¡LT¡, n:2
i:0

.)
Ð; "'l

Unless p(r:) ancl r7(r') ar-e specifiecl, ecluation (2.4.5) can not be soh'ed. In their'

discussion of Harmonic meclia, Navfeh ancl Nasser- [56] have considered tu'o specified

ca.ses. The fir'st ca,se is fc¡r'materials u'ith q : \0, p: po(I * e cosdc) and the second
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case fol m¿it,elials t'ith r7 : tl(:(I - ecosár') ancl p -- Po, u'þere qo, Po, d are the

urater-ial constants ancl e is a small positive nulnber. The first ca,se is obtained b1,

choosing p(z) : 0 and r1þ:) : po cos d¿ so that ecluation (2.4.2) reduces to

a2u 1-r-(t+ecosy)Lr(y):0, (2.4.6)
0Y2 ' Q2

iylriclr is lrnou,¡ as the classic¿rl \{athien' ecluation u'ith dz : !1, o.2 -- qo02 f por,,2. The

second case is obt¿rinecl b¡, .hoo.'t g p(c) - -\o cos dz, r/(¿) : 0 so that equa.tiou

(2.4.2) reduces to

A2LI 1__r_
0Y2 ' (t2

)(.(r- cosy
1 - e cc,rs :y 2(1 - e cos y)

LII' +

t¡(y) -_ 0, (2.4.7)1

u'hich is a Hjll er¡rat,ion (sr..c Nzi.1'fr:h ¿rncl Nasser'[56]). Hele u'e note that a.n¡' per-iodic

functions oÍ p(n:) ancl rJ(:r') rvill h¿rve a, similal ef{'ect fc¡r'tt'o cases discrrssed a,bove.

For example b-r' choosing the functic¡ns

p( r- ) - ?j6 cos 9;ì',

q(r) : po cas0;1:,
(2.4.s)

s'e obtain
Po

rU 
- !

?lo

02 cos0:r
.rtttu-

(2.4.e)

02Q+3c<.rs2dr:)
1'2 : 

Eiu2

B)'assuming the series in (2.a.4) con\¡erges ver¡'r'zrpicìh'. u'e onll'consider three telms

of (2.a.5). Thus

Lr'o' +

Li;' + (1 + 3 cos 2y)[io - ],.., u)LIt,

(2.4.10)
1

Lrt@) : _ 
;(.or.!J)Lio,

1

-ct.'!

i
-
1
J

Q.-

Uu(u) : o,

¿¡r(v) : 
å

u'lrere a2 : 02 no lr2 po.

13



The fir'st eclua,tion (2.4.10) has a, solution in the form

v U (2.4.11)Uo : áo cos * Bo sin
u a

If the homogeneous solutions of the seconcl and the tirird ecluatiou of (2.4.10) are

LItn : A1 cos ! + Brrin q,
ao.

Llzn :.42 cos ! + Brrir. q,
o, (1

then the pa.rticulal solution fol the second ecluation (2.a.10) is

1LTlt,: dz ,{6 cos y ( )+gosiny(111+-
0,

(2.4.r2)

1
ú

1

{

{

)).

)),

(2.4.r3)

(2.4.14)
¿

and for the third equatiorr is

LIzt, : dt

.{¡ cos y(r - Il - orsi' y (

.4eysin!-BoU-,rÍ)*

3 1--
ú

{

{
t
t

{

{

cIz

¡l :l

d.1

a( 1 + ) + B't siny(1 f

-41 cos y(1 -

-{6 cos !(2 +

d .4s cos y(2 )-B,siny(2-

COSA 1
Q

I
Q,

1
Q,

i

j,).
l,).
å,).
1,1
o' )'

) - Bt siny(1-

)+trosiny(2*

a

(2.4.15)

(2.4.16)

urlteLe

a
3d

cl4 -

4(a - 2)'
-a(3 -l cL)

32(a]1)(a*2)'
cL(3 - cL)

32(cL-1)(n-2)cls:

T4



Thrrs tllc'solrrt,ion r¡l [l can l)e o]ttainr:cl in the fcrl'm

LI : C;.o, { * Dsin L + rGtr,, + e2Gzt,, (2.4.rT)

u'here C a¡cl D ar-e a¡l¡it¡a¡r'co¡stants and t/lp and Uzp ale given in (2.4.12) and

(2.4.13) respectivel¡i Flon (2.4.II), (2.4.12), (2.4.13), (2.4.I4) \ve ca,rì see that there

exists a, singula,r'point ¿rt r¿ : 0. The constants in (2.a.16) a,lsc¡ shou' that thele exists

singular- points u'hich clilirle bhe domain ø b¡' the tlansition curve along rn'hich the

solutions ar-e peliodic. These sìngulal points at'e û - *2, a : 17. Otlier singular

points can be obtainecl l¡-1' ¡xp^ncling the pertur'ìration pa,ra,rlletel to a higher- older.

For the ca.scì neal the singula.r' point (r : 2, \\'e cAll t'r'ite

a2 : 4 ! crle, (2.1.18)

u,lrere at -- O{1}. If u'r: consiclr:L tt'o ter-lls of the perturbatioll par:arttetel oul¡' then

ecluation (2.4.10) can be u':.'it,ten as

L|'o' +
(2.4.1e)

Uo:0,1

4
1

4
LîI'+ t¡t:( 11

-or 
_ - cos162 u)Lro,

u'ith solutic¡n

or'

1
LTo : .4¡ cos ;V * Bo sin

1
LItn : .41 cos ;ll * Bt sin

.l1.1
[Jtr, : - Bo(i * *n, )y cos ]

ao].o, 1,*unå ""3

ro*e(-{, -Boy(}*fr", ll 113
ccts ,!) * ,Oo 

cos ty+
. 1 1_ 3stu;U * ,ro stu tUr

1

õ4,
1

iu,

u-Ao(
11 (2.4.20)

416 ')Y
1

sln -') y+

U

11
- _ 

-ft.l416 ))B0*e(81 -Aoy(

15

(2.4.27)



ri'hich is a,lu'¿rls unst¿r,ble sin<'<,' [i glou's infinitel-r' u'ith y. \1/e obtain simi]ar unstability

fol the othr:r' singulal points. Thus the peltut'b¿rtion method above onl¡' gives good

apploximations if a, )) e ¿rncl ¿ is not close to the singulal points.

2.5 Floquet waves in inhomogelleous periodic materials

In theil slucl¡' of the c<.xlposite r:ratelia.ls, Ya,ng and Lee [88] ha.'e emplo¡'ed a

foru'a,rd clifference applc,rxirlation combined u'ith a,n excellent nuurer-ical techniques

for anal¡'sing the vil¡r'iiti<¡n rnocles of the conposite. In the present section, u'e adopt

their- technic¡res in cc¡nsicleling rr'a,t'e ecluation for inholnogeneous matelials of con-

stant cross sectic¡n u'hich ale given b1'(2.2.2) ancl satisf¡'the periodicit¡' of the ma-

teri als
r7(r'* tr) : ri(r'),

(2.5.1)
p(t+p) :p(:r:).

u'lreLe p is a pelioclicitl' cronst¿tnt, t7 and p are continuous functions of c ancl denote

the Young's mc¡clulus ancl the clensit¡' of the materials respectirreh'.

BJ' a,ssutling the clisplacement taltes the folm of

tr(r:,/) :T¿(r;)exP[zøt], (2.5.2)

equation (2.2.2) r'ecltices to ¿ì second ordcl olcìiuar'¡' diffelential ec¡uation

¿ I tlul
,r, l',t''l; l: -¡t(t)a¿u' (2'5'3)

If n'e ccursicler onl-r' one periocl of the matelial, ranging from z : ct to ¿ : ô, then

b¡' ;r.¡todrcing the net' r'aliables
:t: - 0.

p'
'u (r' )

p!

ry(r,)
ri(r:1 )'
p(r,)

p(1'1) '

(2.5.4)

-\-

¿¡(-r) :
,E(-{) :

Ã(-x) :
16



\\'heI'e P: b - o, e<lttittion (2.5.3) t-cduces to a tìi:lensionìess difl'elelitiaJ equatio¡
¿

(/-\ (2.5.5)

(2.5.6)

b Ì
t

t
I

t
II

I
I
\

I
\
\
Iþ123 n-1 x

1o

Figure 2.2

The -\ nc)\\', r'¿ìnges fi'onr -Y:0 to -I :1. Discletising -\ into n segr:re¡ts o¡

(n * 1) disc'etisation poir:ts as in Figur-e2.2, ancl also choosiug

E; : E(-\ ,-';),
Ã¡ : {Ã(-t; * e) +.R(-Tr - r)} 12,

u'lrere h : 7fn. e js a small posit,ive nunrber. then lt¡, using the finite differ.ence

approxima,tion. 'u'e ol¡tajn the l.e]atioli

E¡LI¡-, - (E; * E;+r )LI; I E¡¡7L't;¡1 : Ii R.;LI;, (2.5.7)

rvlrele ei : 1,2...-,n, and li - -7t2uth'p(*r)/rtþ'r).
B¡' Flocluet theor'¡', the urocle function rr(r') saiisfies tlre cßrasi per-iodic conciitions

(see for- exarnirle Nasser [55])

u(r: f p) = t¿(¿) exp[rirq],

rr'(r: a p): u'(t)exp[rpr7], (2.b.g)

ø(r:fp):o(t)exp[rpg]
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\\'here g is thc \\¡¿ì\¡e nunlbr,'r'u'hicù r'elates to the laclial fi'ecluenc¡' r,,.

Ecluation (2.5.7) pr'<.rr-icles n ecluations ancl (n + 2) unlinc-¡t'ns, l'hile ec¡ration

(2.5.8) plovicles
[/-,,+l : U1 exp[zpr1],

(2.5.e)
Llo: U, exp[-rpr7].

Thus by using (2.5.1) ancl (2.5.9) in (2.5.7), u'e c-¡btain

-(Et + E2)LI1 * EzLiz I E1e-,PeU,,: IiRIL'lj,

E¡U¿-t - (E¡ * E¡+t )t¡' * E¡+tU¡+t - IiR¡Li¡,

E1¿?t'eLIt t Er[",,-l - (8" + E1)Llr,: IiR.rfln

i:2,3,...tt. - 1 (2.5.10)

In ma.trix for-m, r:r¡-rati<.rrr (2.5.10) c:an be u'r-itten as

AU : /iBU. (2.5.11)

'n'here

-Et - Ez
E2
0

E2

-Ez - Ez
E3

Es

-Es - Eq

0
0
0

0

0
0

-Err-t - En
En

E1¿'-2P4
0
0

En
-En - Et

A-
0

81a.I1't|
0
0

U : (¿/r Llz U,,-r LI,,)]', ancl B is a rr-cliagoDal rratrix u'ith diagonal element

R¡, Rz, ' ' '-. fr,, .

Follou'ing Ìang ¿rncl Lee [88], since B is ¡rositii,e defenite. \\7e rìra)r q,¡i¿" 3 -
gågå u,her-e gå is a,lso a clizigonal lna,tlix. If u'r: clefine

IV : BãU. (2.5.12)

then ecluation (2.5.11) r'ecluces to oldinal]' eigenr-alue ploblen

A"V : .IíV,

18

(2.5.13)



u,hele A* : g-å,{g-} is ¿r Helmitian matlix t,ith a, r-eal tlidiagona,l ancl trvo

cotlplex elellents in (1,n) ancl (ri,1) locations. Aìl other elements of A* a¡e zeros.

If u'e u'r'ite rnatlix A* ¿rs

A* : ,4 + gg", (2.5.14)

u'here

0 0

0

0

0

0

0

A-
0

0

0

0

0 Er, - t* E¡
Rrt-t Rr-lÂ,"

E

:8,, = -q,*Et - 
E?

\ß,*tR" 'R, llr'?"
(2.5.15)

g : (1 0 0 #)7 ancl H clenotes the conjugate tranpose, then "4 is leadil¡,

diagonalizecl ltl' the iruplicit QL algorithm fo¡ a ¡eal sJ,¡r¡ret¡ic ¡ratrix usi¡g shifts

of oligin (see fol exzt,ntple \\¡illiinson and Reinscfr [83]) such that \\:e can u'r'ite

.4: QÂQT, (2.5.16)

'n'here Â is a cliägnnal eigern'alr:es ma,trix t'hich is ar-::a,nged in a,scending older-

Âr ( Âz ( Â3... ( Â,,, (2.5.17)

Q is an orthogonal matlix fcrlmed b;' the eigenvectors coresponding to the eigenvalues

in r\.

Substituting (2.5.14) and (2.5.16) iuto (2.5.13) u'e ol¡tain

(Q^QÎ * ggH;\r:.IiV. (2.5.18)

Let
h : Qrg,

*: Q?V,

19
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then ecluatiorr (2.5.1S) t'an be u'r'it,ten as

(^-IiI+hhH)u,:0, (2.5.20)

u'hich has a nontrivial solrttion if and onl¡' if

clet (/r. - 1íI * hhH¡ : I (2.5.2r)

The ranlt one lnoclification on A* has diffelent eigenvalues from r4. Since .ltí f
Il^¡, i:1,2,.. ',rz aucl clet (Â - 1{I) f 0 then \\;e call r'r'r'ite (2.5.20) as

clet, [r + (^ - 1rr)-]hhH] : 3 (2.5.22)

Aftel s()rÌr(:.algcblaic mani¡rr.rlation. ecluzttion (2.5.22) can be u'r'itten a,s a' scalar

cha,ra,cter-ist i c eclu a tiou

q(ri):1*i*4:0, (2.b.23)
i=l 

t'1

u,heLe the h¡ denc¡tes the conjugate of h¡. This function of .Ií then can ìre soh'ed

for its r-oot's fc¡t' a celtain spr:cifiecl acc:ur-¿rc-r' esileciall]' for the smallest roots using

an elellent,alv methc¡cls sri<'h as the l¡isection lnethocl or- Nel'ton method. From

a, pla,ctical point of' r'ir:n', onh' the lou'est fet' fi'ec¡tencies ancl mocle shapes ar-e of

interest. This lle¿ins that u'e do not have to soh'e for all zer-os of .Ii in (2.5.23). Let

1í¡ be a linol'n eigenvitlrte, ecluatiou (2.5.20) givc's

(^-1í,I)w¡--hhHr¡,¡ (2.5.24)

Since hHw¡ is a scal¿rr-. \\'e c¿ìtt u'r-ite

\ /i : t'(^ - If¡I)-rh (2.5.25)

Using equations (2.5.11) and (2.5.18) u'e finall¡' obtain

åeln - Ii¡I)-rtr[i¡ :1'B

20
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$'her-e 7 is an albitr'¿rll conPlex constant u'hich t'an br: cletelminecl b¡' ¿ given initial

conclition.

The stlain non' c'¿ui bc' obtainecl thlougìr the lelat,ion

CU D (2.5.27)

urhere
0

Es

Ez
E2
0

E
0
0

0
0

0
0

-E3

Err-t _l¡Dn

0
0
0

08"

0
0
0

C

0

- E1c:tl'ìQ

U T

o - tt2?2 l('t'lh ( Ã, ¿¡, r R.zLT,, R,-l1t,-t + R,,LI,, R.)LIte?r,(t * R.,LI. )T ,
2r7 ( r'1 )

and the stless fc¡llou's inrmecliatel)' thlough the c.cluation

F-

R1
0
0

:

0
R.1 c:'?rt

Rn-t Rn
R,,0

u:(ur Lrz LIs u,)T

G : #ìi)h( EJitt - E2Líi 8,,-1LIl,-1 - E,Lr', -Erule'I'q + E,LII)7.

L| Lry Lil Lt:,)

ø(r:) :'t.4*' (2'5'28)' (l :7:

In the ca,se u'hell the st,r'a.in has been s¡rec,ified, then the displacement can be

obtained b¡'

FIJ: G, (2.5.29)

$71ìere
R'z o
Rz Rs
0 llg
::

0
0
0

0
0
0

0
0

0
0

2l



Ploblem 2.l : -4. uun:elic¿rl r:xa:l¡rle for a tu'c.r l:r¡'eled com¡rr-rsite cell

In ordel t.o verif.r' tl:e acculacy of the ploceclure abote, rr'e cousidel a iu,o ìa¡,-

ered compo-.ite cell ploì:lem. Here the llaterjal is urade up fi'our ¡la¡J¡ t¡'o la¡,er.ed

composite cells as illustlat.ed in Figure 2.3. Each cell consist of :naterjal o¡ie at l¡oth

sides of the cell and matelial tu'o t'hich is locatecl at the centle of the cell. If the cell

and the rnaterial tu'o have le:igth a and ìr respectivell', then tìre anal¡'tical solutio¡ of

tlre nrode u'hich is founcl in the litelatur-e (see fol exa:lple Sun et al[74], ]ãng and

Lee [88]) mav be rvlit,t,en as

cos(sa) : cos (i*) .., (*) -+'',. (+!) .'" (tl), (2 5 30)

rvlrele cr : (qt lpt)l , rr: (qz/pr)i, r : (\zpzlUtpr)à.

I II I

<-

Figure 2.3

Tu'o layered composit.e cell

If u'e furthel' specif.r' the nrat,el'jals l'jth n : nzf ry): 4 and 0 = prlpr: 3 a¡d

bf a -.5. Then ¡¡1'.pec'f'-ing the initial condition fol the displacement u:1*0z i¡
the middle of the cell ¿rncl using 60 discletisation segr:rents, rre ol¡tain the numerical

results for displacentent,, str-ain and stress as in Table2.l. The compalison l¡etu.een

the anal¡'tic-al lesults n'hich ale given b¡' solid lines and the nulnerical results t'hich

a,re giver: ìr¡' the dots fol the fir'st six modes are in Figure 2-4.a.
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Figule 2.4.b shou's t,he similar cornpat'ison u'ith matelials specificatioD r7: g[,

0:3 and b/a : .5 (t,he cornpc-rsite mateli¿rl consists of t,u'o cluite differ-ent rnatelials).

Both figur-es shou' that the fir'st six modes of nnmerical solutions ca,n be regalded as

the exact solution. \\/e note that a siurilal test ploìrleln and the numelical results for

the first fir'e mocle ca,n ìre forrnd in Yang ancl Lee [88].

Problern 2.2 : Inh<.¡mc)gelle()r.ts cell

Here n'e extend the Pr'oblem 2.1 b)' consideling the matelia,l made up from

ma,n)r inhomogenec¡lrs cells. Each cell of the n¿rtelial ha.s the uou dimensionalised

Young's mc,¡clultts \lrls:.5 +.02c<-rs¡ ¿rncl mass clensit¡' plpo:2+.02cos¿-' -r 1

t:1r. Using 60 clisclr:tisat,ion segments and specifj'ing the jnitial condition for the

displacerlent t¿ - 1 + 0z. in the lliddle of the cell, r.r'e obtain the numerical results for

displa,cement. str-ain ancl stless as in Taltle 2.2. The plot ltetn'een tlte t'ave numbel

qa and the raclia.l fi'ecluencr' ø for the first thlee mocles can be found in Figule 2.5.
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Table 2.1

One climeusional Floquet \\'ar¡es in inhornogeneous matelials

\4ode : 1, QA : 1.5707963, FlecFrenc.)¡ - 2.3436633

No u(x)

Re¿il Imag

clu/dx

Real Imag

o(t:)

Real Imag

0

6

72

18

24

30

36

42

48

54

60

0.57112

0.7360E

0.88757

0.97266

0.99314

1.00000

0.99314

0.97266

0.88757

0.73608

0.57112

-0.57112

-0.39573

-0.213i 1

-0.09659

-0.04E63

0.00000

0.04863

0.09659

0.2131 1

0.39573

0.57112

T.706TT

1.58692

1.43807

0.27272

0. i3700

0.00000

-0.13700

-0.27272

- 1.43E07

- 1.58692

-7.70677

1.70677

1.79541

1.85123

0.47406

0.48405

0.48739

0.48405

0.47406

1.85123

1.79541

r.70677

5.12031

4.76077

4.37420

3.26546

1.6440i

0.00000

-r.6440r

-3.26546

-4.31420

-4.76077

-5.1 203 1

5.12031

5.38624

5.55370

5.68878

5.80856

5.84867

5.80856

5.68878

5.55370

5.38624

5.12031
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Figure 2.4

Corrparison of tbe ¡runrerical and anal¡'t,ical results

for tl¡e first, six llodes of trto la¡'eted corlposit,e cell
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Table 2.2

One dimelrsic¡n¿rl Floquet \rTalres in inhollogelleous materials

\4ocle : 1, QA : 1.8849556, Flequencf : 0.1499931

No u(x)

Real Imag

clu/clx

Real Imag

o(x)

Real Imag

0

6

1.2

18

24

30

36

42

48

54

60

0.58696

0.72870

0.84438

0.92989

0.98233

1.00000

0.98233

0.929E9

0.84438

0.72870

0.58696

-0,8078S

-0.68298

-0.53403

-0.36651

-0.18642

0.00000

0.1 8642

0.36651

0.53403

0.68298

0.807E8

1.53081

1.29487

1.01189

0.69362

0.35238

0.00000

-0.35230

-0.69335

- 1.01148

- 1.29455

- 1.53081

1.1 1 220

1.37773

1.59206

1.74839

1.84301

1.87449

1.84256

r.74769

1.59143

1.37739

1.1 1 220

0.76235

0.64526

0.50522

0.34717

0.r7674

0.00000

-0.17674

-0.34717

-0.50522

-0.64526

-0.76235

0.55388

0.68655

0.79489

0.87510

0.92437

0.94099

0.92437

0.87510

0.79489

0.68655

0.55388
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CHAPTER 3

AXIALLY SYMMETRIC DEFORMATIONS

3.1 fntroduction

There aLe tn'o t.r'pes of axiall¡' s)'mnetr-ic clefolmations of elastic materials u'hich

a.re consiclet'ecl in this chaptr:r', The first t¡'pe ol clefc¡rmations fr-¡r u'hich the nonzero

displacemr:ttt compc>nent is ¿/áì ar:e discussecl b¡' using the l¡ethc-¡d of separation of

va,r-ia,bles. Thr: sec,oncl t¡'Pe c¡f clefc¡r'ma,tions arr: those for- rvhich the only lÌorÌ zer-o

componeut is 'u.. F<rl this lvpe of clefolmation, Clements et al [i5] have approached

the problem using the Fouliel tlansformation. Fc¡llorving their- techniclue, u,e erlplo¡,

the Laplac.e transfcrllnat,i<,m in solving a specific axiall¡' s)'mmetric cleformation plob-

lem. The solution <-rf a clc¡ultle u'alled c)'lincler ancl/or- concentlicall¡' s6r.rtrosite disk

problem ancl sevela,l numr:r'ic¿rl l'r:sults ca,n be fcnincl at the end of the present chapter-.

3.2 Basic equations

The basic ecluatious lelr:r'ant to the specific cla,sses of pr-oblem considered in this

chapter ale plolicled in this secrt,ic¡n. Axially s1'mmetlic defc¡rma.tions refer- to defor-

nra,tions l'hich r-efr:r'r'ecl to c¡'linch-ical pola.r' coc-l'clinate s¡'stem r,0,z ar-e independent

of d. For axiallY s)'mmetlic clefolmations u'hele the onll' nonzer.o displa.cement con-

ponent isttg, the equilibrium ec¡:ation can be u'r'itten as (see for example Soliolnilioff

lill)
o!,'***?o,,:0,
a, j (.tz t" ' (3'2'1)
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or0 : l'

If u,e specifl' the inhomogenr:it¡' ¡¡f the rlatelial in the form ¡-r - F(r, z), then eqr:atiou

(3.2.1) ca,n be I'ervritten as

u'here

u'here

r'i'her-e

0ue
og:: lt n-,

O=

/ ô2ue 02rp\

'\.a" n u- )

(#-+)

0o, 1. 02tt,-

A, + -(o, - oe): p 
Ar, ,

o.,-:(2¡t*À) 0u,
0r

+ 9p! : r. (3.2.3)
Oz Oz

(3.2.2)

(3.2.4)

(3.2.5)

.#(i. Ð ,,,(#i .Ë)

For the class of axiallv s¡'mnet,ric clefor-mati<)tts u'hete the onll'ttonzero displace-

l¡e¡t compo¡e¡t is in the r'¿lclial clirectic,¡n ttr, tìre eclutttion of motion can be rvritten

as (see for- example Sc¡liolnihoff [71])

* -rtr,
À

1'

or:^+:+et,+À)ï

By a,ssu¡ring ),¡r, a,nd p alt clepenclent ou the laclial coordinate r onl¡', the equation

(3.2.4) becones

#-Aþ')T*Be)rL,-:c(t')#, (3.2.6)

.{(r) : {lt',12¡,* ))r'],(n''
1¿À1B(r) (3.2.7)

(2t,+ À)r dr 12
p

(2s + ))C(r) :
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3.3 General solution using the separation of variables method

\\¡e considel eclua,t,ion (3.2.3) for the axiall¡' s]'urmetlic elastostatic ¡rloblem hele.

B¡, performing the tr.ansfolrlation, tt6(r,z) : lt trLlO,z), ecluation (3.2.3) l¡ecomes

A2U I ALI_r__ _L
0r2'r0r I

A2LI

1
p

2 l-I2

o'p _1 -r)u 1 1

0r r ?-2
U+

1

012

0, L'

022

(3.3.i)

(3.3.3)

u' -1 -0.022 2

Furthermor-e if u'e a,sslrlrle that U and p talte the for-rns

ti(r,:) : R(r)Z(z),

¡t(r, z) : ¡t¡p(r)q(z),
(3.3.2)

then b¡'substituting ec¡ration (3.3.2) into (3.3.1) and separ-ating the variaìrles u'e

ol¡tain

+

R"
E

R,', 1I---I
'l'R.-2 I

1t' ) l)" 3Ir' Z'' 7q't !q"
Z 4q 2 q4 t, 2p 2r1t

As usual this r:quation shorilcl be eclual to a negative consta,nt, sa¡' -r22,'n'hich gives

us the tu'o ecluations

R,,+!p,-ïo*[i(i)' -'!-!*,"1,R:o, (s.3.4)2p 2rp l

and

2,, +l+l4)'-:q: -,,12:o (3sb)L+\q/ 2q J

Here the pr-imes clenote the clerivatives u'ith lespect to the leleva,nt a,r'gurnent and rz2

is the separation valia,ble c<,urstant.

Suppose q(:) is an anah'tic function t'hich satisfies the diffèr'ential equation

I d',t 1/1dq\
'kt rl-t - 4\, ,t. )

t

(3.3.6)
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\\¡here q6 is an albitlnr'¡'colsttint, tlius if r1(:) is lllotvn, q0 c¿ìrì be detellrinecl.

Suppose n.2 ¡ r1s : €2 > 0, t,heu ecluation (3.3.5) becolnes

Z" - E2 Z :0. (3.3.7)

n'ith the solut.ion

Z(z): A(()e-c' ï B(()ee '. (3.3.s)

By substitution 'rve fin¿rll,r' obtain
fæ)

U(r..:) : I n!,,r)l*-e' + Bec') d¿. (3.3.9)
Jo

or

tt0(1-12¡: l¡rott(,'),/(.)] 
-å l* or(,?")[.{ú-(' ¡ Be€'lct,(. (3.8.10)

Jo

Hele ,,{(O ancl B(O ale ar'ìritrar,r' funct,ions. If p(r) ar.e lino'n'n, l?(r) can be cleter'-

rrrinecl fi'orn ecluatiou ( 3.3.4).

As an example fcrr a palt,jculal proìrlem, let the shear modulus talie the form

¡.t.(r,:) -/,o""exp(þz), o)0, (3.3.11)

then equation (3.3.4) can be simplifiecl to

R" +lo'* 
1," - å(;*')'].R:0, (3312)

u'hich is Bessel's ec|-rät,ion. The solution of this diffelentiaì ec|.ra,tion ca,n be u'ritten

a,s

-B(r) : -4Jt+iØr) * B)!-¡e.(nr), (3.3.13)

u'hele ,4 and B a,re albitlar'"r'consta,nts, /r+; and I!-¡sr. are Bessel functiors of the

fir-st and seconcl liincl lespectivel)'u'ith orcler i * !. Siuce the displa,cenents are

a,lu'a,\'s bounclecl at r" : 0. this gii'es the const¿int B :0. In addition, fol the half

spa,ce ,- ) 0, r" ) 0 ancl ( 12 + 22 )i - oo, the gener-al solution ma¡r þs wlitten as

tL6Q,z): [1,0,'o exp(p:)] -+ 
lr*.-1(Oe 

-1' J1¡¡þtr)d{, (3.3.14)

o1'

u6(r,:): [¡,oro exp(¡i. r]-' l, AG)e-e h+iþ' 1

u'heLe ,a(O is an ar-bitr'¿rr',r- fr-urction of {
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3.4 Genelal solution usitrg the Laplace transforlrration

Here u'e ccursiclel the cc¡ration of motic¡n for inhollogeneous ela.stic lnatelials

governed by (3.2.6). 81' ¡s11'rl¡ing u, as u, tve have

02u .(
or, + A(,')#* B(r), : cO)#, (3.4.1)

u'itli A(r),B(r) ancl C(r) ale given by (3.2.7).

By appl¡'ing the Laplace tlansform t'hich is clefined b¡'

I,*tt(r', -s) - e'-'t tr(r,t) d,t, (3.4.2)

u'ith invelse
1 ¡c*t'x

'rr(r', f ) : ;; J"_,*, 
h(r, -s)e "r d-s, t. : y[-1 (3.4.3)

to ecluation (3.4.1) u'ith lespect to tirne subject to the initial conditions u(r,0): Q

and 0uf Ôt lr,.,o) : 0 ¡'e ol¡tai¡

02 u f)¡" " -L aï + lB - -"2clu:0. (3.4.4)0r2 '''a, I L"

According to Clements et al [15] the solution of tliis differential ecluation ca,n be

expressed in the folm
Tr(r,-s) :.f(r)F(q), (3.4.5)

u'lrere (l: -<g(r). The substitutic.¡n of ec|-ration (3.4.5) into (3.4.4) ¡'ields the quadratic

form

or('l _ 9n ,2.f's ss" r.lljttF n Lf f,,+ A.¡,* a.f).F:0. (3.4.6)n-Ldn, - .rJ+qL .fo, 
*,/, *71 ¿,,* ¡¿L

This ecluation is satisfied l.r¡' r-ecluiling that all of the coefficients of q a.L-e equal

lo zero

':; ft':o' (347)
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2.f'g gg" -4'gii+7+i:',
.f'" + A.¡' * B.f :0.

C : gt2,

r(,): | .*oll ,;?, - tta,f a,

cà ¿r) + d,2(t -

(3.4 s)

(3.4.e)

If we put

(3.4.10)

then equation (3.4.7) has solution

F : ct (s)e"o(.) I cz(.:)e-s!t(r) , (3.4.1i)

u'heLe c1(-s) and c2(.s) ale albitra,r¡' functions of -s.

Substituting (3.4.11) into (3.4.5) and taking the inverse Laplace transform, u'e

obtain
1 ¡c*tx'

ti(r, f ) :=1 I .ttr)fcr (--)e "r( '') ¡ c2ç-"¡e-"et')] e"t cl-r
!îi I .J c_ ttx

l'('' ) ['*'* ,:î: I lrt(-*)."(r+e('')) + c2(s)e'(í-v('))] ds
-', " J c-trxr

or

u(r,r):.f('-)[a,1t+g(r)) + dzft - s(,"))], (8.4.12)

u'heLe d1 and d2 a.r'e albitlar-1' functious n'hich a,r'e linea,r' collbinations of the invelse

transfornrs c¡f the a,rbitla,r'r'fïnctions c1 and c2. Her-e g(r) should satisf¡' equation

(3.4.10), u'hile the firnct,ion.f(r') shoulcl satisf¡'either ecluations (3.4.8) and (3.4.9),

ot-

(3.4.13)

Finall¡'l¡1, c¡llcf'f uting ec¡,ration (3.4.13), (3.4.10) into (3.4.12) and simplif¡'ing,

u'e ol¡ta,in the general solutic¡n

1.t. ?' exP

+

I
dt

t dr

t ci ¿r)
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The constants here can ìrr: r,'r,alu¿rted using the boundar')¡ cond'tions ri'hile the stresses

can be delivecl ìr¡r ¡L" clilect suìrstitutio¡ of (3.4.12) i¡to (3.2.2) and (3.2.3)

o,(r): 
[ft,,+ 

)).f' - it] Vt * rtzl+ Ptt t À).f g'I,t\ -,tr), (3.4.ib)

oe('): l^t'* 
a#C 

'', 
+ clzl* 

^.f 
g'l'1\ -'lrl' (3'4'16)

As a, palticula,r-exampk:, sr.Ulpose u'e have the rnater-ial specification in the forrn

P - Po.,'o ,

¡1: ¡tor-?, (9.4.12)

) : )orÉ,

rvlrele Po,I,t,o, )0, o', lj are const¿t,nts. B)' substituting (2.4.I7) into (3.2.7) u'e obtain

J - t¡Q , rl---l-'1-\p+I)?' ,

B_ ( À,B _\ _,
\2r,r + )o - t )' '' (3'4'18)

a,_ po 
"."_tl-' - 2l'o * )o'

AIso fr-om (3.3.i0) and (3.3.13), rve have the lel¿rtion

9: qrl{"-É)+t,

I : -L'"ó*t, 
(3'4'19)

ó+1
rt'ltere

P¡t

2¡16 f )6

Thus the solution fol the clisplacement in (3.4.12) can be rvritten as

h,'n*t [,,, 
t, * 1]r,+(o-d)+r ) + ¿r(t - -"']to-Él+r 'l't'- )l)

u'hile the stress in (3.4.15)ancl (3.1.16) can be l'ritten a,s

ot. -- rl¿r + cl2)r1+6 + xlc]', - rt;)r](o+tr)+ó+t.

oo : xld, + dr)yo+a + rlr\', - d'r)rå{"+É)+o+t,

1

tå,"-rr) +tl-',
\t)(a+tt+2)-'- 13+tó:4

(3.4.20)

(3.4.2r)
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u'heIe
)or :2tt0 * )o * oiJ,

,, : fpo(2to * )o)] È (o * 1)-t ,

\ : )o *(2po+ )oXó-+ i)-t,
(3.4.23)

( Po \å roL!:: \rlr"+)r/ ó+1
As an applicatiorr, \\'e choose a, cavit¡' ¡rr-oblem for a,n inhomegeneous c¡'linder'

made up fi'om the matelizrl given in (3.a.17). The bouncla,r¡' ?- : a of the ca¡'ity being

subjected to a sudclen cc¡ust,¿rnt pressure p. The bounda,r¡' condition a,t r : a is

o,(o) : pH (t,), (3.4.24)

rvith f/(Í) clenotes the Heavisicle ftinctic¡n. Note that, the stress expr-ession in (3.4.12)

is onl¡' r'alicl pr'<.¡r'iclecl that iJ I a*2. Fol the case B ) o'*2 the appropriate conditions

fol d1 a.nd r/2 ale

' I r -r(o-d)-r tf + l"-u-6 HG),d1 -s¡,rf-;r' ) r

ll,,-]ro-cr-r c] + 
p-o-,t-o n(Ð,

Lrí ) r

,_

a

(3.4.25)
d

AT
K

) 0

n'hile for the case 73 ( o' * 2 the appropriate conditions for the proglessll's 11'¿1rs

equation are
dl :0'

r/2 : €'tt,
(3.4.26)

u'ltere

(:f _l,il("_ a¡iø-tt)+t. (3.4.27)

The hoop stress follc¡u's inmediatel)'by substituting (3.4.25) or- (3.4.26) into (3.4.22).

Fol the ca,se fi ( a'* 2. the hoop stress is

oe(r) - exp Lrr- i("-ri)-r4 \?'
^-.

+

p+6

px
T )I t " + Jl+a+ t o- l(" - t1)-1
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oe(r-)- exp l#] l.?.'ì+ó - 
?!,'o..6+t"-'] * ï (;)"*0 "({)' (3 4.2e)

Anothel gener-al solution in tenns of Bessel functions can be obtained ìr¡' choosing

tlre coefficients of ec¡tat'iou (3.4.6) to be

C : -g'2, (3.4.30)

2.f'g , gg" , -4g _.,
.f g, +'-:n *-l :', (3'4'31)

92 f ¡tt

#l{ + A.f' * a.f) -- -,,', (3.4.32)

so that equarticur (3.4.6) r'echices t,<,¡ Bessels ecluation

,r# * r# + kt2 - 7,2)F :0. (3.4.33)

This cliffelcntiaI r:c1t-tat,i<.rn ¿rclurits the solution

In tlre case o - ll, it,sinrl'll¡' br:colres

F(q): c1(s)J,(q) f c2(-s))i,(q), (3.4.34)

n'lrere c1 and c2 âr'€ ar'ìritlzr.r-¡'functions, Jr(rl) and )/r(r7) a.re first ancl second kind of

the Bessel function of order rr. The displacemeut ca,n be sirnpl¡' obtained b5' ,ttit t
the inverse c¡f the Laplace tlansfr.rlrn a.gain

tL(r.t) : * l,'_:: fclis)J,(-ss(r)) + .2(-:)1r,,("y('))] e"t d-,. (3.4.35)

3.5 Double walled thick cyliuder

The inhomogeneor-rs llater-ials can be assunecl to be ma.de u¡r frorl a,n n-la¡'s¡sd

homogeneous ma,t,erials. In this section u'e consider a. double ri'alled c)'linder and/or
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disli made rrp of t,u.o l¿lveletl holtcigetÌe()tìs uratelials. Such as problem for exam¡rle a

thin disli u'ith a cilculal hole ancl its ling (plane stress case) and/or its counter-par-t,

a double u'alled c)rìincler' (plane stlain case) ale of considerable practical importance.

If the first holnogeneous matelial rn'ith constants )1 and ¡-r1 is bounded b¡' ¡o ( r (

?"1, and the second homogeneous rna,terial s'ith const,ants À2 and ¡-lz is bounded by

11 1r ( 12 (see Figule 3.1), then the basic ecluation (3.2.4) reduces to

cl.2 tt I du, I
,r+_-j--;'rr:3. (3.5.1)d.?"' 't" dT 't"

\4/ithout ant, clifficult,r' u'r,: obtain the u'ell l<nc-ru'n solution for- the displacement

(3 5.2)

u'heLe c ancl rJ a,r'e a,r'ìritra,r¡' consta,nts. The str-esses can be easill' obtained by

substituting (3.5.2) into (3.2.5)

o. :2(À * r,), - rr#, (s.b.3)

oe :2(À + tùc + 2t, *!. (3.5.4)

B)'a,ss.,tling the folce at r1 is ft, the constants c and d can be evalua,ted. Using

equation (3.5.3) u'e obtain

To : Ftr, - c'ft, 
(3.b.5)

r0

and

Tt: Ftct -
G7cI1

)1rî (3.5.6)

du:c?'*.-¡
1'

Thus the consta.nts c1 ancl r/1 for the first matelial can be specified

"' -'?'Ts-rlT1F (,3 - ''1)' (3.5.7)
rlrzrçrs - Tt)
Gt(r''o - ,?)

37

d



tl Tz
¿/
?
<

ro -)
't'2

Figure 3.1
I{aterjal I rlith ) - )l ,F= ljt and naterjal II rvith ¡= Àz,lt= ltz

aDd for the second Datet.i¿ìl

rldz: Q, -r¡
Gr( ,'")

(3.5.8)

t

lt'he¡e 4 : 2(\¡¡t1),Fz :2(Àz*pz), G, = 2¡t1,G2 = 2l.tz. The continuitv proper.t¡,
requires that

z1(r1) : uzþ-¿). (3.5.g)

Here the matelia.ls a.ïe assumed perfectl¡, continuous, n,ith rrl a¡d u2 de¡ote the
displace're't at the first ¿r'cl the second materials respecti'ell,. By usi'g (3.5.g) *,e
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obtain the ec¡.ra.tion

r1(rf,To - r?Tt) r1(rlT1 - rZTz)

have

P.QS - ,?) F"(r? - rZ)
(3.5.10)

?r in (3.5.10) ca,n be s'r-itten explicitly. using this Î in (3.5.7) and (3.5.8) rve

ct : r lrlrlc ¡2(Fz * G z) - rf;rzrc2rolFz * Gt) + rfirlrrTo(Gz - Gt )],

dt: rrzorllrlGzTo(Fz - F,)- ,lFrTrçF, + Gz)+rln Tz(Fz a cr)J,

c2: rlrlrictTz(F, + c;2) - rïr?G2To(n + c;r) +rf,rl4Tz(G, - Gr)],

dz: rr?rTlr?GrTz(Fz - rr) -rf,4roçFi + G,)+rf;rrTr(F, + G')],

(3.5.11)

u'here , : lrl,'iG, Fz(J¡r + Gù - ,!GrG2(Fz - F, )+

,iriF,, Fz(Gz - cJr ) - ,lrlFrGz(Fz + G, )] 
-t.

Thus the displacemellt can be n'r'itten b1'

and the stresses for plane stress ca,se a,l'e

d,u2(r) : ,2r'+ |

drGt
o,'s(r) : .l ,, - -i

dzGzorzþ'):czFz- ,,

d'tGtoetþ'): ctFt + tr,
drG,oer(r"):czFz+-=

)lo;(r) :--j, clFl
I'tt I Àt

À,
o r2þ') ' .'- ,zFz

LIt -f Àc

fol rs ( r ( ?'lr

for 11(r1r2,

for 16 ( r" ( r'rr

11(r1r2,

?'o ( l'( rlr

111r112

f'or rslr lrl ,

d.t:CtTi-
?'

(3.5.12)

(3.5. i3)

(3.5.14)

(3.5.15)

rr(r) :
tr1 (r')

and

o"(r) -

oeþ):

for

for

for

In the ca,se of plane strain. the stlesses are

o -(r) :
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The stlr:ss intensit'r' f¿rct,ol can no\\' be detelminecl. Suppose \\¡e choose 7ìl : 0

and T2 - -7, theu et¡ration (3.5.11) gives

ct : - TrrlriC;t(F2 ¡ Gz),

c2 : - Trrl[rlGr(F, ¡ Gz) + r2oF (Gz - ct)),
(3.5. i i)

cl - - Trrirlt"SFr(P, + C;2),

dz : - Trrl,']lrlC;r(F" -.r'r ) + rirtçrt+ G, )].

The non zelc¡ stless ¿rt r : r'o is

o eîo) : -2T r t'?r', rrc; r ( F2 + C;z) (3.5.18)

The strr:ss int,etrsitt' fttctc¡r' becomes

Ii :2rr?rlFrC;t(Fz * Gz) (3.5.1e)

For the ca,se that ¿r thin cilcula,r r.ing laclius r'6 is appliecl along the hole of a

cilcular disli laclius ?'r, oJ.'?'¡ È ?'1 11 r'2, ol- ?'s lr"t -- I, rsf 12 -- 0, r-t lr't -.0 the¡

equa,tion (3.5.17) gives

c;1c;2 + c;)F2rr - - C;:G2F2*F¡F2C|2'

d ,1,T FtFz * FjC;2
CltGzFz * FtFzCiz

C'it I Ft
(3.5.20)

(:): -T
d¿: -T

GtFz * FtFz'
c;1 - Fl

GIC;2 + nC;2

The st,ress inteltsitv fãctc,¡r in this case is

2r0

r- .- trr (Àr * y 1)(À2 I 2pz)
¡t 

- 
J- yz(Àz*yz)(,\r *2¡lr) (3.5.21)

Thus if u'e choose the fir'st matelial to be halclel than the second one then the

stress intensit¡,factol becolnes sma,ller and vice velsa,. For exa,mple if ¡-r1 - |¡r2 and
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), : å)2 then the stt'ess irrtensit¡'factol becomes Ii: 1 u'hich is smallel the¡ the

stress intensit¡' f¿rctor' (Ii :2) obtained by using the same llatelial fol the fir'st ¿r¡{

second rnatelials (F't : !2, 
^1 

: )z).

3.6 Numerical solutions

Problem 3.1 : Conc,entricalll' composite disli

\\Ie cc¡nsider a sirlple pla,ne stless ploblerl hele, t'hich might occur for a thin

circula,r disk t'ith cilcnla,r' hole and ling a,r'or:ncì tlie hole, and/or-in the other u'oLds, a

thin cilcular clisli concent.r'it:all¡' nacle up ol tu'o liincls of the homogeneous lla,telials

as illustrate in Figr-rle 3.1. The mater-ial I u'hich is bounded from the circular hole

to tlre radius r : .7 <.rf tlre clisli is chosen n'ith non dillensionalised Lame consta,nts

of tlre matr:r'i¿ll Àl : .4, Ft : .4 and the ¡raterial II u'hich is bounded fi'om 
'adius

r : .7 to r' : 1. of the clislt u'iih non dimensionalised Lame constants )z : .8,

þz : .8. This dislt is sr-rbject<:d to the tra,ction fr.ee around the circula,r hole and the

traction t : p alorrncl the exteriol boundar')'. Using (3.5.i4) and (3.5.15), u'e obtain

tlre results fctr^ o,.f p and osf p rr'hich ale plottecl ver-sus radius r fcrr sever-al laclius of

tlre lrole (, : .1,.2,.3..4,.5) as in Figure 3.2 ancl Figule 3.3.
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Proìrlem 3.2 : Inhomogen(:'orls clisli

For axiall¡¡ s)¡mrretlic materials u'ith the onl¡' nonzer-o dispìacer:rent component

is in the radial direction, the ecluiliìtrium equation becomes the second order differen-

tial equatiou u'ith valiable coefficients. Not man)¡ second order diferential equation

n'ith variable coefficients can be solved analyticalll'. Using numerical methods such

as the tu'o points ìrc¡undar']¡ \¡a,lue method, u'e consider a thin circula,r plate u'ith

circular hole her-e foL seveLal materials in order to study their elastic behaviour'.

If u'e denot,e material I for the material t'ith )/À6 : 7,, F/lto : ?'2, rnaterial

II for.the material u,ith 
^f ^0 

: I, Ult-,0:210 f r), material III for-the rnaterial

u'itlr À/)6 : 1"2, p.llLo : 1, ¡rate¡ial I\/ for the mate¡ial u'ith 
^f ^o 

: 2lG + r),

Ltlpo:1 and matelial \¡ fol the homogeneoLrs matelial t'ith )/)s = I, p/l,to: I,
then b¡' using the tt'o point bounda,r-¡' r'alue method as in DO2GBF-NAG Fortra,n

Iibrary routine and specif¡'ing the tolera,nce of erlol as 10-6, rve obtain the numerical

lesults as giten by J¿l¡ls" 3.1-3.5.

The plot betu'een the displa.cement and ladius r, the stress and ladius r fol these

fir'e liinds of the matelials can be found through Figure 3.4 and 3.5. In Figur:e 3.6, u'e

plot the str-ess intensit¡' factor ancl the radius r fol these materials. Note that frorn

Figure 3.6, u'e ca,n see that the st,ress intensit¡' fac.tor in the inteliol boundary can be

decrea,sed b¡' r.;t t the mater-ial I and material III. Pol naterial I the stress intensity

factor decrea,ses at the interior boundaly but increa,ses at the exterior boundary in

comparison t'ith the honogeneous rnaterial \¡.
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Table 3.1

Honrogeneous uraterial rvith 
^f ^o 

:1 and !lpo : I
o,-(7): 0, o'(3) : 2 and tol:1e-6

R Displa,cernent Stress du/dr

1.0000000

1 .1 250000

1.2500000

1.3333333

1.5000000

r.7777778

2.0000000

2.2500000

2.5000000

3.0000000

i.6874999

1.6328124

1.6031249

1.5937499

1.5937499

1.6328724

1.6874999

7.7656249

1.8562499

2.0625004

0.0000000

0.4722222

0.8100000

0.9843750

1.2500001

1.5380861

1.6875002

1.8055557

1.8900002

2.0000000

-0.5625000

-0.3263889

-0.1575000

-0.0703125

0.062500i

0.2065431

0.2812501

0.3402779

0.3825001

0.4375000
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Table 3.2

Inlronroger)eous rna,t,er-ia,l witli )/)6 :2lQ * r.) and ttlf o - l
o,.(I): 0, o.(3) : 2 a,¡cl tol:1¿-6

R Displacemr:nt Stless clu/dr-

1.0000000

1.1250000

1.2500000

1.5000000

7.7777778

2.0000000

2.2500000

2.5000000

2.7500000

3.0000000

1.8078281

7.75077r2

r.7229837

r.7274417

r.7933257

1.8759508

1.9909116

2.1 230629

2.2682095

2.4234848

0.0000000

0.5032808

0.8588823

1.3124008

1.5981651

1 .7397057

1.S459573

1.9172062

1.9660497

2.0000000

-0.6026094

-0.3268646

-0.1268136

0.1396781

0.3205398

0.4178958

0.4976073

0.5568635

0.6024294

0.6384343
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Table 3.3

Inlrcrnrcrgerleolrs lnatelial rtith )/)¡ : 12 ancl F lL,a : I

o,-(7): 0, ø"(3) : 2 and tol:1e-6

R Displacement Stress clu/dr

1.0000000

1.0555556

1. i 11i 111

1.2222222

1.3333333

1.5000000

2,0000000

2.5000000

2.7500000

3.0000000

1.3431401

1.3199862

1.2998302

1.2663942

1.2395743

1.2073099

1. i 370669

r.0807447

1.0546028

7.0294197

0.0000000

0. i852537

0.3465858

0.6139988

0.8269188

1.0765337

7.5492732

1.E216841

1.9192961

2.0000000

-0.4477r34

-0.38792i8

-0.3393560

-0.2672760

-0.2186065

-0. i 728073

-0.1208201

-0. i066882

-0.1025738

-0.0989327
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Table 3.4

Inlrotrrogeneous material rvitli )/À6 : 1 and plLto:2lQ + r)

o,.(1) : 0, ø'(3) : 2 a¡cl tol:1e-6

R Displacement Stless clrr/ch'

1.0000000

1.0476190

1. i428571

1.2857113

1.4000000

1.6000000

r.77777'.i8

2.0000000

2.5000000

3.0000000

2.0408755

2.0111892

1.9661782

1.9271696

1.9149077

1.9234848

i.95530i4

2.0i87078

2.2277223

2.4973229

0.0000000

0.2394333

0.6204734

1.0214819

1.2456178

1.5114516

1.6639915

1.7896627

1.9368873

2.0000000

-0.6802918

-0.5689334

-0.3836974

-0.1 736101

-0.0458150

0.1218350

0.2372027

0.3344181

0.4880393

0.5837795
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Table 3.5

Irrhcrrrtcrgcneous naterial u'iih )/)¡ : 1 a,ncl ¡Lf ¡,s - r2

o,(I): 0, ø"(3) : 2 a¡cl tol:1e-6

R Displarcement Stress clu/clr

1.0000000

1.0555556

1 .1 250000

r.2222222

1.3333333

1.5000000

1.6000000

7.7777778

2.0000000

2.2500000

2.5000000

3.0000000

0.614783i

0.6049697

0.5964839

0.5899741

0.5880478

0.5923525

0.5976387

0.6100966

0.6288741

0.6519809

0.6757919

0.7229827

0.0000000

0.0878799

0. i8973i3

0.3201864

0.4558200

0.6399762

0.7425358

0.9149777

1.1 191827

i.3110884

1.5599087

2.0000000

-0.2049277

-0.1503067

-0.0964i82

-0.0407557

0.0032453

0.0445590

0.0602960

0.0781040

0.0894i62

0.0945000

0.0955253

0.0925793
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CHAPTER 4

SPHERICALLY SYMMETRIC DEFORMATIONS

4.1 fntroduction

Sphelicall]' s)rmm(:'tlic ck:folll¿ltions harre br,'en extensirrelJ' stuclied in the theor¡'

c¡f linear honogenec¡us isc¡tlopic elasticit¡', since ma,thellaticalh' spealiing thc¡r' are

lelativel)' simPk: t<,¡ sr.¡h'c' ¿tucl have mAn\; ph1'sicirll-r' impoltant applications. Elemen-

tarl, soluticns t,<l st¿rtic pr'oìrlerns ale given in a numl¡el of standard texts ancl papers

ì)t' nuuteLons ¿lrrthor-s. Fol r:xämple, Easc-¡n [26] has ilvestigatecl ch'nalnic ploìrlems

invoh'ing sphericalh' s,t'lttnletlic cleformations f<rl homogeneous matelials. Solutions

to sphericall¡' s¡'urmetr-ic ploìrlems fol inhom<,rgeueous matel'ia,ls a,r-e less collmoll.

Hou'et'eL in lr:cent J'e¿ì,r's ¿r nurnbel of papers in this ¿r.Lea ha,r'e been published. Fol ex-

arlple, Clements et al [15] hale considelecl clefcrmations of inhomogeneous ma.teria,ls

by emplo¡'ing Bäcliluncl tlansfolmations. Thesr: tlansfolrlation r-ecluce the go\¡eln-

ing equation into a palticulal elliptic ec¡rzrtion u'hich can then l¡e -soh'ed using the

Belgman selies apploac'h.

In the plesent cllapt,er'. n'e cc¡nsicler seter¿il simple static pr-oblems for sphericall¡'

s\rtrmetrt' delcxm¿rtions <,¡f inhomogenec¡us ela,stic ma,telials in t'hich the onl)' non

zero displacernent, componerìt, is in the raclial clilection rrr.. The ntulerical results

fol some simple static pr'oìrlems ale oìrtained bl using tu'o point ltounda,r¡' r'a,lue

method. Fol the time clepr:nclent proìrlem, u'e erlplo¡' Bäclilund tla,nsforurations so

that equation of motion lecluces to the simple c:anolica,l folm for the u'a¡'e equation.
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4.2 Basic equatiotrs

For sphelicall¡' s]'ltmetlic plolllems fol inhomogetteous urateli¿rls in u'llich the

oLl¡' ¡l6ttrelo clisplacr:nrent is ilr the direction of r. cornponent,, and the inhorlogeneitl'

of the materials is govr:::necl bv r a,s rl'ell, the reler'¿rnt ec¡uation of motion is

02u (4.2.r)
.)

*=(o,-oe):pÐo,
0̂r 0t2'

urhele

'nrhere

or

o,.: (À+2t,)# +2^Y.
0uoe: Àff +z(t,+ \I,

# - -+(, )# * B(r7,, : c(,')t.

¿.
-{(r') :; Inf,\ 1 2¡r)r2].

2¿^2B(r\:'-- \' t (À * 2y)t' dt' 12 '

-, 1 p
Lf ?'l:'\'/ À+2tt'

d.2tL 2 clu. 2-- * ^tt-0,rl.r¿ r rl.r 12

(4,2.2)

(4.2.3)

(4.2.4)

(4.3.1)

4.3 Some simple solutions for honrogerleor¡s materials

4.3. 1 HomogelLeor.rs spheles

\Ve c.onsiclel a hornc¡gerìeous spiret'e of laclius n lrith the materia.l constants À and

¡-r, her-e. For the c'.a,se u'hen the matelial is in ec¡riliblium, the govelning differential

equation is

trÁ(J.t



in u'hich the t'ell linr.rn'n st¡lrrt,i<.rn c,an be ol¡tailrcd ¿rs

rr(r') : År * B,-2 -

u'here ,4 ancl B ale const¿rnts. The stlesses ¿l,r'e

o,(r): (3) * 3¡r)..1 - 4pBr-3,

oo(r): (3) * 3¡r)-.{ * 2¡LBr-3.
(4.3.3)

If the pressule on t,he extelior of the sphele is p, then the clispla,cenent be should

finite in the center of'thr': s¡;hr:r'e ¿incl so B :0. Thus n'e obtain the stress pressure

r-elation as

o,(r) - 66(r) : p, (4.9.4)

and the displarcrement

rr(r') : -,1t''. (4.8.5)'t 3À+2t,'

4.3.2 Sphelicr¿rl shells

Fol a hotlogeueorts sphr-'r'ical shell u'ith intelic¡r ladius ¿¿ a,nd exterior- radius ö, the

displac.erlent a,ncl thr: stresses ar,r'e given b¡' s.r,r'r,',-)us (4.3.2) ancl (4.3.3) r'espectiyelS'.

If there ale tt'c,r concliticurs a,r'e given then the constants .l ancl B can ìre determined.

Fol example if the pl'essule ¡r; is given in the interior of the shell a.nd p" a,t, on the

exterior- of the shell then rve have

2¡ : (3) * 2¡t.)A - 4¡rBo-3,

p" : (3À -12¡L)A - 4¡rBb-3, 
(4'3'6)

u'ith the -sohit,ion

(4.3.2)

(4.3.7)



Bl' suìrstitr.rting (4.3.7 ) irrto (4.3.2) ancl (4.3.3), t'e obtain the clisplacement

a3p¡ - If p"
¿3-ô3 (4.3.s )

and the stlesses

o,.(r) -
ct31t¿ - If p" rt'tlf p¡ - p"

?'3 (4 3.e)
r¿3 ò3

o ¡1(r) - +a3-b3 t?'3 r/3 - ô3

4.3.3 Spheres u'ith t'n'o l¿i.t-c't'<'cl nt¿lter-ials

\\/e consicìr:r' the splrr:r'c's u'ilh tt'o l¿rverecl honrogeneous ma,telials. Suppose the

fir'st matelial cclnstants ale ,\ : )l , F : ¡r1 n'ith laclius r.¡ ancl the secoucl lnaterial

constants ?ìr'c u\ : z\z all<l lt -- lLz coveling the fir'st sphele fi'on r-adius a to b. If u'e

a,ssume a,t, r : r¿ th¿rt thele is plessure p then thc' clisplacement and the stress fol the

fir'st matelial (0 ( r' ( rr) a:.r:

,,!r)1r') -;,'.''.^ ,' 3Àr l2ttt (4.3.10)
o!,t) 1r) : 7r.

If the pr:essrire p. is given at the exter-ior- <.rf the sphere then the clispla.cement

and the stless frrl' thr: secroncl lnaterial (c ( r ( ô) ale given ìr1'

a3 -b3
a3p; - lf p"

cF - b3'

Pi-Pe

cf ¡t - b3 p.
3Àz l2ttz ú¿3 - ór]

ó3:1
l/ - t 't I'et{I' :2 J 0":3

t't,f.2)1,'¡:

(.2t, , t,}p_ bt¡r" tL'Jlf p-1t,
\' / 

¿r;t _ ö3 ?,3 r¿3 _ l¡3 
'

Nou' u'e ck:telnrine ¡r. LTsiug the continuit¡'eqr-ration

,lt)(") :'u1.2)((,),

(4.3.11)

(4.3.12)

t'e obta,in
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u¡here

z) : - 18,\r ¡ù - I2¡tt lrz - 9)r )2 - 6)z!¡,

,, -- }pZ I 72À21t.t - i2)r !.2 - 8¡t 1 ¡t2, (4.3.14)

:3 : -8t,3-r2)2¡,t2 - 6)r ¡12-41t1¡r2 - 9)1 À2_ 6À2¡t1.

Thus b¡,5n1r.r',uting (4.3.13) iuto equations (4.3.10) ancl (4.3.11) t'e obtain the

displacement and stless clistributiolr o\¡et' the sphele.

4.3.4 Tu'c¡ la¡-eled sphr:r'icerl shr:lls

Here the shell is c:<¡nsickrlecl t<-¡ ìre lnacle up li'orl tl'o laveLecl materials. Suppose

the inteliol lart'el is flom r'¿iclius r¿ to b t'it,h matelial constants )1 ancl p1 ancl the

extelior la-r'el is fi'orn r'¿rclirrs b lc> ct u'it,h mateli¿i,l constants )2 and ¡r2. If the pressur-e

p; is appliecl at the intelior of the shell ancl p" ttt, the exteliol of the shell then b¡'

a,ssuning t,he plessule is 1.r at r : ô, \'e have th¿rt the clisplacernent a,ncl stress for

a1r(bare

,), \ ?' u.sp¡-b3p c31,3 pi-p
¿¿;' '(r-) : 3^t + 2t\ d _ b3 t 4,,¡ o\ 6s,

-(t)¡-.r-ct37t¡-I,tP c,3 I,s llr¡ _ llt
u, \'., - 5- '. (1. _ 03 ?'3 o3 _ ö3'

(2\,, ?' Ifp-c37t, ö3c3 p-p"
i¿;' '\r'): 

3.\" +\t., /f - ¿,3 - 4!t2r2 bJ - c3'

andfo¡b1t'1c:

ol2) çr1 :

LTsing the cc¡ntiuuitS' eclttzrtion

(4 3.15)

(4.3.16)
l,3p-c37t" b3c3 p-7t"

ö3_c3 ?-3 b3_c3

u.(1)(¿/): ?¿(2)(¿)), (4.s.r7)
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u¡e olltain

P: , (4.3.19)

u;her.e

zr : 9)r Àzt,z + 6À1¡.t.'.1f 1S)2¡r1 ¡4 ! 12¡r.1¡t.],

zz : 9ÀtÀ2t,, + 18)1¡r1 ttz * 6Àzþ? + tZy.ifr,

zs : I2)1¡t1lLz * 9ÀtÀrt,, + 6,\ tr.2z * S¡tl¡t.2 * 6À2¡t.1l.rz * 4h !,7,

z¿ : 9 Àt Àz l t't + 6À¡ ¡r1 p2 - 9 À1 Àz pz - 6\ p3 + 6^2 Lt? -l 4pi ¡t, - 6À2 ¡L1 pz - 4tq u2z,

z5 : - 9)l )z lLt - 6,\1 ¡r1 ¡r2 - 6À2¡tl - +¡,2, ¡12 - I2À2p1 ¡t.2 - 8¡t1 ¡t21,

z6 : - 12)r ltt ltz - 8¡,2r¡, 2 ! 72À2¡t1 lLz * Slttlt3.
(4.3.1e)

Thus by cloing solne subst,it,rrti<)lr.s, \\'e obtaiu thr: clisplacement a,nd stless through

equations (4.3.15) ancì (4.3.16). In the case th¿rt the displacernent rtt)(a) : ?¿r is

giveninsteacl ctÍp¡c>r-,,(2)(c'):uz isgiveui¡ste¿rclof p. the¡ pietpe ca¡beol¡tai'ecl

from equations (4.3.15) ancl (4.3.i6).

4.4 Sirnple solutions for inhomogelleous materials

4.4. 1 Bessel cliflêr'eutial ec¡rations

\\Ie consiclr:r a shcll t'ith the iuhomogeneit,r'of the materials replesentecl b¡,

4-12-u2
Ir\r ) - 4r

(4.4.1)

For tliis case \\re lestrict the lange of the laclius so that 2 < r2 + u2 < 4. B),

sul¡stituting ecluation (4.4.1) into (4.2.3) and let the right hand side of (4.2.3) equal
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to zero, .tr'e obt.it.in

.4(.) : 1,
7'

,.r2B(r) :1 - ;
Thus we har-e the Besscl's cliff'erential ec¡ratiou

d¿ tt. \ dtt ì¿
,, +;r1r+ (1 - ,.,)tr:0'

(4.4.2)

(4.4.3)

u'ith solutiou

The stress sinrpl"r' bccortrr:s

o,-(r) : .l

r(r) - AJ,(r) | B\'',,(r)

! t1,1r7 +
1"

t'2¡trz-2

(4.4.4)

(4.4.5)
l'2

t"2 ¡t,2 -2

J,

\.,,

t'r] +

,',] ,B 1,;j(,"1 *
1'

')

u'lrere J,(r) ancl )1,(r') clenot,e the Bessel's poll'n<.,rnials of the fir'st a,ncl secoucl liincls

u'ith older rr.

The const,¿lnts --l ancl B hele can be cletr:r'llinecl if 'n'e sPecif¡' two conclitions

invoh'ing the displacelllent ancl/ol the stless. The¡' u'ill folm a linear s)'stem u'ith

tn'o equa,tions ancl t'n'<l urtlinc¡u'ns.

For a mor-e specific c¿r,se, sa-\¡ u'ith z : 0, the displacement is obtairred b¡'

rr(r) - AJo?)*Blã(r'), (4.4.6)

and the st,r-ess bv

o,(r) : ^l+ Ir,þ') -!¡'t'l] + "l+ro(') - 1rir,t] . Ø 47)

If u'e have a, shell u'ith raclius fr-oll r : 1.5 to r : 1.7 ald the pressure at

tlre intelior of the shell is pi : o,(1.5) :2, ancl at the exteric¡r of the shell is 2r" :
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o,(L7): 3, t'hen the cc¡nst¿rnt.s ale A : 12.2407322 and B : 18.45469069. The exact

displacement ¿r,t r': 1.6 is u(1.6) : 13.33330683 and stless is ø,.(1.6):2.56b725364.

4.4.2 Some rtnntelical lesrrlts

Ploblem 4.l

Here n'e consicler sphr,:t-ir:all¡' shell ploblem fil'severa,l ltincl of materials subjected

to the given non clillensi<.xr¿llisecl t'aclius ¿incl the ìrcr.rnclall cc¡nclitions using t,n,o point

boundar,r' r'¿rlue metlr.cl in the D02GBF-NAG Foltran Lil¡r'ar')' Routine. Table 4.1

sltou's the nruur:r'ic:al lr:sults lil'homogeneous mat,elial using the non dillensionalisecl

trraterial cpantities 
^f ^6 

:1 ancl lL/l.Lrs:1 ìt1'specifl'ing the lto¡ndar'¡, c6¡6['l'e11"

o"(7):1 ancl o,.(2) - -1. It can be velifiecl that the exa,ct clisplac,ement and str-ess

in this case ale rr(r) - -.# - J=, ¿r¿ o,(r) - -g + # respectivel¡'. Table 4.2 shot,s

tlre nunrelic.al lesult's fì.1' inìromogeneous natelial u'ith À/)6 : (r2 - 2)/(2r) a.nd

IL/[Lo : (4-','2)lØr) ìr.r'spr,'r:if¡'ing the tolelance c¡f erlr.ll't,c¡l : 10-5 and the bounclar.l,

conditions a,-(1.5) : 2 ¿i,lcl o,(I.7): f,. T¿iþles 4.3 a¡cl 4.4 shou,the nurlerical

results for inhorlc)genec)us rn¿iterials u'ith )/)6 :21î * I), p,lUo: IlQ * 1) and

^f ^0 
: 7l r2 , I.l yo: ln r f 2 respectiveh,, using the bounclar-r, cond.itions u(1) : 0,

o,(2) - -2 fol the lesults in Table 4.3 ancl o,.(7) -- I, o,(2) - -1 for-the r-esults i¡
Tal¡le 4.4 a:ncl t<¡ler'¿lnce of er':.'ol is chosen to be tol: 10-6.

60



Table 4.1

Honr<rgeneous m¿lterial ri'ith )/,\0 - 1 And ¡Lf ¡Lo - 1

o,'(7) : I, o,(2) - -1 ancl tol:1e -7

R Displacement Stress du/clr

1.0000000

i.0500000

1.0750000

1.1 250000

i.2023810

i.2500000

1.3000000

1.3750000

1.5000000

1.6666667

1.7500000

2.0000000

-0.8285714

-0.7883025

-0.7709043

-0.7407848

-0.7044390

-0.6E71428

-0.6724091

-0.6558146

-0.6396825

-0.6342857

-0.6365889

-0.6571428

1.0000000

0.6887717

0.5541956

0.3196159

0.0291947

-0.1 154286

-0.2453345

-0.1064613

-0.6084656

-0.7920000

-0.8592253

- 1 .0000000

0.8857143

0.7301001

0.6628121

0.5455222

0.4003116

0.3280000

0.2630470

0.1 824836

0.0814815

-0.0i02857

-0.0438984

-0.1 i42857
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Table 4.2

Irrhonrogenec)ìrs material rvith l/Às : + and ¡t,f p.s - +
ø,.(1.5) :2, o,.(7.7): 3 a¡cl tol:1e -5

R Dis¡rlacement Stress du/ch-

1.5000000

1.5111 1 1 1

1.5259259

r.5407 407

1.5592593

1.5814815

1.6000000

1,6148148

1.6296296

1.6592593

1.6814815

1.7000000

73.3231225

13.3309310

i3.3387047

13.3434899

13.3453117

13.3414689

13.3333060

13.3235676

13.3110072

13.2775301

73.2452177

73.2136474

2.0000000

2.0692399

2.1 591 1 03

2.2461570

2.3509615

2.470S103

2.5657252

2.6383995

2.8390i33

2.9295339

3.0000000

0.7794796

0.6262i28

0.4235353

0.2227634

-0.0255405

-0.3196301

-0.5614968

-0.7529014

-0.9424565

- i.3160399

-i.5914076

- 1 .8177330

2 7081731
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Table 4.3

Inlronrcrgeneous material s'ith )/)6 :1= and p.f ¡ts: -+
tr(1):0, ø,"(2) - -2 and tol:le-6

R Displacement Stless clu/clr

1.0000000

1.0555556

1.0833333

1.1250000

1.2037037

1.2592593

1.3333333

1.4166667

1.5000000

i.5833333

r.7222222

2.0000000

0.0000000

-0.0779744

-0.1 i48764

-0.1680426

-0.2626052

-0.3257159

-0.4063307

-0.4934072

-0.5777603

-0.6602538

-0.79531 84

-1.0631869

-2.9195925

-2.7738040

-2.7116174

-2.6292248

-2.501987i

-2.4293780

-2.3490455

-2.2756709

-2.2156206

-2.1655057

-2.0978873

-2.0000000

- i.4597963

-1,3515565

- 1.3062610

-7.2474045

- 1 .1 602452

-1.1 134919

-1.0655285

- 1.0265971

-0.9995893

-0.9815533

-0.965931i

-0.9684065
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Table 4.4

Inlrcrrnogerìeolrs m¿rt,elial u'ith ,\/)6 - 1+ 12 a,nd Fllo = lnr * 2

o,'(1) : I, o,(2) - -i ancl tol:1e-6

R Displacement Stless du/dr

1.0000000

1.0555556

1.1250000

1.1666667

i.2500000

1.3000000

1.3750000

1.4375000

1.5000000

1.6111111

1 .7500000

2.0000000

-0.5768860

-0.5369392

-0.4961279

-0.4755394

-0.4412297

-0.4242079

-0.4025E45

-0.3874E98

-0.3745326

-0.3556418

-0.3375283

-0.3i46931

1.0000000

0.6978468

0.3925511

0.2394686

-0.0151009

-0.1416578

-0.3032011

-0.1170638

-0.5158999

-0.6626E99

-0.8078512

- I .0000000

0.7880312

0.6551666

0.5260969

0.4637919

0.3646362

0.3i78288

0.2610136

0.2232856

0.1923499

0.1500319

0.1 132185

0.0737805
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4.5 Alralytic solution fol the tilne dependent ploblent

In genela,l, ec¡rä.tion (1.2.3) can ì¡e leducecl to the canc¡nical for'¡n of tìre t'ave

equation. F<illon'ing Ck'ments et a.l [15], b¡' itt¡to,t.tcing a function u(r, t), the ec¡uation

(4.2.3) can be t'r'itt,eu morc con't'elietltlJ'iu a lratr-ix forrl

{1,:A[h+/\¡f), (4.5.1)

u'hele the subsclipts clenotc' the partial clerivatives ancl the ma,trices a.re

CI- ÀI: 0
?112t

1'ì7.12

0
N- ??,1 t

0
1.1

1) s) (4.5.2)

He::e, ?71,12.?'t121 ¿utcl n1¡ iìr'c fiinctions of l'ouh' ancl shoulcì satisf¡' the relations

?111211711 : Ç.

CA
177.21 : 6-,

and
o

117.i2: 
À

(4.5.3)

d
7?ll * ,

d.t-

n"'f,t*] - -B (4 5 5)

Bl, setting Õ : exp{ - -í' rrrl rh'} or ??u - -å#. a'ncl / : exp{/ Adr}) equa-

tions (4.5.3) ancl (4.5.4) can be t't'itten a,s

ttltol : -A[t" (4.5.4)

(4.5.6)

Thus if n'e set tr*(r',1) :'¿r(?',t)Õ(r) and t,*(r',t): u(r,ú), then ecluation (4.5.1)

reduces to the for-n

0
ACIA2

a' lA Lt.

(4.5.7)

( ll: ¡,
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Fur-thelrlr)l'e, l)r' int r'<¡rl rr ci ng the neu' inclclrcnclent va ri ¿r bles

equation (4.5.8) r-echrces to

Ci cl.r, ¿*

0
K+

Ii: A2O-aC:.

t- t (4.5.e)

(4.5.10)
'lt.*

tr* î*)(;.),,

rvhere

Equation (4.5.10) in usua,l not,¿r,tion is

(4.5.11)

(4.5.12)f=r,.{r., r*) : Lr,*{r*,t* ).,

rvhich is the standalcl \\r¿ì\'(:' r:c¡ration. .The genelal solution of this ec¡ra,tion is

t,* : .ft (f* + r*) + .fz(f* - r*), (4.5.13)

ot-

u.(r,t) : Õ-I (r) ./ì (¿ + ci ¿r) * .fzft - Ci cìr) (4.5.14)

u'hich is a simila,r ecluatiou to (3.4.21)
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CHAPTER 5

ANTI_PLANE DEFORMATIONS FOR ISOTROPIC I\4ATERIALS

5.1 fntroduction

Anti-plane clef<l'ntat,ions firl inhornogerlec)us elastic ma.telials a,r'e consideled in

this chapteL. Set'er'¿il tleth<.rcls are eurplo¡'ed fol solving static ancl d¡'¡¿¡11ic anti-plane

pt'oblems fbl isot,r'opic ruatcli:rls. For celt,a,in t.r'1tes of matelials, the static ploblem

ca,n be soh,ecl an:rl¡'ticalh' rrsing the methocl of sepzrlation of valia,bles.

\4anv ploblems ini'oh'ing anti-plane defolmations of inhomogeueous elastic ma-

terials ca,nnot be soh'e<l trnal¡'ticzrll¡'. In such c¿ìses numelica,l methods rlust lte ern-

plo¡;sd. Filite diff'elences. finite elements and the boundar-r'element method ale three

such numelical tr:c:hnic¡tes. Due to the difficulties of fincling the funclamental solution,

not ma,n¡' authols h¿lve t<.¡rr<'hecl crn the subject <.¡f cler.eloping the bouncla,r-¡' integral

equation llethocl fol such bounclaly value ¡rloìrlerns. In section 5.4, the boundart'

element methocl is cler.el<.rPr:cl fbl hanclling the static case. This development is then

applied to zr seepa.ge pr'oblem.

In section 5.5. tlte clcvr:lopment of the bounclar'l' elerrent method fol certain

cla,sses of clvn¿lrnic pt'oblenrs ¿il'e discussed. The combination of the bounda,r-¡'elerlent

lnethod ancl the peltulbation technic¡re l'hich leduces the govelning ectuation to the

Laplace ancl Poisson t-r'pe e<¡rer,tions a,nd sevelal nrimerica.l results a,r'e given in section

5.6. Furthel clevelopmr:nt, f<.rl tlie d)'namic case can be founcl in section 5.7.
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5.2 Basic equations

Ela.stic: inhomogetreolrs natelials are in ¿r st¿rte of anti-pl¿i¡e str.ain if the cìis-

pla,cerrrents u.1rl.t,2 ancl rr3 talte the form zl : 0, r¿r : 0 a,¡cl ?r3 - tr3(l: t,rz).I¡ othe'

words, the ortl¡' rtoltzero clisplacernent cornponent is ?r3 a,rld it ciepe¡ds onl¡, o¡ the

plane coordjnates 1:t an(l t:2.

The stress-clisplacemr:nt r-el¿l,tions fol inhomogeneous rnatelials (see for example

SoliolniÌioff [71] ), ale

0u3O73:Ojl:U¿, and o2J : osz : lt,
0rLs

)tr' (5.2.1)

u'ith a,ll othel stless components zelo. In (5.2.1) ¿r is the shear moclulus rvhich is

talien to l¡e a fìrnction of'position. sa\' // - #(j?Ìr.:r:, ).

The ecluation of tlotion fc,¡r anti plane strain in the altsenc:e of l¡ody force ¡ra¡,

be u'r'itten in the folm

)o-,s )ozt 02 u.3

a,\+ an:P atl ' (5'2'2)

u'here p -- p(irtj.:t:2) clenotes the clensit]¡ of the material. Using (b.2.1) in (b.2.2) ancl

fol sirnplicit-t'. 'n'e change valiables r:l , n:? to r: a¡cl y r.espectiyel¡, ancl ?¿3 to ?¿

Ð10,,1 Al)ul 02tt
a, L'' o,l * u, L,' ,rl : , 0,, ' (5.2.3 )

If the rn¿rter-ial is in ec¡riliblium tlien the gover.ning eclua.tion recluces to

*l'^+1.&l'#l:'
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5.3 Analytical solution by the method of separation of variables

A method of sr:palettiol of 'r'alia,ìrles is crousiclered in this section fol soh'ing

equation (5.2.4) fol specificr mater-ials. B)' introclucing a, ne\\' r'al'iable

(i(t:,y): ?¿(1:, y)[l, (.r,, y)] å,

to equation (5.2.4) u'e obtain

rvher-e

a2 -\
0t2

02\-

+

__L
oyt I

Here rz2 is the sep:rlirtiol constant

ecluation
7 dz.f

V2LI - A(r,y)ti:0 (5.3.2)

(5.3.1)

(5.3.5)

(5.3.6)

(5.3.3)

Let

fI(r,y): -X(r,))-(y), (5.3.4)

and assurliug thal ¡r is continuous ancl tu'ice cliff'elentiable s'ith r-espect to z a,nd y,

and ca.n also be u'r'itt,en in the folrn

Â(r, y, : î,r,,, - #l(#)' . (H)'l

.å(+ #)'

I4:L', y) : t Lr:.f (r )ll kl),

u'here ¡-r,6 is a cousta,nt,. eclrra,t,ion (5.3.2) nc¡n' Lecluces into tt'o equa,tions

-å(+#)1"=0,
-l(i ffi1,:0

2

f-,.'* I(i#)

(+')' : f.,

2
11

In the case tha.t .f(r:) satisfies the diffelential

1

2.f clr2 4
(5.3.7)

and g(y) satisfies the cliff'eleltial ecluation

7 d2g 7(7¿(t\
------:- - -t -- )2s ,ty2 a\s ¿u I

)
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\\'here.f0 ancl l0 ¿ì,r'e colstants the ecFation (5.3.6) r'ecltrces t,o

a2 -\
or..t + /':'-{ - o'

02j.
ãF - ('fo + eo * r:2 ))'- : o'

rvhere k2 : n,2 - .fo. B)' zr,ssuming

l,:.2 : t't,2 - .l'o > 0, ancl k2 + .fo I 96 ) 0,

(5.3 e)

(5.3 10)

u'e find the sc¡lution fol thr: clispla,cement in half-plane y ) 0 ri'hich satisfies the

condition u --+ 0 ¿ì,s y --+ 'æ, in the folm

l,* (5.3.11)
zL(r,y): [¡,t .f (r, )tl(y)]-t /' {--t(O cos(;r:O + Brc)sin(r;O}

exp -(./t + 9¡ * {21t /2, d{,

u'her-e á({) ancl B(O ale arlbitlar,r'fuuctions ol'{.

The non zer'o stlesses firllol' ìr¡' using (5.3.11) iu (5.2.1)

1

u13 - - =,) [¡,0.1'('' )g(v)]-t /' t,o
d'f
ch

g(y) ,-l(O cos(z()*

B(O sin(r'C)) "llr,t-..,(Ovl rt€ + [po.f'(1,)y(y)]r ,, /, {",r,cos(z() (5.3.12)

- -4(()sin(r:o ( r:xp[--s( Oy]d{,

and

o2r : - ltro r,.')s(v))-t /2 ¡ro.f (t'r'# /r* {ate I 
cos(z()*

B(O sin(r'{ ) exp[--s( €)y] d€ - [¡r6.f(r: )s(y)]' /' -a(()cos(zO (5.3.13)

+ B(€)sin(,r'o .s(O exp[-.s(Oy]¿1,

.*({) :(rro+t,o+€')l
uthere
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5.4 Boundary elenrent nrethod for static case

The bounclarl'ek:ltetrt nrethod is consiclelecl for soh'ing bounclar¡'r,alue proþler¡s

for the static c¿r,se in this sectiou.

5.4.1 Genelal solrrtion in term of a,n arbitrar-¡' h¿rrmonic function

One of' the main clifficulties of solving ecpration (5.2.4) using the bounda,rJ¡ ele-

ment methclcl is to fincl thc fïurclament¿rl solution. Hc¡l'ever', f<)r'celtain cìa,ses) inclucl-

ing the case t'hen the she¿rl mciclulus talies the folm

p(r,v): -X(r,))-(y), (5.4.1)

it is ¡rossiltlr: to expless tlir: solution of (5.2.4) in terms of a,n a,r'bitra,r¡' ha,r-monic

function.

In the previous sr:c'tiou. jt has been shou'n tha,t, the sinple tra,nsforllation as in

equation (5.3.1) r-ecluc,es (5.2.a) to

v2Lr - l\(r,y)Lr :0, (5.4.2)

u'lreLe l\(r.y) is given l¡1' (5.3.3). For some specific cases, for example p.(z,y):
(þtU I ¡L2t: * ttsu I l,o)'u'hc'r'e lh,l.Iz.É¿3 allcl /r:1 are constants, ol in mor-e general

for the case t,hat thr: shc.ral m<,¡clulus satisf¡' Y'pi:0, rl,e oìrtai¡.4,(l:,y):0 so that

equation (5.4.2)simpl¡'r'eclrtces to the Laplace e<¡.ration in t'hich thegeneral solution

can be u'ell c.xplessecl in telnrs of ha¡rnonic fulrc.tions.

For the c-a,se t'ltett the sheal nroclulus is given ll¡'(5.4.1), ecluation (5.4.2) ca,¡ be

V2¿,'- [Â11r:¡ * Az(u)]Lt : g,

'n'ritten as
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u'ith

:l,À

^2(y) 
:

(5.4.4)

(5.4.6)

:*i(#) (#)
(#)

The genelal solution llott' is sor.rght in the form of the douþle se¡ies

,,: Ë f t, þ,)s,,(y)F,il'(.,,y), (5.4.5)
tr:0 r¡r=0

u'heLe Fj" strtisfl' the tu'c¡-clirnensional Laplace's ecluation

B)' suì¡stituting (5.,1.5) into (5,4.3), n'e obtain

åå{
g,.(r)lt#T + F:: #]+ n, (r') lrTT+ 4ï' #l

- (r\, (,r') + ,\z(y)) .f',(,t')gu,fu)F,il' :0.

Nou'(5.4.5) is a soìuti<¡n c¡f (5.4.3) if t'e choose.ll,(r:), t/,,(ll) ancl ,Ei' to sa,tisf¡,

aF,:," rlllI tz-7

Fr'r'-t for' 1 ancl ?1, 0

Õ,'(:)- <Þ,,-r (l) d¿ fc¡r n : 1.2,3,

0t't,

aF:," _
0y

0 and 17 (5.4.7)for' 1?1t

?17.

and

'¡d.f u+, d.2 f ̂

.:L: + ,N _Ar(.r:).f, _ o,

,dgur+t -rI'g,,, ^ / \'' ,ly *6-Äz(!J)eu':o'
fcrr n ) 0 and rl ) 0 t'ith .lil ancl 96 lteing constants.

(5.4.s)

(5.4.e)

(5.4.10)

If Õ6(z) (: : r: f zy) is au ana.l¡'tic fttuctic¡n of .z in the domain of intelest. clefine

(Þr,(r) to be anal¡'tic filllctions <-rf e given bv thr: r.ecurle¡ce r.elation

(-r)"'(Þ,,,+,, (s)

Letting

4i"(r,, u) : ft
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u'e find t,hat. af'tel using (5.4.10). ecßreitions (5.a.7) ancl (5.4.8) are satisfied. There-

fole, the choice of .El" trs givr-'n in (5.4.11) is a srtit¿rble one.

Ploceecling fulthel as in Cleruents [10], rr'e obtain

(Þ,,(: ) : *5 lo' ," - r)n-I {'0(r) d¿ for tz } l' (5.4.12)

and hence

''1,ttt,...r:, 1 
=,,n{(-r),,, ["(=-t)17+n,-,oo(¿)dú], (b.4.13)r?,(:ì',y/:(r+,"_1)j*l Jo )

foln*???:1,2,3,'...

Tlrus, ¿r solution <tf (5.2.4) u'ith (5.4.1) ma,-\'be expr-essed in the selies fortl

tr(r,y1 : [¡,(r'. y)] -+n{.lr.q¡<Þo(:)*
t

i i (-t)"' .t,,(t')g:u(y) [' ,= _f )?,*,ru -,Õu(r)¿f ]. 
(5.4.14)

/_,. L_,. (ir f nr _ 1)! Jo,- ')
tttt ttf0

The validit.r' of'this soh.rtion depencls on the cc)rì\¡ergence ploperties of the infinite

selies. The convelgence of the selies u'ill depencl on .f,,(t) and g"r(y) u'hich zlre, of

coulse, relatecl to the coefficient of the shea,r-nodulus pþ,U) through the ecluations

(5.4.1) ancl (5.4.7)-(5.4.9 ).

Here the cluestion of the cou.\'elgence of the selies in genelal ca,se u'ill not be

examinecl in cletail. It, \'ill llr: sufficieut tc¡ not'e that the selies may þp tluncated after-

a finite numbel of telms f<.rl certain t-t(r,U).The valiclit¡'of (5.4.14) as a solution of

(5.2.4) in such ca,ses is asstuecl. Specificalll'let

¡t(,r,y) : (crr + |J)r(ðU I n)0, (5.4.15)

then equatiorr (5.4.9) gives

, (-o)"lr(; '- 'tt-l
.1,,(r,) - 2i,,,ft ll lrrt - (2r)')(crr, a í3)-".f0

e,,(y) - (-.):r:,:,1,:,,i,;r,,tii' 
[,r, - e,)"](¿y + ,t)-n so

1?1

1

(5.4.16)
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?11



It is clear that fol p:0.+2,+4,...a¡cl Q:0,+2,+4,"'the se¡ies is t'unc¿rt,ed

after sevelal telrns ¿lncl t,hrrs converges unifoull¡'and absolutel¡'.

5.4.2 Bounclar'\' integläì ctlrrir t,ion

Consiclel a region 'R. borrnclecl ì:y a. sirlple clc¡sed cur-\¡e C. Fol a. point (a,b) e C,

define a small semi cir'<:le sr:gmelt I centre at the point (a, ö) s'ith ladius e (Figure

5.1). If u and ?¿'¿rre tu'o sohit,ions of (5.2.4) r'alicl in R. then it can be ver-ified that

(see Appenclix -4., tìrec¡rem 1 ìr¡' putting cu : 0)

' )l*,,' - +,,lrrs: o. (5.4.17)
.1 , *r lr(;1'' lJ ,ur, (rtt J

Let t¿' ìre gilen lll'(5.4.14) u'ith .fo: go:1 ancl

(Þo : 1,log(^: - :o ), (5.4.18)

u'itlr 1, a, co¡sta,¡t. : : ¡: * tlJ ancl :s - ¿ * rl¡. Thus on f

:L: : (t.f ec<tsd. lJ : ltf esind, : : :0 f eexp(zá), (5.4.1e)

(5.4.20)

so that

I1I: I

[t,(r, +e <'os É. ¡ + e sin á)] å
loge-þ

n:0 l¡:0
ntlrtlQ

( -¿ )"' .f'"(c, * e ct'ts 0)g,, (b * e sin d)
(nfnr-1)!ËË

t,
:s+r cxl)( ¿á)

[to +.exp(zá) - t]"*"'-r log(t - zo)clt

It ma¡' be reaclill' r'r.'r'ifiecl thart by letting e -+ 0 n'e obta,in

'lt. log e f O(1) + O(e log e)
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C

(a,b)

Figure 5.1

Sinr¡rle closed curve C

)tt' -1' 1-;- : -------, - + O(i) * O(log e)(ttt 
l¡,{o,b))ä 

u
(5.4.22)

l(a * e cos0,ó + e sin 0)u(a * e cos 0,1¡ + e sÁ0)d0

Hence f<.¡r'sm¿rll e

l,'#"cts: -^l
- -t
lu(u,b)l' l^

o*zr

+ O(e) * O(elog e)

: - n1,f¡r(o,QJi t,(a.lt) + O(e) * O(elog e )
(5.4.23)

and
f Ðtt

Jrt,(:,'.u)fi.,u' 
d,9: O(e) + O(e loge). (5.4.24)

In the above it has been assuned that I is a sellicircle so that the limits on

tlre integlal ou (5.4.23) alr: o and a { r n'her-e o' is the applopliate zurgle. If the

geometr¡' is such that f js n<.¡t a seuricilcle then it is necessar,r' to llake an applopriate

adjustment to the lirlits on the integr-al in (5.4.23). Also, not,e that, for- each zs € C,

the branch cut of tlte complex logarithmic function in (5.a.18) is selected in such a

u'a)' that tlie function is siugle-r'alued thloughout ß. Tliis is to ensure that z' and

its par-tial delir-atives ale all single-'r'a.lued throughout, the entire domain.

/ð



UsiIig (5.4.17)- (5.4.23) and (5.4.24), it, norv follc¡l,s that in the limit a,s e -+ Q

u(a,b) : 1

n1,[yþ,1,)]+ 1"u,,,,r\!,'' -H,,]ot for' (a,b)eC G.4.25)

C",

The all¡itl'ar'\' c.r'r:lct,ant 1'here cancels out u,ith the 7 jn u, and 0u,f 0n

5.4.3 Integr-al ec¡uaticur fcu. jnt,er-ior points

if Õ0 : i'log( i - ìrs) and ,'is gi'e'b¡'(5.4.i4) the'i' the cas€ ^zs € R. it is

riot lrossible for' ltot,h u' ztt'tcl }rt'f Ôrr to be single-r,alued thr-oughout 7?. Thus the

standal'd boundarf integlal erluation fol an intelior'ltoint (o,lr) € 7l u,l:ich exPtesses

u(o,lt) in teurrs of an integlal l-ound the bouncìar¡'C'of R, can¡ot be used. Instead jt
is convel:ient to ltloceecl as fcrllou's. The domain R. is divicled up a,s shou,n i' pigu'e

5.2. Note that C - C:1 tJ C'2. Both u a,nd 7trf 0n ar-e kllon,ll on C1 and C2 th¡ough

c.alculatjon using (5.4.25 ).

c:t

Figure 5-2

Sinrple closed curves C1 and C2
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Nou'

u(a,b) :

u(a,b):

urhere

Ir.

-1

-1
r1[¡,(a, ô)] +

ni'1pfu,\)+ 1,,,u,',ù1ff,' - #,] (ts + rl

1,,,,,,,. r11#,,, - 
^Y,],,t

for (a, ä) e lr
(5.4.26)

(a, å) e 12

(5.4.27)

for r:7,2 (5.4.28)

and

f,,,'(*,rll#,,' - H"lcIS * Iz for

-1
. -_L,rl lt,(n, ¿,)l '

ar:d since t¿ ancl )uf 0n at'r: lulou'n on C1 aucl C'2 both.Il ancl 12 can be readil¡'

calculated.

The integlal in ec¡tations (5.2.26) ancl (5.2.27) can be discletised to pror-icle a

s¡'stem of linear-algeblaic c,rclttations fol the unltnorr'n t¿ and ?ttf 0n on 11 and 12.

Continuit¡' cronclitic¡ns on r/ ancl )tLf Ôrr on the interface of fl a.ncl 12 can then be

applied to corlplete the linear s]¡stern of ecluations sc¡ tha,t the s¡r5f,s¡11 ca,n l¡e solved

for u and ?u.f 0n,.

5.4.4 Nurnr:r'ical examirles

Proì¡lem 5.1

To demonstt'ate thr: acculacy of the methocl, consiclel the follou'ing boundar¡'

va.lue proì:lem.

Find a. soluti<-¡n tcr

A I .}uf
a. L{'vt-'a.l* 0

a
Au

T7

(5.4.2e)



u'lriclris valicl in the s(|ìalc 1< r, < 2, 1 <lJ < 2andissubject to theboundar¡'

conclitions

(1 - r'2 )alctan(e--r ) *
i
, ?: olt U:I1

?¿: -.)

i
u- -

2

1(Y' -'l ) alctan( y)+y
r(4 - lr2)

12 +4

oD t: :2
2

3, :2 arctti'(t t'-t ) + å

ul¡
rr(ø. b) : -7i

þ,u)-'
)tt' )tL
=-t/ - ;-uOn dt't.

on ll :2

clS

(5.4.30)

(5.4.32)

(5.4.33)

(5.4.34)

1tt'
0u \, tu(az-I) 1

A, : arctail(U) + ;tr - ;u on r: : l
This proìrlem aclmits zrn ana,ll'tical soluti<.¡n in the form

i. .) ,) 1, -- ;fu' - r'2)alctan(ylr,) * |zy. (5.4.31)

Accolding t<> ec¡rät,ion (5.4.25). the integlal ec¡rittion colr-esponding to (5.4.29) can

be u'r-itten ¿rs

t.
rvith t¿' is given b¡' (5.4.14) or-

It, - ):u

uthele

ni - 1r,'
1l

1
4i ri1 +-

a TU

4 : o{t"r,- -'0,},
r'f : *{,t - r,,)log(: -:o)* --r,log(-ro) -.},

4 : *{-,, z - i0)l.g(: - :o) -t:slog(-ro) +,t},

Fi : n{l,t i - ir)' toe( : - zrr) - !,,?,tos(---0, - 1,, 
z - Zrsf +},,rt}

To ensurc. tha,t '¿¿' ancl its nc¡r-rla,l clelivative )rt' f 0n ar-e single va,lued thloughout

the entirel¡' sclua,r'e borurclaL-r', it is necessar'¡' to cousicler- the br-anch cut of the com-

plex logalithmic fi-rnc'.tion in (5.4.3a). The acljr.rstment might l¡e done b}' u'¡;¡;tt* 1L"

logarithrnic function in the folm

log(:-zo):log( r.)¡t0, ,': [1.'-o)2 +(v- lù']+. (5.4.35)
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The imagitl¿11'1' påìr't,of'thc <'onplex logalithnric fiurct,ion in (5.a.35), d is dcter-mi¡ed

b1r ¿1t" follon'ing ploceclulc'

y-lt
Step1. Detemirx:0 -- ar-ct¿rn

Step2. If rr¡ > 0 therr 0 : 0.

sothat0<e12r.
I-ú.

If n1 : 0 ancl n2 ) 0theu d : d;

In the ca,se d :0, it should be lePlacecl b¡; B :2tr.

If rr1 : 0 ¿rncl n2 10 then d : d. (5.4.36)

If n1 < 0 ¿rncl nz ) 0 then d: d;

In thc c¿rse á > n. it shoulcl be rc.placed bv d :0 -2n.
If' rr1 < 0 ¿rncl n2 10 then d : d;

In the crase á ,lo, it shoulcl'be lr:placecl b¡, d :0 -2¡r,

'tvhere ??1 alcl tr2 ck:rnote t1."c,.ltt*'ulcl uolma,l col]ponents at point e9. Nou,, equa-

t,ion (5.4.32) cra.n be emPlo¡'r:d using the stanclarcl ìroturda,r)¡ element pr.oceclure. B¡,

r-rsing fir'e seÉlrlents on e¿rr'h sicle c¡f'the sc¡.lare borrnclar¡', a, comparison of the numer-

ical result,s using the borruclar-r' element technique and the a¡al¡'tical results on the

lroundar¡' f<¡r'the 0u.f 0n c¿rn be f'ound in the Table 5.1, u'hile the results for z a,r-e in

the Table 5.2. Numelic:rl t'esrtlts ancl anal¡;f,iç¿l lesnlts for t¿ ancl its normal der.ivative

at celtain interior points ale conpared in Taìrle 5.3. From Tables 5.1-5.3, rve find

that nutner-ical lesults to bc' iu lea,sonable aglec.rnent u'ith the anal¡'tica,l results.
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Table 5.1

Compalison of anal¡rfls¿l a,ncl numerical results

0u. f 0n. a,t l¡ounda¡1' points

Bcrunclar',r' lrcrint 0u l}n.(BEI\,I) âtr/ôn(ANAL.)

( 1.10,1.00 )

( i.30,1.00 )

( 1.50,1.00 )

( 1.70,1.00 )

(1.90.1.00 )

(2,00,1.10 )

( 2.00,1.30 )

( 2.00,1.50 )

( 2.00,i.70 )

( 2.00,1.90 )

- 1.3000

-1.0946

-1.0356

-0.9423

-0.9607

-0.0475

-0.1738

-0.3025

-0.3984

-0.5601

-1.235553

- 1.138967

-i.049541

-0.968742

-0.896625

-0.161 157

-0.238866

-0.327002

-0.42205r

-0.520840
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Table 5.2

Comperr-iscm of analytical ancl numerical lesults

for t¿ at bouncla,r-¡' points

Bounclerr'¡'1.r<-rint u (BE\,I) u (ANAL.)

( 1.90,2.00 )

( 1.70.2.00 )

( i.50,2.00 )

( 1.30,2.00 )

( 1.10.2.00 )

( 1.00.1.e0 )

( 1.00,1.70 )

( 1.00,i.50 )

( 1.00,1.30 )

(1.00,1.10 )

2-0465

2.7924

2.3269

2.4606

2.5724

2.3422

1.8157

1.3500

0.95i3

0.6198

2.058152

2.1 80798

2.3i1383

2.448556

2.589795

2.367646

1.831923

r.364246

0.965710

0.637463
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Table 5.3

Cornperlison of analytical ancl numelical results

fclr' u ¿rncl its normal clerivative at interior points

Interior' lroirrt t(BE\{) Tr(ANAL.) 0u l0y (BEjt{) 0ul0y(ANAL.)

( 1.10,i.40 )

( i.30,i.40 )

( 1.50,1.40 )

( 1.70,1.40 )

( 1.90,1.40 )

1.1287

1.0361

0.9518

0.8759

0.E0s1

1.1 0931

1.02103

0.94Ir2

0.86965

0.80610

2.0646

1.7738

1.7184

1.5901

1.6943

1.94688

7.84947

7.74964

1.65150

i.55762
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Ploblem 5.2

In the ìregirrning of this chapter', it is nentioned that the developrnent of bound-

a,r5r sl.ttt.nt mr:thocl c¿rn ìre clilectl¡' appliecl to thc' seepage ploblem. For- florr' of

glound u'ateL that obe.r's D¿llct"s l¿¡1r, the govelniug ecluation can be u'ritten a,s

*1,'#).*1,ff]:, (b436)

u'heLe 1{ : 1i(r:,y) is h,r'rh'arrlic cc,¡nductivit¡,,, H is piezometric head, u'hich is corre-

spondingtoec¡ra,tion(5.2.4)sirlpl¡'b¡'r"tr1u.'trgtrì¡'fI a¡d¡rìr¡r1f. Ofthepractical

iuterest her-e. t,he pr:r-meabilitv is chosen as the sqriare of the bilineal function

Ii (.t'. y ¡ : (/rr t:y I k2:t: I I'*J * År )2, (5.4.3i)

since it is eas¡' t,<.r usr: this to fit 1f(r,, y) to a u'icle la,nge of ficlcl per-meabilitl' dui,u. ttr"
nulnelicalresult,sfolthesec'p¿ìgeinascluarel¡oxbc¡uncledlrvQ(:z(1and0<y<1

u'itlr the bouncla,r'r'cc¡nclit,ions H:0 along;?: :0 and 11 :1000 along ¿:1and
0Hl0n.-0zrlongy-_ 0ancly:1u'hiciralepr.esenteclinecluipotentiallinesca,nbe

found in Figr.rre 5.3. Hele, the computatiou is c¿rlliecl out b¡' discr-etising the boundar'1,

over 32 eclual segments ancl the permeabilities ale chosen a,s 1í: (1.073r:y-0.6E4¿-

0.553y + 1)2 f<r:: Figule 5.3 (a) ancl 1í: (0.89949:t:y - 0.45228r: - A + 1)2 fol Figure

5.3 (b), Notr': that, sirnila,r'r'esults in Figure 5.3 (a)have been obtained by Rangogni

[59] using a ciifferent, mr,'lhocl.

5.5 Boundary elel-nent nretlrod for dynanric case

In this sectior. a class of ch'namic problerns ale conside¡ed. SpecificallJ/ \\'e con-

sider problems fcrl u'hich the clisplacenent ca,n be u'ritten as

tr(r:. y, t) : u(x:. !J)r-''' ,
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Darcy's Flow

0.4 0.8

(a)
Figure 5.3

Darc¡"s florv

so tlrat fi'o'r (5.2.3) ,(t'.y) rlrust satisf¡, the ec¡uatio'

0u

q

cq
o
(o
o
rú
o
c\t
o
o
o

e

qo
(o
o

ao
(\'
o
o
ci

Darcy's Flow

0.4 0.8

x
(b)

0.00.0

0u
dn:[,,

a
0;t'

+ a
ú

p * pu2u: 0 (5.5.2)0y

Furthermole, let

u(t',Il) - ¡,-iLt.
then equation (5.5.2) u'ill bc. satisfied if

u'heLe

(5.5.3)

v2Lï-/r(t.,y)Lr_0,

Â(,,y ) : +Y' t, - #t&)' . (H)'l - +

(5.5.4)

(5.5.5)

(5.5.6)

Suppose

pþ,y) - l'!(r,.y),

'*'here fr is a constant a'd the shear u:odulus satisfies

2 ll
I

0v

E4

(5.5.7)



t,iren ecluation (5.5.4) sinrph-r'<,'cluc:es to the Hchnholtz equatiou

vzu + ka2LI :0. (5.5.8)

5.5. 1 Bouncl¿rlv integlal ecßratiou

The leciplocal lr:latiou c:orresponcling to ec¡tation (5.5.2) sr.rì:ject to the legion

7? r'hich is bounclecl ìr1' the contour C is (see APpenclix A, theoreur 1 b¡' ¡sp1.cing z

with u, t¿' n'ith u')
0u'_ -:- ?)
dtt

0u
Â
Cln.l. I

,
U d,S : 0,

u'heLe u'¿rncl ¿r ¿ìr'e tllr,: s<.rlution to eclua,tion (5.5.2). It can be velified that the

funda.mental soluticn of (5.5.8) t¿rlies the fcrr-m (see fol example Coleman [20])

¿r : !yoçz.¡. (b.b.10)4 "'

u,heler:nr,/k,r-[(r:-o.)2+(y-ó)2]]u'ith(c,b) €R,and)''sclenotesthesecond

Bessel function of olclel zelo so tliat the solntion for (5.5.2) n'ith the shea,r mochrlus

given b¡' (5.5.7) can be cliosnn as

(5.5.11)

To obtain the iutegr':rl ecpration corr-esponclilg to (5.5.2), it is necessar'¡r fs exclude

a point (a, ö) ancl sullouncling it b)' a small cilcle f of laclius e . The ec¡:ation (5.5.9)

)'ields

,,' : |r,-ål-o(r, )

r1.9 : 0

(5.5 e)

(5.5.12)l"+l-
p

0u , 0t'
-/t, 

_ 

-l\0n.- 0n

It rla¡' be 1e¡ifiecl that

]rì/. ,l#o - #']cIS: þr(a'ó)l 
åt'(n,ö) (5.5.i3)
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Thus the integral ec¡ratiorr

À

(5.5,14)

rvlrere)isaconstantu'ith0<)<I. IfChas¿lcont,inuonslvtrrln'ngtangentthen

5.5,2 Numelical techni<1ur:

The nrtmer-ical technit¡te hele directlv ernplo,r's ecluation (5.5.14) þJ, cl;..r"r'.'r.*
tlre bound¿¡r'-r'C'int,<.r:\I segrneuts so that for ¡r(z,y) - (ltttlt I ¡t2t t ttsu + p.4)2,

t'here l-It.ltz,l,t,:t,lt.4 ale collst¿llts, the ecluation (5.5.14) is apploxi¡ratecl b¡,

À(p1cLb* ¡r.2rtl ¡r3b* ¡ta)u¡.(o.,1,) : I,,r,Tu,k - 10,,,51,1¡, (5.5.15)

)1,(cL,tl[¡rtu..ô)] + : l. rl#,, - !,,,] ot.

I
2

rn:1

u'ìlele urr., clertotes rralue clf'¿t ort segment ???, r¿'rr clenotes 0uf 0n. on segment rrr, ¿¡d

and Sr,Å. : l. ¡tu'dS. (5.b.16)

\\/lren nt f l,: the integlals in (5.5.16) ca,n ìre evaluatecl using stanclard nu¡relical

integr-ation techniclues (Fcrl example the Rollbelg integlation techniclue). \4lhen rrz :
k, the fir-st integlal in (5.5.16) rnay be n'ritten as

| 0u'T,nA: I t,-d.S
J c',, Ot1.

Tn,k : - Ir{r;1"") * ; [H1¡@r)t\(vr) -'t11þtr))¡t,,,.))]

{(u.tut, * ¡r2)n r * (¡r1 rn I tt.s),tz +(lrryt+ g2þt1 i(ptx)r+ l-q)n,2}-t

l. -i{ t ¡ 1,,, I + i Iur(ur ))' 1 (,, ) - tl;r'o(ur ))} -
1

|{t,tra+ rtz:1:l tLsU+ pn)llifur){ (r: -a)n1 +fu _ tt)n2} clS
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and the seconcl integlal bv

1
?t? Á' 

- 4
,' {l i,t ur) ! ! lHo(rr)t'1(ur) -'}11(ur)t¡tr')l}.S

{¡r¡ (r,¡, .t.tt + :1'tyt) I ¡r2(r,¡ + r¿) + LLs(ut, I yt) -l2pa} -r 1 ( î (5.5.i8)

|"rI{ t¡,1,','¡ + ! [uo,,,.)) l ( rtr) -'Jltt'o@ù]}

{(t.ty t ¡t2)þ: - a) + (rLtx t tt)fu - b)} dS

rvlrere r denotes half length of'segment k, (r:¡,,y¡ ) and (*t,yt) clenote the coorcli'ates
of end points of segmeut 1".'l7o a,nd 7û denote the Struve functions of order ze'o
a,n'd one r-espr:ctivel¡'. B<,rth ??1 tìncl tr2 denote the ¡ut¡,a¡cl norural colllironents u,ith
respect to spatierl r'¿lli¡rllles r. äncl y.

The integt'als irr (5.5.17) aricl (5.5.18) can ìre er'¿iluatecl numelica,lll, so that (5.b.1b)

u'ill for-m a set of linr:¿ll algcblaic ec¡rations. Orice this set of ecpratio¡s is so¡,ecl, the
values of ?t,,, ¿lncl r¿',,, ¿ilr: <.¡bta,inecl all ovel the bonnclar¡r. The nurlelica,l erra,luation

for intelior points ale thr:n car-riecl out b¡, emplo¡,ing ecluatio¡ (b.5.15) agai¡.

5.5.3 Another shear m<¡ch,rli

If tlre she¿il rnc¡chrlns ¡t.(:t.y) tales the folm

p.(:r,t1) : exp(¡r1 r i l-LzU), (5.5.1e)

'tvb'ere [r1 allcl pt are coustauts and t]re clensit¡'is gir.en b¡' (5.5.6), then (b.b.b) giyes

,\(;r:. y ) - (y?+r,3)-k,,t2i
4 (5.5.20)

To obtain the geuelal solution for (5.5.2) n'ith the shear modulus giye¡ by
(5.5.19), it is necess¿tlv to consider-thlee sepalate cases. The fir'st ca,se is the case

rthere the frecluencr, s¿rti"fie"

,zru?*t,i'' 4k' (5'5'2i)
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then the funrlament¿rl solrrtion frl. (5.5.2) is

The secoud case is the c¿rsr: n'ith the fr-ecluenc¡r 5¿ficfis5

2 ¡rl + ¡,.1

then the funclarnental sc¡lution is

,,' : Iex¡r [-(¡,1 t t y2y)f 2l]i¡(zr)

)
t.;

(5.5.22)

(5.5.23)

(5.5.24)

(5.5.25)

(5.5.26)

4k

,,' : *"xp [-(t,r t: ] ¡t2fif2l log(r)

The third c:ase is t,he c.asr: u'ith the fi.ecßrenc¡, s¿rtisfies

,)
u1-

2
lI +
4l:

then the funclament¿rl solrrti<.¡n is

i
"*p [-(lr r ] y2y)l2l Iio1r,r),?)

2n

rl'here 1í6 clenotes the lnoclifiecl seconcl Bessel function of zeloth or-der'. The nuurerical
solution fol this ltincl c¡f shr,'al mc¡dulus ca,n be c:o¡rputed clirectl¡, ìt.r, erlplo¡ri¡g the
integral eclttation as in (5.5.14) u'ith the funclarlertal solutiols u'given in (5.b.22),

(5,5.24) ancl (5.5.26).

5.5.4 Numelic¿il examples

Plol¡lem 5.3

The test ploblem hele is considered b¡l soh,ing the partial cliffer.e'tial equatio'

^11.,r,'#l*
:l:lJ )"

A test poblr:rl frl'shear noclulus ttþ,y): (LLtt.y * ¡12:r.* ltsy + 1,4)2

0t
ct.y

a
Ay Ir
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subject to llie s(¡rale lcgion R. u'ith 1 < r ( 2 ancl I < y < 2. Here the non-

dinrensionalisecl sheal'noclrtlus constants are t¿ilien to l¡e lt : I, F2: ¡t4 - ¡ta - 0

and ¡u : 1. Bl'specilllilg u : Jo(vR)lk,y) on all ovel the bouncla,r¡', u'hele Jo

denotes the fir'st Bessel firncti<-¡n of or-der zelo ancl .Il : 12 * !12 then discr-etising the

boundar¡' of each siclr: of t,hr: scluzrle into fir'e ec|.ral segrlents n'e obta.in the numelical

lesults a,t s<-rme bouncl¿ilv p<.rints f.ot 0uf ðn as in Table 5.4. The anah'tical results in

Table 5.4 ale given ltv

0u
(5.5.28)

0n.

'n'hele ??1 eìncl ??2 (lenote thr,'outt'alcl nolnral corlU)onents ancl ./r denotes the fir'st

Bessel funct,ion r,¡f'<¡r'cler' <¡nr:. Flom Table 5.4, u'e caD see that the numerical lesults

and the anah'tic'aI lesults ¿ìr'e l'e¿ì,sonable compat'ecl.

Problern 5.4 : A test ploblem f<,¡r' sheal moclulrts ¡r(r:, y) : exp(¡r1 x: + LI.2U)

B)'specifj'illg thr: ln¿rt,eli¿rl consta,nts llt -- .2, F2: .1 and ft : .3125 or using the

rratelial n'ith the nou-climr:trsionalised shear moclulus Uþ,y)ltLo: e-\p(.22+.19) and

tlre densitJ, plpo: .3125exp(.2r, + .1y), the fieclrencies c¿ : .4, u: .2 a'nd u : .1

then are appliecl. The c:onrp¿l,r'ison bet,n'een numel'ical solutions and the anal¡rfiç,¿l

solutions fo'- 0u f 0n on the ìroundar¡' ar-e in Table 5.5. Similal compa.risons fol u

at interiol poiuts ale in Table 5.6. Note that. the numelica.l results in Table 5.5

and Table 5.6 ¿rle obtaiuecl rrsing the similal clomain ancl disc:r'etisation points a,s iu

proìrlern 5.3 ancl specif-r'ing ¿t all over the bouncletrl'b1'

(+p-#) .,-(+P+!p)",,

u : exp[-.tr' - .oby]./o(.i936b

u: exp[-.tr'-.05y]

tt2 * !J2 ) for u -- .4

for- a: .2

,t2*y2) for a:.I

(5.5.2e)

? : exp[-.t.,, - o5v]10(.09682

u'heLe Jo ancl .16 clenote thr: first Bessel function ancl modifiecl Bessel function of

zeroth ordel respectivel¡'.
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Table 5.4

Compalis<-rn of anal¡'tical and numerica.l lesults

Qp f 0n a,t bounda.r'¡' points

Borrrrcl¿r.r'r' point 0ul?n(BÐM) 0ul0n.(ANÃL.)

( 1.30,1.00 )

( 1.70,1.00 )

( 2.00,1.30 )

( 2.00,1.70 )

( 1.70,2.00 )

( 1.30,2.00 )

( 1.00.1.70 )

( 1.00,1.30 )

0.5s86

0.3120

-0.1680

-0.0868

-0.0867

-0.1 681

0.3120

0.5887

0.601661

0.313602

-0.1 70697

-0.0s7995

-0.087995

-0.1 70697

0.313602

0.601661
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Table 5.5

Cotryalisou of anal¡'tical a.ncl numerical lesults

0u f 0n. at boundar-¡' points

a:.2

Bouncl¿u'r'point BE\{ ANAL. BE\{ ANAL. BE\4 ANAL.

u)4(n) 1

( 1.30,1,00 )

( 1.70,1.00 )

( 2.00,1.30 )

( 2.00,1.70 )

( 1.70,2.00 )

( 1.30.2.00 )

(1.00,1.70 )

( 1.00,1.30 )

0.0551

0.0532

-0.0995

-0.0962

-0.0622

-0.0661

0.0945

0.0969

0.0562

0.0535

-0.1 007

-0.0977

-0.0635

-0.0666

0.0954

0.0984

0.0409

0.0399

-0.0759

-0.0741

-0.0374

-0.0395

0.0822

0.0835

0.0418

0.0401

-0.0767

-0.0752

-0.0382

-0.0397

0.0831

0.0848

0.0373

0.0365

-0.0697

-0.0683

-0.0309

-0.0326

0.0790

0.0801

0.0381

0.0361

-0.0705

-0.0693

-0.03i6

-0.0328

0.0800

0.0813
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Table 5.6

Compalison of anal¡'tical a.ucl numelicaI lesults

a,t intelior ¡roints of u

,t:: .4 ,,r- Ð u:.1

Interior point BE\.I ANAL BE\,I ANAL. BE]\{ ANAL.

( 1.30,1.30 )

( 1.50,1.50 )

(1.70,1.70 )

0.7970

0.7652

0.7335

0.7970

0.7652

0.7335

0.8228

0.7985

0.7749

0.8228

0.7985

0.7749

0.8294

0.8070

0.7855

0.8294

0.8070

0.7854
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5.6 Boundary element nrethod and pertur.l:atiorr techuique

5.6. 1 Pertulbation technic¡re

The coupling of'the l¡orurda,r¡' elentent mr.-thocl ancl the pelturbation techuiclue

is investigatecl here. Using the same transfolrlation as in (5.5.1) and (5.5.3) and

a,ssuming that the clensit¡' of'the naterials ale ploportional to the shea,r rnoclulus a,s

given in (5.5.6), the ec¡ration (5.2.3) is then transfor.mecl into

V2¿/ + l\(:r,y)LI ¡ t,2Lr :0, (5.6 1)

t'here
1 -1 -2lJ \' //, (5.6.2)
2

antd v2 -- ku'2

Instead of ecluatir-rn (5.6.1) her-e, u'e consiclel the ecluation

v2¿¡ + [eL\(r,. tJ) + u2](J : o, 0 1 (5.6.3)

or', in other t'olcls. ecluatiou (5.6.3)is thought c¡f'as a pelturìrationof equation (5.6.1).

For e : 0, ecluation (5.6.3) simph' recluces to tlre Helmholtz ecluation, ri'hilefor e : 1,

u'eobta,inecluation(5.6.1). If v-0theneclua,tion(5.6.3)simpl5'reducestothestatic

problem.

The solutic¡l c¡l'(5.6.3) is soright in the fcu'rn

tþ

.{(,,y ):!,-,1(#)' . (H)'l

e

Lr :\eiLi; (5.6.4)
i:0

Using (5.6.4) in (5.6.3) ancl olcleling the po\\,ers of epsilon ),ields

v2uo + u2LT,
n

-1- rV2 ¿i, ¡ t,2 Li, * ÂLro
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This ecluatic¡n is then soh'c'cì fol.

v2uo ¡ u2fro _ g. (5.6.6)

u'lrich is a Heh'h.ltz ecßrati'' (or Laplace ecpati.r't jf t,: 0), subject to the gi'e'
boundar-y conditions' Oncc: this ecluation is soh'ecl, it ¡rrovicles the fir.st right ha'd
side of the lecursive ft¡r.m ol

V2Li¡ ¡ t.,2LI¡ - -Â(r, y)Lí¡_t i: I,2,... (b.6.2)

These equatic'rus then c:an bc: soh'ed subject to specifiecl zero bou¡dar'¡, conclitions.

Here it is a,ssttmecl that the bounclzir'¡, conclitions f<l' Uo ,L\t,.. . ar-e i'rposed. The gi'e'
l¡oundarv colclitions alr: rtsecl f'ol Uo, so that the r-elnaini¡g bou¡dar-¡r s.rr¿'aions for
LIt rUZ, . . . al-e Z.et'C).

5.6.2 Bounclzrr-¡' elernent met,llocl

The lloundar'¡' p1s11'tent met,hc¡d for soh,ing the Helnholtz ecluation or Laplace,s
equation is l'ell establishr:cl (see for exer,urple Cnrse [22]. Rizzo [61]). \\/ithout a.¡,
difficultS', this bouncl¿lr'\' ek'nrent methocl can be extenclecl to solve ecluatio's of the
t¡'pe (5.6.7).

\\¡ithorrt going i't' clr,'tail, the cor-r'esr)c)llcri'g bou'crar¡, integr.al ecFrations for.

ecluation (5.6.6) alcl (5.6.7) are

lrur# - r,#ri^s: )rrs(a,t)) 
(b.6.8)

lru,# - r,X rts : srt¡(u,,ù * l,,c;ALtl-r dR i > 1

u'here)isaconst,antu'ith0<)<I. IfC,hasacontinuousl¡,t.,rr.trrrtangentthen
S : T. Tlie Gr-een fïurctic¡n ot' the funclamental solution hele is give¡ b¡,

ftrr'
(5.6.e)

l./ 0
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witlr¿-y[-1,7-- (;r' - o)2 + (U - lr)2 ancl l/0 clenot,es the Hanliel function ol the

third Bessel firnction of zc,:r'c¡th olcler.

5.6.3 Numerical results

Problern 5.5 : A test proìrle'r (co'rpa,riso' u'ith proble'r b.1)

\\/e consicler the ploltletn 5.1 again using this cou¡rling of the bou¡d¿r'¡r sl.t¡.n,
and perturb¿rtion technicltte. Using fir'e segments on each sicle of the bounclar), and

discretising the clom¿lin R. into 36 suìrcloma,ins, ancl r.rsing th¡ee te¡¡rs of the per.tur.-

lration selies, the utinrer-ic¿rl lr:sultsfor- 0þl0rr ancl fr,u'çó on the bounda.r-J, a,re obtained

as in Table 5.7 ¿rlcl Tablr: 5.S. The results of the numelic:a,l corlputa.tir-¡n for- some ?¿

a,nd ôuf 0y in the intr:r'ior' points ¿rr.e in Table 5.9.

Although the cotlpzr,r.ison betn'een Table 5.1, Taìrle 5.2 ancl Table 5.7, Table 5.8

shou' that the corrpling bet,n'een the boundar-¡, element llethocl and the perturbation

technique is less acculate. it provides the solution for a more genera.l shea,r- 
'roclulus.
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Table 5.7

Compa.r'ison of analytical ancl numerical lesults

0u f 0n at bouncla.¡'._1, points

Bcrrurclalr'1r<rint 7zL/7n(BE\[) ôrr/ôn(ANAL.)

(1.10.1.00 )

(1.30,1.00 )

( 1.50,1.00 )

( i.70,1.00 )

( 1.90,1.00 )

(2.00,1.10 )

( 2.00.1.30 )

( 2.00,1.50 )

(2.00,1.70 )

( 2.00,1.90 )

-1.1820

- 1.0919

- 1.1035

- i.0633

- 1.0399

-0.1916

-0.3317

-0.3589

-0.3524

-0.3680

- i.235553

- i.1 38967

-r.049547

-0.968742

-0.896625

-0.161 157

-0.238866

-0.327002

-0.422057

-0.520840
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Table 5.8

Compalison of anal¡'tical ancl numerica,l results

fol r¿ at bounda.r.¡'points

Bouncla,r-rr Point rI(NUIVI.) z (ANAL.)

( 1.90,2.00 )

( 1.70,2.00 )

( 1.50,2.00 )

( 1.30,2.00 )

( 1.10,2.00 )

( 1.00,1.90 )

( 1.00,1.70 )

( 1.00,1.50 )

( i.00,i.30 )

(1.00,1.10 )

2,01 75

2.1273

2.2052

2.2836

2.3536

2.1495

1.6685

1.2599

0.9111

0.6744

2.058152

2.1 80798

2.311383

2.448556

2.589795

2.367646

1.831923

1.364246

0.965710

0.637463
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Table 5.9

Compalison of a.nalytical ancl numer.ica,l results

fc¡r' '¿¿ a,nd 0u/0y at intelior points

Interir¡r' l.roint rr (NU\,I. ) tr(ANAL. ) 7tt I 0y (NUx{. ) 7tr, / 0y (ANAL.)

(1.0833,1.4767)

(1.2500,1.4767)

(1.4167,1 .4167)

(1.5833,1..1167)

( 1.7500,1.4167 )

(1.9167,1.4167)

r.74992

1.07388

1.00352

0.93912

0.88047

0.82726

1.1279

1.06i4

1.0118

0.9672

0.9224

0.8751

1.9578

7.7974

1.7616

1.7306

1.6995

1.7633

1.98409

1.90395

1.82102

i.73807

1.65694

1.57892
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5.7 Further technique for. the dynarnic case

In the sr:crtion 5.4 rvr-' h¿n'e consicleled the ¿rnti pla.ne cleforrnation for- the static

case inclucling the case that t,he shea,r modulus t¿llies the folm

¡t.(:r:, y) : -X(r)) -( y). (5.7.1)

Here, u'e extend the bounrlnr'¡' <'1sttt.nt methocl fol such mater-ials to the d),¡a,mic

ca,se

In sectiou 5.5. u'e hatr: seen t,hzrt lt¡' using the si¡rple tr.a,¡sfor.mation a,s girre¡ i¡
(5.5.1 ) ec¡,iation (5.2.3 ) ber'orrr:s

*1,,#l. &1,,#)i puzu:0 (5.7.2)

and b¡' r-rsing (5.5.3) \\;e c¿ìrl r,ecluce ihe ecluation (b.2.3) into

v2LI - /\(:t:,y)Li :0. (5.7.3)

r'r'here 1\(r'.y) is given bl-(5.5.5). In the ca.se that the shear-mod.ulus is giye¡ ìr¡,

(5.7.1), then eclua,tion (5.7.2) c¿rl be u'r'itten a,s

v2¿/ - iA, (.') +.Lr1v) - prz(-\)-)-t]Lt :0, (5.7.4)

u'here Â1(r) ancl .t\2(y) ar.e given ìr¡' (5.4.4)

5.7.1 Genelal solution

For the case u'hen the clensitv of the materials satisfies

p(n ,U): Ã'Í(r'. y),
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the genelal solution of (5.7.3) can be sought in telrn of the clouble series form

¿,: Ë i t, (t)su,(y)c;ü'("',y),
n=0 rr¡:0

(5.7.6)

(5.7.7)

u'ith GF satisf¡'ing the lu'<.¡ climensional Helnholtz equation

u2 : l¡,ts2

Substituting (5.7.5) iuto (5.7.3) ¡'ields

If u'e choose
AG

v2 C;1,:' + u2 G';' -- o

å å{ o,,,, rl'*# + G';' #] + ,,(olrfff + Gi' #]
- (4,(r:) * r\z(y)) .f',(t,)gu,(y)C;]') : u.

(5.7.8)

¡lt
il

0;t:

)C;',i _
0y

C]'r',t -t

Ci',','-t

n)1for

for

?11.

?71.

0 ancl

1 ancl n)Q,

(5.7.e)

(5.7. i0)

then ecluation (5.7.7) u'ill r-anish if ancl onl¡' l{ .1,, ancì g,,, sa,tisfj,

2ü=.#-Â1(r:).f,, : s,(t:7: .,!:." (5.7.1i ),d!¡lt+t + t+ - Lz(!t)t,,, : o,dy (u'
for n ) 0 ancl rrz ) 0 tvith .lo and 96 being constants. Thus the solution of (5.7.2)

lrra¡r bs expressed in the folm

. .-r oo æ)

,' : [¡,(.,', y)] -á t | .f,, (.t')su.U)Gü'(t,.y). (b.7.12)
n:0rlz=0

5.7.2 Bounclarv integlarl ec¡ration

It has been shc¡u'n iu the plevious sectiou that bv choosing specific materials the

series can be t,rttnca,tr:cl thus conrreÌ-gence is ¿rssuled uniforml¡' and absolutel¡'. Hsr.

u'e discuss a rnore specific' r,ase in u'hich the she¿rl lnodulus is given by

¿r(r;) : (or: f l3)-'. (b.7.13)

100



Using (5.7.13) in (5.5.14). tlrr: irrtegleil er¡ration can be u,r-it,ten as

,\1:(n, ð)(n a -t þ)-t : (at: ¡ ¡l¡-z
0ut

ll- 
^ 

?)
u1?

0u'
On

¿S (5.7.14)

u'heLe

ri'ith

and

u'ltere

ci¡ - ]r;,1,,-y,

tr':(a:u+þ)C;o-aGt, (5.7.15)

':[(r, -()2+@-¿,)'] å, (5.7. 1 6)

-, 1
Ll 1 

- -'4
:?'

)l¡þn) ü, F: [(r - e)2 + fu - b)t]i. (b .7.17)

5. 7.3 Nurlelica,l lesrrlts

In or-clel to etahiate thr: integral ec¡ration (5.7.14), it is necessa,r-)¡ to olttai¡ the

functions t" a,ncl fl¡,'f 0n ancl/or- the frurction G6,G1 ancl their- nolma,l cler-iva,tives.

The eva.luation of Go ol ecluivitlently ¡hs Bessel frurction and its uorrla,l der-ivative

can be easih' obtainecl (see Aìl'amou'itz and Stegu" [2]). Hou,ever it is mor-e clifficult

toeva'luate CJ1 artcl 0C;110y sincethesefitnctionsaremultiva.llecl. Bl,expa¡cli¡gthe
Bessel func.tion )t in (5.7.17) in an infinite series in the fcrrm

\/s(vr): 3 
t,r( îù{
22*-r+-7Tä

1al:-:
4

1

7 - tt1r2 rr2 ¡ ct.2t'4 u4 - tt.¡t.6 u6 + a,ar"8 trï - o.5t'70 tr70

)')
7'- t/- b1 - b2r2 u2 + btra ,,,t - brru r.,6 ¡ bsrs uB

b,:I(-r+r¡
br:ä(-i+r+l)

b

(5.7. i8)

(5.7.1e)

uc---64
1

(Ia 
- 

-

" 2304
1

A4

1

" 2304
1

l,t

(-r+r+]+])
,7(-i'+1+t+r47456

i
747456

1

1 1.
5+a)

(-r+'*;*å*i.ålat- 
- 

-

''" - 14745600
A5

14745600

101



and 1' : '57721566490153 is the Euler constant, t,he evaluation of the i¡tegr.al ca' 6e

cauied out aDd the r'¿lhir: of'tllc ¿tlcta,n firnction c:¿r,n be adjustecl to malie the functions

single valued (Gla¡rhs Ilustr'¿rtion of these multir,¿r,lueness fol CJ1 a¡d 0G1/0y c¿r,' 5e

found in Appenclix B). For example, if )'i¡ is applc-rximatecl as i¡ (b.7.18) t¡e'

G

ôG, 1

0y 2n

2t,6

,rJ r-2 ¡ 2r,6 t,'¿t"l

: +{,t- l)x+,,'i'(? -îl +,'#(¿,,++)-,,0'(? *#)-
,a*ri,z t* * *l - u44,4 (br* *) +,6*T f? * #l *,u*rirf ?*
ffl + ¡,6x3ir(1', + ffl * rz6¡,6(ö, + #l -,,,*otl * #l-
,,t:i;2 t4l't , 29t1r ..e-'-s-..¡ r 6ö¡ , 233ua \ 8 .s.(,,4bs 187ca ,r/ x J' ( i * 4+1 / - r,"ry'( ¡ +,f,¡ ) _ ¡/"x"ir(T * d)_
,,8x! (bo + Ï# I *ä$-1,,'n,j¡ + å,,n,,rjþ -fr,,unr¡i. # u8a,¡p)

* ln(írl 
l*f 

r - t,2r,t,'2 ¡ t'4(t2r-4 - t.,6(t,)t.'i ¡,8ct4rr) + f ç2.rror-

1/(L.tx

4

5

+

8 I_ l/
15

,r8r,.r,u) +*t( (t2 lru,,r,'+ ffi r'.,,,"n )
,l

o)

)

ìr,tnn,'o)+ *t($rro,

16

-u35
192 R(13 - --:-:- I/- ,')6 384I-' g4s

.9x 8
Q

(5.7 20)

{2,,'o'1i,, 
-+) -zz4x3- r* * 6l -4,,{¡;3 (br+*l*

.'i(+ - #) + 4,,6x31;3(f,, + ffl r 6r,c¡;s(ö, + ffl-
2r,8x?5,( + - -]þ- 428x51,3t? * #) - 6,.*,,,r f? *#l
- 8,'8rj(1,, + T#)- Ë(o- i,,',,,jr * fi,{o2¡,5 - ff,,0o3¡;'

. #,*".,¡'o) * ä(t -2t,2ut" + I ,,',,rj! - lronr¡r- #,,*.,r¡f)
n å(of r - tr2¡¡1t'2 ¡ tr'tcL2t'4 -,16{13,,6 *tr8a.t'*) + x'(25rror-
,t! tr4 (,.rri2 ¡ )7t6 rr., ?"j -3-

8
tr6 ct.ll-2 I

48

15
tr8 crara )5

+-t'(I,,u',, - # ,,8,,4,'21 * #r*n,*') * r'(irl (*f- 2r2a1¡

4,,,4 a.zr-2 - 6u6 ¡¡rr'{ + El,8rr¿ru ) + *tÍ(- l,n o, * 8v6 61ry2 - r6u8 aara)
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+ *tt'(- ï,,un, - # ,,8 r,4,"2) + *ti(- # "-", ,) ) (5.7.2i )

(5.7.22)

u'here
X::?: - l¿,

)' lJ-b,

,'- [(, -o)'+fu- Ðr]+,
*
á : arctan

:t: - Q,

y-b
*

Here d is given ìr_r'

ä:!_r2 (5.7.23)

u'here d : a,r'ct¿ur((y - lt)l(t' - o)) obtainecl þ,r, the pr-oceclur-e as i¡ (b.4.36). To this
erìd, tt'e note that z shoulcl l-¡e sufficientl¡, small to ensure the selies in ec|_rations

(5.7.18), (5.7.20) ancl (5.7.21) erre convelge.

Ploblem 5.6 : A test ltr'oìtlc'ln frl' cl.r'namic ca,se u,ith shear moclulus ¡r(rr) : ço,r-l lJ)-2

Here, rr'e tr')' to fincl the solution of the paltizrl cliffer.ential ec¡ration give¡ b5,

* [''-' #]. *þ-' #l . x,-2 r, : o, (5.7.24)

sr-rìrject to clomain 1(:1: <2,r <u < 2 ancl the bounclarv conclition

,, - (r - I)r'' cc:s(/ùy), (5.7.25)

u'hich is spec:ifiecl all over. tìre ìrounda.r-r,.

Using the llouncl¿ìr'J¡ element methocl ancl cliscletising the þouncla,r.¡r j11¿o t*,e'tJ,
equal segntents, the nrtmelical resultsfor- 0t,/0n a,s u,ell as the a'ah,tical results for
tu'o sides of the boundar'_r'ale given ìt¡' 1'o¡rr" 5.10 belou,. FLom their compa.Lison g,e

ca,n see a good agleeurr:nt ltr:ttveen the nulnelicr¿rl and the a¡al¡,tical solutio's.
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Table 5.10

Clc¡npalison of anal¡'tical ancl unmerica,l r.esults

0u f 0n at bounda.¡-.r' points

Bcrundar¡'1r<rint 0ul0n(BEM) ôr,/ôrz(ANAL.)

(1.10,1.00 )

( 1.30,1.00 )

( 1.50,1.00 )

(1.70,1.00 )

( 1.90,1.00 )

( 2.00,1.i0 )

( 2.00,1.30 )

( 2.00,1.50 )

( 2.00,1.70 )

( 2.00.i.90 )

0.6247

1.5785

3. i366

5.2351

9.4378

0.1422

-4.0062

-7.7295

-r0.7404

- 14.1359

0.4i9656

1.537705

3.130263

5.352636

8.405645

0.224048

-3.908752

- 7.730931

-10.938748

-r3.277284
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CHAPTER 6

ANTI_PLANE DEFORMATIONS FOR ANISOTROPIC ]\4ATERIALS

6.1 fntroduction

In the llleviorts cllaPter'. tt'e ha,t,e consiclerecl arnti plane clefc¡r.matio¡s for isot.opic
inhomogeneous rlat,e.i¿rls. In the present cha,pter.. the bouncl¿ì.r)/ element methocl is
developecl tc¡ solVe tltr'r rlrolr: genelal ¡rloìrlem of'anti plane pr.oble'rs for i'ho'roge-
neous anisot,r'o1tic mat,eli¿lls.

Iu sectic¡n 6.3, the borutcla,r't' element meth<.¡cl is cleveloped for- hanclling a specific
static case ill u'hich thc r:lastic pala,metel valies in one spatial clir-ectio¡ o¡11,. The
genela,l sohrtiorl for- this sPecific material is obtainecl ì¡, mocl'fi'ing the solution given
ìl¡' ç1"tt "t ts ¿rncl Rogels [19]. Numelic¿rl apploxiuratio¡ a,s u'ell as a test pr-o6lemfol
justif¡'i11g the a.cculacv of'thr: ploc:c'clure a,r-e cliscussecl. For the cl¡,'a'ric case, the fu.-
clamental solution of'zr sltr:c'ific ma,terial is c¡bt¿linecl thloug¡ seyer.al tr-a'sfor-mations.

A nulllelical exanltle ¿ì,s ¿ì tr,:st plol¡lem ca,n alsc¡ be fc¡uncl i¡ sectjo¡ 6.4.

6.2 Basic equations

The gover-niug ecltratic¡lt ftrl the cl¡'namic case of a¡ti-plane clefor'ratio's for-the
inhomogell.eotls mat'r:r'ials c,c¡nsiclelecl in the presert chaptel is girre¡ ìt¡,

0 | }uf 02tt
0,r, ¡ttii at j : ' arr' (6'2'1)

\l'her-e the lepeatecl sr.rffix sturuna,tion convention (summingfro¡r 1 to 2) is emplo¡,ed,

I is the time coor-clin¿rtr:. ¡r is ihe densitS' of the materials, ancl the shear- modulus

lt.tz : ¿r21 satisfies the ellipticity condition

!?z - ¡t111t22 { 0. rc.2.2)
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Note tlrat if 02u.f 0t2:0 t.hr,'n (6.2.1) recluces to the ecluilil>r'iurr e<luatio¡

a
0tt

0u.
tlij 0u -0. (6.2 3)

(6.3.2)

6.3 Boundary eleme¡tt rnethod fol static case

Iu genet'al, to obt,ain the ana,l¡'tical sc¡luti<,rn of (6.2.3) is clifficult. Hc-¡u,evet-, for

certain tlatelials fcrt' u'hich the sheal modulus is a function of one spatial coor-clinate

onl¡',, it is possible to r¡ltt¿iin the solution of (6.2.3) in te¡¡rs of a¡al¡,ti6 fu¡cti6¡s.

6.3. 1 Gener-¿rl a,nah'tical sohrtiolr

The shear mc.¡clulrts is c<.rnsiclerecl hele to be a function of z2 onl¡r. Follorvi¡g

Clements ancl Rogers [i9], let the displacement r¿ talie the form

ôc'

,, : I Tu(t:2)8,,(,r,r + ^9(r'2 )). To I 0. (6.3.1)
l¡=0

a,ud .Ð,, satisf'1' the lecrtllr:ncr: r-el¿rtions

E I
't1 Eu-t fol n:1,2,...

u'hele the prime cleuotes tl.re clerivative rr'ith lespect tc¡ the ar-gument in cluestion

Then b)' substitutiou of (6.3.1) into (6.2.3) ¡'ielcls

T T,,E::[r,rr * 2¡r 125' I ¡,225'2f * E!,,f¡/,,5'7,,*
oo

2¡t21Tl, ¡ 2¡t225'Tl, * ¡t.22S"Tn l- p'zrT"l + E,ly'rrTi, 1- ¡t22Tl,)

n=0
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Ë
n=0

TuE!,',(¡rtt *2l,tzS' + ¡,225'2)+

2E!,,(¡t1z I ¡t22s')+ *l(t,rz + tLzzs')ir,,) + 8,,*l,zzTi]) : o

The fir'st ter-m in (6.3.3) t'ill va,nish for-all rz if

Õt -lf) : lt.¿í l,-p.tz i (tr2,, - lttt prr)il.

The rtse of the seconcl t,elrl together u'ith the thilcl ter.m provicles

To: Cltuz * t,rrS'l-tr,

u'here C' is an ¿lrbit,r'¿il'r' c'onst¿rnt and

T, : -'rl,,tz * ¡,22s'f- + [l ¿¡;\p"ri'-I] u,,r, ror , : t,2,.t L lLtz I ¡tz2S,)2 )

ol in anothel fc,¡r'm

oo

(633)

(6.3.4)

(6.3.5)

(6.3.6)

In vies' of (6.2.2) it ftrllou's tliat (6.3.4) ¡,ielcls a, c<tmplex conj¡ga.te r(r:2) a¡d
T("2) u'hele r(e:2) is obt¿rirlr.rcl fi'om (6.3.4) Jrv t'.l"ng tire positive sign. The cor-r.e-

slronding ?,, oìrtainecl fi'c¡m (6.3.5) and (6.3.6) u'ill be denotecl ltv 7,, a¡d 7,, r-espec-

tivelJ'. Hence ¿l rea,l func't,iou t¿ u'hich sa.tisfies (0.2.3) may þp n,r.itten in the form

lr: t 7,,(,r.',)8,,(r1 * r(:r2)) + 7,, (:'t:2)8,,(.', + z(:r2)) (6.3.7)

(6.3.8)

r¡=0

u'ltere

and

Its: f¡,tttL,zz - l,ir)-i

Tr, : ('7"-i ¡1,r,

7,, : C(-r)"-* h,,,

,

t f . ^-_l d.t 
.l L,,rtltzz- t,?r) ' 

^{t,rrT!,-r}cln'r.
t',, : I fht LLzz - y?z]
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Let z: :?:l * r(x'2) so tlì¿ìt fi'om (6.3.2)

8,,(z) - E,,¿(t)d.t f'or ?? : 1,

u'e obta.in the general sohrtion for ecpration (6.2.3) a.s

t (6.3.10)

(6.3.11)

Hence

E ,( z) t [' , 2 - t)rt -t Eoft) d.t for- rz ) 1(rr - 1 )! -/n 
t-

Furthermole, if 'w'e choosr:

8,,: ],åo,,1--¡, (6.3.12)

(6.3.13)

I.L: C, /r¡(r:r)tn{Õn(.)}+

!{-t)" h 2,, -t ( ;r:2 )ì { 
(Þr, -, (t )} + h,.,,,(n:, )ft { Or,, 1 z ¡}

oc

lr: I

u'here ft and '3 clenole the le¿ll zrncl imaginar'¡' palts of the argumeut of the complex

fuuction resp ec ti vel-r'.

Ec¡uati<-m (6.3.13) ¡tr'<,rvicles the r:ecluilecl sc¡lution to (6.2.3) in an¡,clomain in

u'hich the infinite selies ('on\:elges nnifolmlr'. The unif'or-m con\¡cìrge of the ser.ies rla¡,

be investigatecl after tl:e mäìrnel-of Bergrna,n, but here it x'ill be sufficient to note

that for cet'tain iuhomogc:neities the selies (6.3.13) tmncates after-a finite number of

terms. For tltis cla,ss t.rf 1>r-oblems t'hele the shear modnlus ¡l,,¡ ta.lies the forrl

l-ti.i : )¡¡(ar,, + Í)I', (6.3.14)

u'itlr )¡¡ , a, lJ,/l a,t'e c<.rnstants, u'e olttain

/zs - {1o,1:z * lJ)-i . Â : ( ÀttÀzz - ^?)-i
h

(c, Àzz¡'r -t 2t'*l
23,,, !

p(p - 2n) ll [p' - (2,')'](o.', + p)-Ë-" (6.3.15)n-l
't1. -

r:7

It is clear that fol celt¿rin nrtrnl>er of p ol fol p - +2,+4,... the h,, r,anish thus the

series con\¡er'ges unifcn'ml¡'.
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6.3.2 Bounclar¡' integlal cc¡rat,ion

We consider- a, r'cgion I ìrc¡uncled b¡' ¿ sinrple clc-¡secl culvecl C. Fol a point (o, ö)

ot C , define a sl:raìl semi cilcle segment I ceut,r'e at the point (a, ò) u'ith radirrs e . Let

t¿ denotes a lec¡rilecl s<¡lrttic¡n to the boundarl'r'¿rlue problr:m govelned ìr¡' ¿1r" 1>ar-tial

diffelential eclua.tiou (6.2.3) and t¿'be another solutic-¡n to (6.2.3) given b1'(6.3.13)

s'ith

Õo(t) : log(: - :o), (6.3.16)

t'heLe z -- :t:t I r(rt ), :o : a * r(ó). Hence

u' : C: lto(r'2)ft { l.rg(*- - to )} +

, ît-t)" lhr,,-r(,¿'z)3{02,,-rt')} + n2u(r2)ft{Õr,(')}1, (6'3'17)

rr=r L ''l
u'here

(-1)'(r -;o¡n-r-r
('' + t)!(rz - 1- r)! (.- - .-o)''+' log(: - ;o)-

(6.3 1s)

n-l
(Þ,(:) : t

r-:0

(-ro)'+r l'g(-:¡) - 
=Ë 

. ?:)
Here the logar-ithmic firnction in (6.3.16) shoulcl be selected in such a, \\¡â,J'so that

the functicrns '¿¿' a,ncl its paltial clelivatives are all single valuecl thloughout the entir-e

clonain. The recipr-ocal lr--l¿rtion con'esponding to ecluation (6.2.3) is (see Appendix

A, theorem 2 b¡' putting * : 0)

t,
|\6gr, on I

x'l : (t f e cosd, t:2:Itf e sind,

ro:(t +z(1,),

- ol e cosd*r(ö*e sind)

: (t I ecos0 * r(ö) * e sin 0r'qb¡ * O(ez),

z - jo : elcos 0 + r'(t))siDd] * Oft2¡.

}tt. , 0u'
ltii 0xj?7.i1t - lti.i ¿rtt;tt d.9:0 (6.3.ie)

+]-

T¿' + íl'2
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So that

u'here

o

tt.' -- Cllt u(ö + r sin á ))Ê l<rg [e 
(ccrs á * r'11,; sin 0¡ + O(e2 7) +

c t(-1)" h2,,-t(b*esind)S (Þ2,,-l I hz,(ö + e sin d)ft
oo

tl:]
Õ2 n

.20
)l ,

(6.3 )

't1 F ,,1, 
t)', 

^,n[e(cos 
0 + r'(ö)sind) * o(e2)]'¡-r-r

?, þ'+ 1)!(r - 1 - 't'): -

(

{ [.(.or 0 + r'(ô)sin 0) + O(ez)l log[e(cosd + r'(ó¡sin 0) + O(r2)]-

[-{n + r(b))]''+' t.,g[-(n + t(¿,))] - [e (cos 0 + r'(b) sin 0) + O(e2 ) ]'-*t +

[-(" + r(l))]''+r
r+1

+ O(1) * O(log e ),

+ O(1) * O(lc,ge),

(6.3.21)

(6.3.22)

rL(rL,b) d0

(6.3 23)

?'+ 1

Hence fol slnall e

tt' : Cih6(ð)ü{log e} + O(t) + O(elog e ),

#: c'l"tr'tn{ 
}

#:c/'Ì.(¿')æ{ }
Thus for- small e

/r"o'ff""n u'
o'* zr

-C )Ì

utltere

ì
I

h¡(b) [¿r1 1 (/r)rr t * ¡121 (ö)rr2 f (¿r12(b)n t t ¡r,.,(b)n.2)r'(b)
cosd*r'(b)siná

+ O(e) * O(e lc,g c)

- Ii(b)C'tL(4, ö) + O(e) * O(elog e ),

ri(b): l^
o*zr /is(b) [¡r1' (ü) + p p(b)r' (b) ] cosd

cosd+r'(ð)sind
h oþ)[p21(b) ¡ y22!)r' (b)

)Ì +

] sind
cosÉ+r'(ò)siná
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since n1 : - cos d ancl rr't : - sin d ancl o' clr:notes the applopr-iate angle of tlie
bounda,r¡'.

Nou' frc-¡ll pln'si<"'l consicler'¿rtion the palarnetel Ft¡(r2) ar-e bou¡ded i' R, so

tliat if tlre clerivatives 0ul0r:¡ aud 0uf ôt:2 a,r'e lecluirecl to be ìrounclecl i' R the' it
follou's that fol small e

l' ?tt
.1r,,,tfi,r,r,' dS : o(e log e). (6.3.2b)

Hence

!tl' f 
'"1" "#11;trt - '"ff' '"] "' 

: c Ii(b)tt(a'b)' (6'3'26)

Thus (6.3.19 ) -r'ielcls

I I 0,, ,, .,, 0u' r

Jr,Ll',, 0\"ilt' - llii A\",,'ldS : -C:K(b)u(u.,b). (6.3.27)

Since 'tt : I is the solrrtion of (6.2.3) it shorrlcl satisfi, (G.3.27), so r\re obtai¡ the
relation

(6.2.3) as

0u.'
l.tii;-17i" Ol:¡

u(a,b) l"l
0tt.'

! i.i 

^n;

cl.S : C;I;(b)

ou' otL

0rr";'' - lt'ii 0r"i..'

(6.3.28)

dS (6.3.2e)tlS :

tt(a,b) \ Itt.i 

^tt;

0tL'

l"l
Using (6.3.28) in (6.3.27). u'e finall)'obt¿r,i¡ tlie i¡tegr.al ecluatio¡ for.ec¡ration

6.3.3 Nurler-ic¿ll apploxirla ticns

The ìtc¡turdar-r' element mr:thocl em¡tloSrs (6.3.29) b¡, di"s¡s¿isi¡g the ìrou¡dary
C over À¡ segments al]cl ltt' assuming tr artd 1t¡¡ÐtLf \r¡n¡ ar-e consta,nts over the
lroundar¡' C', (6.3.29) givr:s

dS: 0tL'tLtiS¡n; ds-

0tL
lt ij ^-?1 iux: j /"

?-I

rrr=l
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Bl' spr,'cif.-r'i:ng ¡r'¡.¡0trf 0.t'.,ni o\:el the l.rorur<l:rr'-r, C.,', eclrration (6.3.30) for.¡rs a set

Of lirleal algelll'tric c<lttatiotts fc¡r' ¿r over the boullclar'¡,. Si¡rilar.l,r,, if rr is gi'en o'c:r.t¡e
bounclar'¡' C' thr:n (6.3.30) folns a set of lineal algebraic r:c¡rations for ¡r¡¡}ttf 0t:rr;.
Tlrus \1'e call sc¡h'e this lileal algeblaic set to obtain ltt¡7ttf 0t:¡??¡ a'cl t¿ a,ll o'er.tìre
boundar'¡' C'. The urixecl ltounclar'¡' data here can l¡e hancllecl in the simila*lan'er.

Iu olcler to oì¡tain thr: sc¡lutic¡n numer.icall¡'. j¡ is necessar.¡, to eva,lua.te

0tt.'
ltij^ ?7i

ux:.i
dS ancl u! dS (6.3.31)

B¡' Puttilg C :1 in (6.3.17), the sec<.ncl integlzrl in (6.3.31) ca¡ 6e easil¡,

evalua,tecl fil' rrz - /,: usiug nrrmr:r'ica,l integr.ation techniclue.

For a r'lass of'1lloìlk:tn rt'ltele ¡t¡¡ is givr:n b¡'(6.3.14) the er,¿rluatio' c-¡f the seco'cl

integlal in (6.3.31)fil'rrr: l.is given ìr¡,

/.ru'cls: r'(lc';gr'- i)[/,0(r'zlr,) ] lts(ï21,)] - ["rrr,r- ð)åi,(tosr - 1)r/.g*

/r,^,,ol,rg{c.s2, * Esi'2 á - #sindcos 0}i cts+

t Ë(-1 ),, lhr,,-,(r:2 )s{Õr,,-,(r)} + .t2,,(:t.2)ft{Õr"tr)}l as,Jau -r, 
-, 

L,.!,_r 
r..z,rJìy.2r¿_r\.iJ _f 

(6.8.32)

tYheLe h,r(;r2lt, ) ancl lt6(121¿) clenote the r,¿i,lue of'h¡ at the uppel end ancl the lou,el

end of the segtnent C,'l', I' clerrotes the clisiance fi'om the si¡gular poi't to the e'cl of
the segment (hele \\¡e as.slulre tha.t the singulal point (a,ó) is locatecl at r'iclclle of
the segment). d clenotes thr: angle of the segment accor-cling to Car-tesia,' coo'cli'ates

s¡'stem centle at Pcrint, (rr.ö) (0 < 0 < 2ir) ancl /r[, clenotes the cleriyatiye of /20.

The er-¿rluation of the fir'st integral in (6.3.31) is carriecl out i¡ the similar lr'a'rìe'.
Fol the singular point u'e r¡btailt
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f"_r,,,ff,r, rtS : C'2r'(l<tg?'- 1)l{"r', lt, * þ)t'{l i1r,rl¡) - ¿1,,("rl¿))+

(or:, l¡ + l\)l' {h]rcrlr) - ¿1,,t.,r1,)}l -

.lr,^r,'rlr,, - óXtos r - 1) 
[op1o.,, 

+ [J),'-' (hL - 6hr)+

(cr:r'2 f iJ),' (h'l - 6h'rt] aS+

.l.rr''rû 
¿z * ø'lfn;- ô/i1 ) log(.osz t * Esi'2 ú-

f ,t" 0 ccts 0)i - tt,rs{Õo }] ,S*

.lr,^r,.(nr:r 
* øf {n.n1a-,} - /r1s{or} - /zrffi{{,1}+

,lc

n:l
It-1)"+' hzu+rt { Õr,, } * ñ2,,-¡2ft {rÞr,,*r }

(i2(ct;'t:.-t + íl)I' /r6ft{r'{,_, } - ¡,i S{Õ, } - /,iæ{or}-

+

/,rW{''1Þr} + t(-1)"+' lt'2, +tS { Õr,*, } + /,!,,*rm{ Õr,*, }
O<)

n=1

* hz,¡+r${r'Õ2,,} + /r2,12. {t'Õr"*, } cIS

(6.3.33)

tthere
C't : Àn ??r * À21fl2,

C'z: Àtztt¡ I À22?'t2,

-)r z

Àzz )

ò- ()ll )zz - 
^?r)i

(6.3.34)

À,,
7t : 1, 1òt.,

o-r:71þ-:l'
Once n'e c¡btain t¿ ¿rncl ¡t¡.¡)rLf )t¡rr¡ all ovel the bounda,r¡', the evaluation of u

and theil dsfi1'a,t,i1r6:s in tlle inter-iol domain R. is carliecl out in a stlaight folu'ard
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\\¡a), ucl¡g (6.3.30)

6.3.4 Numelical example

Problem 6.1 : A test pr'oblem

To clemonst,r'ate tlle ¿i<rc'ur'¿rc¡' of the p¡6cec|rre, co¡sicle¡ the fcrlloq,i¡g par.tial

differential ec¡ration

*1^r'#]. 0t,
A- ',r' #]. hln*r' #] :0, (6 3 3b)

cl

0t+
a

0t' f,;' 2

ri'hich is i'alicl in the s(lu¿ìr'e legion 1 ( :r:¡ < 2, 1 ( z2 ( 2 ancl subject to the

ìroundar'¡' concli t icrns

0u 0u
^ *4^ -0 on
Cl:t'1 Cl;7'2

.¿¿:8-r:r oll

0t, 0u.

- 
+4- - n ()ll

Ot: I Cl;t't

1:4-:L't ott

rz: I

x:1-2

x:2: I

l:l=1

(6.3.36)

Note that eclrtatiou (6.3.35) t'ollesponcls to ecluat,ion (6.2.3) s,ith the shear 
'roclulus

given b5'(6.3.14) using the non climensionalisecl shear-lnodulus co¡sta,¡ts )tt :2,
Àtz : Àz-t : \. Àzz:4. c¡ : I. lJ :0,p - -2. The integralecluation for-this p'oblem

IS

tL(o,tt) f ,f>',,'';'#",f cts : /"f^,,,,;'3í,n,, - À¡¡*r'ff,.tlor. (6.3.37)
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$:het'e

'u. I ,flzW log(: - z6) - 4.7-ÍS (r -.0)log(: -:o)*

--o l.,g(--tr,) - t

)¡¡rl' ff,., - (2r t * nzlr,;'f, irræ {+}_n,_r*{,.*
log(: - ,o) +7-+.,rO{

zg
)

)

) +

(,,r + 4n2),t,2[t-*o{

4.7- i. {,- } + *)z log(; - .,,}]
(6.3 3s)

Hele the logalithmic funct,i'n in (6.3.38) might be evaluatecl ìr¡, u,r.iting the logzrlith_
mic function in the fcn.m

u'here

b¡, proceclur.e

Siep1. Dr:tr:r'milr " € : ¿rr.r.t,¿rrr

Step2. IÍ n1 > 0 then ä :e.

log(.--:o)-logr*t0.

(r:2 - ö) )11 ,\22 - À 12 I À,,

(6.3 3e)

sotlrat0<012¡.

**

i : 
f, 

!!:1 - (r)' -2f;(r,r - tr)(t2- t,) + f t.,, - r)'] (6.3.40)

The imaginar'1r pürt of'the cotnplex loga.rithmic function in (0.3.3g) ä i, .l"t"rrri'ed

(.r" - o) - (r2 - lr)^nf 
^22

)

If n1 - 0 ancl n2 ) 0 th"r. ä: d

**
In the c¿rse d : 0, it should be replacecl b-r, d : 2zr

*If n1 :0 ancl rr2 ( 0 then d: d.

*If rl1 < 0 ancl rrr ) 0 then 9: B;

**
Irr tlre c¿i,se d ¡ zr, it should be leplaced b¡, d : 0 _ 2,

*
If rz1 ( 0 ancl n2 ( 0 then (9 : d;

*3*
Irr tlic c,ase á , ;n, it should l-re lelrlacecl ìr¡, d :-ê -2n,
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u'her-e n,¡ ancl tr2 clenc¡te the c;utt'arcl nc¡r'lnal conponeuts at point (n,å). B¡- clis-

cretising the bouncl¿rlv intc¡ fir'e segments on each sicle of the sc¡l¿ìr.e? u'e obtai¡ t]re

numelica.l lesults fol t¿ ancl ¡t;¡0Tr f 0t¡n.¡ on the boundalv as in Tables 6.1 ancl 6.2

r-espectivel¡'. The annl¡'tical lesults for the compa,r'isor in Tablr:s 6.1 a¡j 6.2 a¡e o6-

ta.ined bJ' ,, - 4rt -;?:2 iìncl ¡t.¡.¡7ttf 0x¡n¡ - 7:rlzn1. For- the intelior points, a si¡rilar

nrodification as in sr:ction 5.4.3 is carried out. Numerical evalua,tion for u, 0uf 0x1,

a,nd Ôuf 0ír:2 at solne inteli<¡r'points ca.n l¡e found in Table 6.3.
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Table 6.1

Cornpalison of analytical a.ncl numerica,l results

r¿ on bounclaLv

Bounclar'ì' l>oint ¿(BEI\4) tr(ANAL.)

( 1.10,1.00 )

( 1.30,i.00 )

(1.50,1.00 )

(1.70.1.00 )

( i.90,1.00 )

( 1.90,2.00 )

( 1.70,2.00 )

( 1.50,2.00 )

( 1.30,2.00 )

( 1.10.2.00 )

3.3779

4.1999

5.0159

5.8308

6.6386

5.5889

4.7772

3.9740

3.1718

2.3651

3.4000

4.2000

5.0000

5.8000

6.6000

5.6000

4.8000

4.0000

3.2000

2.4000

777



Table 6.2

Compalisou of a.nal¡'tical ancl numerica,l r-esults

¡r ¡.¡ )tL f 0:r ¡?? i at bounclar.y points

Bc¡uncl¿rr'-r' point

¡t.¡¡)tL f 0r¡n¡

BE\,f Anal¡'tic

(2.00,1.10 )

( 2.00,1.30 )

( 2.00,1.50 )

( 2.00.1.70 )

( 2.00,1.90 )

( 1.00,1.90 )

(1.00.1.70 )

( 1.00,1.50 )

( 1.00,1.30 )

(1.00,1.10 )

5.9847

4.5407

3.0610

2.2477

2.0881

-2.1i28

-2.2820

-3.0683

-3.9528

-6.4996

5.7851

4.1420

3.1111

2.4227

1.9391

-1.9391

-2.4221

-3.1111

-4.7420

-Ð. ¿èiill
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Table 6.3

Crllpalisr.rn of ana.l¡'tical ancl numer-ical r.esults

tr.,0u.f 0r1,)tt.f 0r2 a.t some inter.ior.points

Interiol point

BE]\4

?tt, f 0:r1 ?tt f 0,t:2 11.

Anal¡'f,is¿l

)tLf 0r1 0u f 0r2'u.

( 1.30,1.30 )

( 1.50,1.50 )

( 1.80,1.80 )

3.8899

4.4956

5.4084

4.0047

4.0r76

4.0113

-0.9918

- 1.0059

-0.9495

3.9000

4.5000

5.4000

4.0000

4.0000

4.0000

-1.0000

-1.0000

-1.0000
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6.4 Bounclary elenrent nrethod for dynarnic case

6.4. 1 Gener-a.l anah't,ic:al soìution

In this section, u'e t'<lnsiclel ec¡uation (6.2.1)fol a. specific material in u,hich the

shear modulus taltes the f'olm

Iti j : )¡j(ot :È1 ! a,2r2 + or)2, (0.4.1)

and the densit¡,

p : prs(atî¡ f a,2r:2 + os)2, (6.4.2)

u'ltere )¡j : )¡,, at ,o'2r(\'g aud pr ale consta,nts.

BJ' u,ss.,trring that the clisplac:ernent ca,n be rvlitten in the fol-l¡

1¡ - 1r(r1 ,x:r)e,,.t, (6.4.3)

then (6.2.1) ìrecomes

A l. .0u1
Ar, l^,t(o', 

tt I aztz + o'¡)'A;t.| - Pr,tu¿(atr1 j a2n:2 * cr'3)2u : 0. (6.4.4)

Let

¿r : (o,¡:t:t + o2it:r + os)-t N,þ:1,t2), (6.4.b)

then (6.4.4) ì:ec,omes

^,,#kr t u2lt - o, (o'4.0)

u'lrere v2 - p,rr2. Let r be ur. complex numbel u'ith positive imaginary part ancl 7 is

it conjugate pair of c¡rach'atic ecluation

Àrr * 2),12r | )22r'2 :0, (6.4.7)

and
z:r.t!rn:t

(6.4.8)
?: ¿t *Tt:z
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\\¡lÌel-e ã denotes the con.jug:tt<: Paril of :, thr:l (6.4.6) is leacìr't. be tr.a'sf'o''recl into

2[),, * )rz î -t") * Àzzr=)]# t t,2tf, - s (6.4.e)

Furthermole, if u'e tlansft¡r'nr (6.4.9) into a new inclepe¡cle¡t r,¿rr.iaSles

(6.4.10).rr:ù, _ ,=.
then (6.4.9) becornes

0' 'l' A'rþ -, ,

A-t; + f'; + t/- tit - U)

u'hich is the Helmholtz ec¡rzrtion t,ith

(6.4.11)

_)
1./ - Po )zz,-¿2

(6.4.r2)

The soluti<'rn ol' (6.4.11) is the rtell ltncxtn as thr: Hanliel functio'
tlre source of il¡r'atio' ther the sol.tio''f ( 6.q.6) *,ill be

Let (a, å) is

Ii) - cHofuT), (6.4.13)

u'hele c is a, r.ousta,nt ¿lncl

r 11t :t'+ t'
11

)ttÀzz - 
^?,

)l Àtz(r,z-lt)'-Z (,t,, -ct)(:r2-b)À.r.t Àzz

Thus tlre ge'e.al s.l.tic¡r of (6.4.4) ca' be *,r.itten as

t, : r'(orr:1 -þ o2r;2 1or)-t Hofur).

(,t:1 - u)2 +
1
t

(6.4.r4)

(6.4.15)

6.4.2 Integlal ecluation

To cleriÏe the integlal erluätion, it is necess¿rr-), tc-¡ exclucle a point (ø, ó) in R. and
surrounding it with a small cilcle f of raclius e . Lïsing the reciplc-rcal relatio' theor.ern
as in appendix A (theoleur 2) .r,ielcls

t,
,

1)
0u 0u'

?1 i-ltij-u??i
u,l'.i+f lt i t 0r¡
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If u'e choosc ¿,'as gi'e'lrr'(G.4.r5) 1 ith c : -t14 the'ci'I
iL:1 :¡1,feCoSd,

x:2: þ * e sind,

r,' : -å[.t, u I ecosd) * a2Qt* e sin 0) * ar]-t Hoçrr¡,

(6.4.17)

(6.4.18)

0u'
Clt: y iþt(,, + ,cos d) * a2Q* e sin d) + û3] -t nrçrr¡

cc',s 0 - À sin d
+

lcos2 0 + * sin2 0 - +#cosdsi¡d]

ït"r (¿ * e cos d) i azQ¡* e sin d) + o,3] -'HoOr),
^,O?J' ?.t,/ -

A_: f [.r (u + ecosd) * a,2(t* e sin 0) +or)-t nr2r¡
Ssiud- þ cc,s 19

^22

(6.4.1e)

[cos2 á + * sirf 0 - ?tcosdsind] å

Tbt(o * ecos d) f o2(ó * e sin d) + o,3] -'Hr(r r),

r : efc,,s2 o- * sin2 o -'#cos dsi'd] å.

+

\tÀzz - 
^?,)22 cos2 0 - 2^12 sin d cos 0 * )n si:nÍ 0

u'ltere

Since for' fixecl 7. ancl F ----r 0

It follorvs fc¡r' e -+ 0

'n'here

(6.4.20)

?__ 1

+Ho(ur) - _ log(Zr-),

) u,@F) - :+ uI'

f0u
.lrr',,fir'," cIS: O(e loge),

l' 0p'
Jr_,, 

,., 2rl'n ¡ clS - -.If (n, ò)r'(n, b) + O(dog e ).

(6.4.21)

(6.4.22)

(6.4.23)

i
d0Ii (a, b) 2r (a1nfa'2¿)+a,3)

722
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Thus (6.4.16) gites

Il,,,ou' od I
JrL, .i ,rt,'tt ¡ - ttii arrr,"t1rl.S * Ii(u,b)u(u, b) : 0, (6.1.25)

ol'

.If(o. i,,)r,( tr.lt) - [ I 0t" 0t' I
J"Lt"j arj"" - ttij6'"" 1.is' (6'4'26)

Note that -if(rr, ö) in (6.2.24) clepencls on the position in the given clorna,in, the a¡gles
d1 and 02 as rvell a.s the shear. modulus of the matelial.

6.4.3 Numelic¿rl exaurple

Ploblem 6.2 : A test pr.oblr:rn

The accut'¿ìcY ol' tltr: ntttlelical ploceclule is testecl b¡, cçn.'6ler-ing the paltial
cliffelential ecluation given b¡'(6.4.4) and specifS,ing )11 : 1, Àtz: )zl : I,Àzz _
3,or - 0,0,2 - 1,0's - 0,po: J,ø:1, c,.

¿,

+

a (6.4.27)

rvhich is valicl in the s(lu¿lr'e legion 1 < r:1 < 2, 1 ( ;?:2 ( 2, a¡cl subject to the sour-ce

of the vibration ert point (3.b, b) and the bounclar'5, conclition

t,- t:11 Hoî), (6.4.28)

tvhich is sPr:c'ifiecl all <¡r'c'r. th<,' ltounclar'1'. Hr:r.e f16 clenotes the Hanliel function of
ordel zeLc¡ ¿rncl

al.,
A, L" 0:t'¡ 0,t

aaa
ôt++

[.

] + l';": 0,0r'z

2
2

0u
Ot: t2

¡ : [(r,r - 3.bf' + ]f 12 -5)2- lt., - 3 bxr,, -5)]å (6.4.2e)

The nullelical plocreclule is used to calculate

0tt
lt¡.i ;-tti:1'U:t'¡ 3#u,, * nz) *,]r#o1j + 3?12), (6.4.30)
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¿rnd 'n'ithout an\¡ diffi<'ult¡' u'e obta,in the anal¡,ti<.al solutiorl ¿l,s

0uI
Itri *tt; 

: - (nt l 3nt)Ht(r) - rzHt (r')[(n1 * nz)

*(rr1 *3tt',#]

(*f o).,, + .!0).,2 + o,Ín)) 'u;'r.:' ,',",r0] ,r,

1l(0)( rr.It)'u(a) (a, /r) : ,llft1"lalr,, * ol0).,2 + ol0)¡2

(r,r - 3.5) - å(t,, - s)
1'

(6.4.31)

UsiDg bc.¡uncl¿r't-¡' eiement luethod a.nd specif¡, ten segme¡ts o' each side of the

squa,re bortuclar'¡', t,he urtnret'ic¿rl evaluation of ¡t¡¡0uf 02:j??i as ¡,r:ll as the a'alytical
solution for. sc¡me ltortnclalr' p<tints can be forrucl in Taì:le 6.4, rvhile the e'alua.tio'
of t' and Q¡'f )rt.0rf 0.t'.2 fol somr: inteliol points a,r'e in Table 6.b and Table 6.6

r-especti'r'e11.

6. 4. 4 Tu'o inhorlogr,'ììe()u s a ni sot,r.opi c lna,tr:r-i a I s

Consiclel the c¿i.sr: tvhr:u the mateljal is macle up of tu,o liincls of inho'r.geneous
anisotr-opicr Dratelials l'itll ¿ru intelfa,ce ìrounclar',r, (see illustratic-¡¡ i' Chapter. 7, Figure
7'1) a.'d thr: frurction '¿' s.t,isfies the diffe'e'tial ecluation

*l^:i'( n l 
n',, a ., !o 

),,2 + n ln) r #l + plra),r 1oln),,, + o\a ) rr* o [a) )2 u(o) - 0,

(6.4.32)
u'her-e the sullel'sclipi (CI) : (1) denotes the governi¡g clifferential ecluatio' i' the

first natelial ancl (Q) : (2) tk:rtotes the governing cliff'e¡enti¿il eclua.tio' in the second

matelial. In this ca,se t,lle inleglzrl equation mav be rr,r.itt,en a,s

¿r¡(a)
^UC)t j

(0) 7'ti-

) (o)

(6.4.33)
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Table 6.4

Cornpalison of a,na.l¡'tical ancl nnmerica,l results

¡t¡.¡0uf 0r¡??i on sonre bounclar-¡' points

BEl\4 Analvtical

Bc¡uncl¿llv poirrt Real Imaginar'1' Real l¡ragi¡a11,

( 1.15.1.00 )

(1.45,1.00 )

(1.75,1.00 )

( 2.00,1.25 )

( 2.00,i.55 )

( 2.00,1.75 )

( 1.65,2.00 )

( 1.55,2.00 )

( 1.35,2.00 )

( 1.00,1.55 )

(1.00,1.35 )

( 1.00,1.15 )

-0.2678

-0.1115

0.0279

0.0276

0.0964

0.1262

0.1961

0.2450

0.3726

-0.5557

-0.4656

-0.3841

1.6336

1.6862

1.7616

-0.7742

-0.7815

-0.8747

-2.0635

-2.0015

-1.8435

0.5i 70

0.5010

0.4632

-0.27340

-0.11894

-0.00995

0.05844

0.11711

0.16437

0.1 1 197

0.16942

0.2965i

-0.53394

-0.44989

-0.37080

1.59602

1.66510

1.70706

-0.63687

-0.72766

-0.80786

-2.07692

-2.02237

- 1 .90797

0.57308

0.54807

0.52632

125



Table 6.5

Cornpalison c-rf anal¡'tical ancl nurnelica.l lesults

u a.t some interio¡: points

BE]\{

Inteliol point Real Ima.ginar'¡'

Anal¡'f,ls¿l

Real Imaginar'¡'

(i.30,1.30)

(1.50,1.50)

(1.80,1.80)

0.1723

0.2049

0.2377

0.3862

0.3204

0.2366

0.1748

0.2079

0.2416

0.3921

0.3250

0.2403
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Table 6.6

Com¡ralis<.rn of anal¡rticaI ancl nulnerica,l r-esults

0t,f 0:t:1 t-ntd ôuf 0x2 a,t sorrre interior points

BEÀ4 Anal¡'f,i6¿l

0u f 0:L1

Point Real Imag

0u f 0:u2 0u f 7xt

Real Imag Real lurag

0uf0q

R.ea.l hnag

(1.3,1.3)

(1.5,1.5)

( 1.8,1.8)

0.2110

0.1 705

0.1203

-0.0374

-0.0579

-0.0727

-0.0298

-0.0393

-0.0423

-0.3161

-0.2455

-0.1814

0.2152

0.1 749

0.1232

-0.0411

-0.0585

-0.0698

-0.0232

-0.0337

-0.0369

-0.3229

-0.2518

-0.1886
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for 0 : I,2, \\;hele

,t(a) - - i{"Í"'r,, + o!r')rr+o.fa))-tø o (z(o)rro)¡,

o-,)u-
(0) r ' (Q)

Po a- Àtz

(6.4.34)

F(a) - [t', - ,)2 +$,*, - ¿,)'- r#,", - a)(tz- r)]

The function.If(o)(n,ô) in (6.4.33) ma¡, bs eval¡a,ted r,r,ith þ), the help of a solution

of (6.4.32)

¿,,(Q) - -å(.,ln'.,, + oLn'*r+nln))-t Ho(zto)sio)¡, (6.4.35)

;( (6.4.36)

Since (6.4.35) satisfies (6.4.32), it should also szrtisf¡'the integral equatio¡ (6.4.33)

thus u'e ol:tain

uthere

.Ii(Q)1a, ò; : 1¿'(a)(c. b)

o

f,,,î*$";-r#.,.,,] 
*

l" rll)(" , ¿¡(o)
^4'dx: jln)r', + o'\a) r,r + o'ln))

Ín'r,, +o!n).', +oÍn))

(o)
Il.i -

(0) z 7zu@)
,'(n)rrn] as.

(6.4.3i)

) (?J ¿t,

ô*j

B¡r ap1¡l¡rlng the continrrit¡' ecluations

1-)

z Ôt0)
¡,(2) .

rÍj)("lt)r', +oj,t)r,, f ^!t)¡ n tl| 
-Ox: j .lfr') 1o,f ').' , + o\') ., + o[')) z ôuQ)

-;-??¡,
Ox: ¡

(6.4.38)

a,cross the interfa,ce bound¿rr1'. and rrsing the bouucla,r.¡r sl.m.nt pr-ocedur-e, u,e obtain a,

set of linear- algebr-a eclua,tion. Once t,(o) and/or )Íf , (o,ln)", +oÍo).,, *a,[ol )' #",
are specified crn t,he bouncl?ìr'\, \\,('obtain tr(o) u,n.1,l!f 11"!o)",, ao!o).2+o[n))'utu::' ,r,

in the u'hole clonrail thlough ecluation (6.1.33).
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6.4.5 Numelical exa,mple

Problem 6.3 : A test ploìrk:rl

The accurac¡r of the 1>r'ocedule is tested bv consideling the pa,rtial differe¡tial

equation given bl'(6.4.32) ancl specif¡,ing )Í1) : )Íl) : i, )l'r) : 
^\'r): 

1, )ltz) :
)Lt):3, o1t': oÍt':0, o.!t' - oL":1, o,Íti:*[') :0, plt): p['):?,r:1oL

,U [-,0t,(a)1 al,7u9tl al"0uQ)1
d.', L''t 4,', .Jn arL''í ao l* anl.õ ao )* (6.4.3e)

*l''r+:l + 25,,t,lat : s. e : 1, 2

sulrject to tliangle legiou t'ith vert,ices (1,I), (2,1), (2,2) for the fir.st mater-ial and

(1,1), (1,2), (2,2) f'or-the seconcl rnater-ial. B)'specif)'ing the sorlr.ce of the vibr.a,tion

at point (3.5,5) artcl the bounclarv c,onclition a,s in (6,a.28) on all over the bou¡cla,r-,r,,

u'e obta,in the numeli<:al lesults a.s in Taì¡les 6.7,6.8 and 6.9. Here, te discletise

the bounclar¡' u'it,h 10 sr:gureuts on each side of'the scluare ancl 30 segments on the

interface ìrouncla;:¡'. Floln the tables \\'e carr see that the numelical r-esults a¡e in

reasona,ble a ccrur-a c)/.
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Table 6.7

Cotnpailis<tn of a,nal¡'tical a¡d numerical r.es¡lts

À;r(orr:¡ -| o,2:?'2 ¡ a's)z0uf 0x¡n¡ on solne ìroundar.¡, points

Bounclalt point,

BE\,Í Anah'tica.l

Real Ima,ginzrr'\' Real hla.ginar.r,

(1.15,i.00 )

(1.25,1.00 )

( 1.35.1.00 )

( 2.00,1.35 )

( 2.00,1.45 )

( 2.00,1.55 )

(1.75,2.00 )

( 1.65,2.00 )

( 1.55,2.00 )

( 1.00,1.65 )

(1.00,1.55 )

(1.00,1.45 )

-0.2735

-0.2192

-0.1692

0.0801

0.0988

0.1 194

0.0687

0.1207

0.1 769

-0.5756

-0.5325

-0.4898

1.5874

1.6192

7.6427

-0.6604

-0.6902

-0.7236

-2.1262

-2.0717

-2.0152

0.5767

0.5653

0.5534

-0.27340

-0.21767

-0.1 6600

0.07632

0.09589

0.1 171 1

0.05937

0.1 1 197

0.16942

-0.57754

-0.53394

-0.49135

i.59602

r.6224r

1.64536

-0.66346

-0.69365

-0.72766

-2.12937

-2.07692

-2.02237

0.58638

0.57308

0.56025
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Table 6.8

Cotlltalison of anal¡'tical ancl nullerical results

'¿r a,t some intelior- points

BEI\{ Anal¡'f,ls¿l

Inteljr-l'point Real Ima.ginar.¡' R.eal Imaginar¡,

( 1.50,1.30)

(i.30,i.50)

( 1.80,1.50)

(1.70,1.20)

( 1,20,1.80)

0.2143

0.1 697

0.2522

0.2495

0.1409

0.3828

0.3360

0.3077

0.4096

0.2802

0.2744

0.1698

0.2522

0.2498

0.1409

0.3828

0.3359

0.3075

0.4095

0.2801
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Table 6.9

Compalison of analytical ancl numerical lesults

0uf 0:r1 and 0uf 0r2 a,t some inter-ior poiuts

BE\,f

0u f 0x2

Real Imag Real

Anal¡'f,lç¿l

0uf0x1 0uf0x2

Lna.g Real ImagPoint

0u f 0:1,1

Real Imag

( 1.5,1.3)

(i.3,1.5)

(1.8,1.5)

(1.7,1.2)

(i.2,i.8)

0.7764

0.2012

0.1207

0.1395

0.1 995

-0.0542

-0.0437

-0.0567

-0.0455

-0.0452

-0.0376

-0.0309

-0.0424

-0.0444

-0.0312

-0.3274

-0.24i0

-0.2635

-0.3957

-0.1615

0.1 798

0.205i

0. i 188

0.1383

0.2037

-0.0499

-0.0486

-0.0541

-0.0434

-0.0479

-0.0320

-0.0272

-0.0345

-0.0353

-0.0287

-0.3314

-0.2443

-0.2659

-0.3955

-0.1673

r32



CHAPTER 7

PLANE DEFORMATIONS

7.1 fntroduction

There a'e t*'o ge'er-al t¡'pes of plane problens u,hich may 'l¡s clefinecl b¡, s"¿¿;rr*

dou'n certain r-estt-iction arlcl assumptions on the str-ess and the clìspla.cernent fields.

Plane stress is relevaltt in the ca,se u,heLe one phrrsical climension is c¡l:r,iouslJ, l¡uch
slnallel tha,n the c¡thel t't'o. sttch as a thjn sheet ol cliaphlagrl loaclecl in tlie pla'e
llet'pendic:ttl¿il' t<l t,he snt¿rll clinension. Plane str'¿lin is I'eleva,nt t,her.e one climension is

nuch greatel tllan thr: otltet's tl'<,r, such as a lolg plessnr.isecl pipe, or.per-haps a, dam

llet'u'een rnassivc. encl u'¿llls. Plane stl'ain ancl plane stless pr-oìrlems for ho'roge'eous
isotropic matelials have l¡een u'icleh'investigatecl (see for example A'g [4], Cle're'ts
and Rizzo [16]. England [27]. Rizz<; [61]), hot'evr:r'for-inhomoge¡ec.¡us ¡rater-ials solu-

tions to palticulal ptoblerns ale less common. In genelal, so¡ri¡g pla¡e clefor-l'atio's
ploì:lem invc¡h'ing inhourogelleous llater-ia,ls is clifficult. For inhomogerÌeous 

'rater.ial
invoh'ing the .ioin of t.tvo liincls of homogeneous rna,telia,ls u,ith i¡ter-face 6ou'clar1,,

sollle pr-ogl'ess cau be nacle. In the present cha,pter', r,ve derrelop the bou¡cla,r)¡ elerrert
llethod fol such mater.i¿ils. The lier-nel of the iniegral ecluatio¡ here is o6tai'ed 'ia
the complex fullcti<.)tÌ appt'()¿ìch. Fol the ploblem l'ith cc-i¡ti¡uous small 

'a,r-ia,tion of
the mateli¿il crrefficic'nts, thc- solution is obtaiuecl b¡' combining the boundar¡, element

methocl u'ith the pet'tulllation techuiclue. Sc¡me str-ess intensity factor problems u,hich
\\/el'e pt'e\riousl.r' cliscussr.tcl irt chalttel thr-ee a,re consicler-ed agai¡ usirg the bou'dar1,
element method. Both nuuelical r-esults obtainecl using the tu,o point bounda,r-¡,

value rnethocl ancl the llonncl¿llv element methocl a,r'e conpalecl in orcler to rrerif), the
a'ccul-acJ/ of the pl'oceclrtt-e. Sr:r'elal othels numerica,l results can l¡e found at the e'd
of this chapter.
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7'2 Governilrg cliffelential equatio¡r and the fundar¡erital si'gular solution

Consicler a sl'stellr c¡f' rlifJelential equations

(À I þ)tLi,¡j * ¡nt¡..¡¡ - g, (7.2.r)

for a bod¡' f. llounclecl lt¡' a sirtgle smooth contour- C, u,he::e the ) a'd ¡r ar.e consta,nts.

Using stanclard technìcßres (see fol exarnple Soltolniltoff [21]), this s1,s¡s'r ca,' be

leduced to the bihar-monic ecluation

tr¡,.¡.¡¡.¡. :0, i,.i,ll: I,2.

1

(7.2.2)

HeIe the usual illclex n<.¡tatjort of C¿lrtesia.n tensc¡r-s is aclopted. The su6script de'otes
the Cartesian tensor compollent rvhile the comlla clenotes the partial der-irrati'e for.

the relevant alguurents.

B¡' a,ssurling ,u;..r, - Pr (r,l, r:r) the anal¡:f,j¡, function

.F(:) : P1 ¡t.P2, (7.2.3)

can be constlucled thlor-rgh the CauchJ,-Riernan equatious and p2 is obtained b¡,

iniegrating
clP2- P2¡ch1 *P2,2dx2

- - Pt,2dr1 ¡ P1,1dr, ,

(7.2.4)

Consider a, halmonic functic¡n Q(-) s,hich satisfies

o1'

,r: l'"' -p7,2tlr1{ p1,1clr2

o(:) : t)1 +rr)2:ilFe)dz, (7.2.5)

{lt:ptt*tpz¡

ther-efor-e

734
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and fi'orn the Cauch¡'-Rir:nrzrnn erluatiors

1
Pt,t :Pz,z : 

4Pt,
lPt,2:-Itz,t:-nr,

(7.2.7)

(7.2.10)

Hence florr (7.2.2) and (T.2.7) r,,,e obtain.

(,rl - ptrt - p2t2),¡¡ - Q, (7.2.8)

sincep1 a'd p2 are har.'ro'ic i' R., ui ca'be u,r.itten a,s

tt i : pj :t' 1 | Lh:t:t + qt(x't ) ï))) (7.2.9)

u'heLer11þ:1.;r:2)ish¿r'llr.'ric¿ilsoinfr. No'r,,ifø(:) :r¡lzq2isananal¡,ticfunction
of z, then ecluatiorr (7.2.9) cran be n,r-itten as

?r¡: ft {zAQ) **(:)},

ot-

5f-l(z) +:f-{4 * u(z) * d¿} ,

u'lrele 7,9(:) and ø'(:) clc:nc¡te the conjugate of :,o(.-) and ø,(.:) respecti'el¡,

If the r-ight hand sicle c¡f ecluation (7.2.r) is a. delta fu'ctio' sa¡,

(À | p)u ¡,t¡ I ¡r.tr¡,¡¡: 1f¡á(,ii - ¿i),

,rn:å{

(7.2.11)

u'here á denotes the Dilac clelta fnnction,.Ii¡ ale leal constants and ã: (¿1,12) a'd
rf : ((r , (z ) is a point in .R then it ma¡, be ¡eaclifi, r,erifiecl that a suitab]e choice of
0(z) ancl c..'(-:) in (7.2.10) in olcler.to satisfy (7.2.11) is

O(z) : -tþln(z -;o),
..,(:) -¡:y',Ì'(.: - :o) * 4'^ , (7 '2'12)

z-20
'r^'herez::7:trzt:t,z():û*t,{r,Äi:()+3p) u,rrirey'isa.co'rprexco'sta,.t
corr-esponding to -If¡.
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7.3 General second order elliptic s¡'stenr for anisot¡opic ¡redia a'd t¡e
fuudamental singular solution

Consiclel a gettelal s-r'sleur of seconcl olclel cliffeleltial ec¡rertion give¡ b1,

c;.¡¡.¡'It.¡...¡¡ :0, j,l:7r2; i,Ã : 1;2,...,t-t ( 7.3.1)

rvlrele uÀ al'e fi-tnct'ious of thc clel>endent'r'a.r-iables ;r:j,, cilkt ale rea,l co¡sta'ts rvhich

satisfies

cijkt : ckti.i. (i.3.2)

a,nd eclua,tion (7.3.1) satisl-r' tlir: elliptic conclition,

ci jkt?t.i,j?t k,l ) 0. (i.3.3)

BJ' assutliug'u¡' ale anal-r-tic. ancl the solution of ec¡ratio¡ (7.3.1) c:a¡ be *,ritte' a,s

lLk : Ar..f (t:1 ! pt.2),

u'heLe ,4¡. a,r'e c<tnstant,s aucl .l' is ¿ln al'bit,r'ar¡, anah,tic function, then sultstitution of
equation (7.3.4) irt. (7.3.1) fi.r', a set .f li'ea'aJgeìrra s¡,ste'r

(.;rl.r t c¡t*z * c,izkt * ct¡zkz)ll, -- 0

(7.3.4)

(7.3.5)

Tiris svstern onl¡' have a nontr.ivial solution if

lr,,rlr * citkzp* c¡z*tpl c.¡ztzlt2l :0, (7.3.6)

ir'lriclr is a pol_i'nolljal of cìeglee 2n tt-r p.

B), as.r-r'ring a co'rplex 7ro and its co'j'gate po. , (a : I,2r. . . , ??.) are the
solution of ecluation (7.3.6) (this condition ale guaranteed b¡, equatio¡ (2.3.3) see

Clenrents and R.izzo [16]) thr:n ecßration (7.3.4) can l¡e rvritter: a,s
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¿rÁ. : )- --lr".l"(r, * po x,2) + f r^."7"(r, * jror.z) (7.3.7)

,t

o:l

tl

o=I

If the'ight hancl sicle c¡f'ecluation (2.3.1) is a clelta function

cijktl,Lk,jr: -Ií,ó(r" - rñ),

u'lre'e ¿= - (,r'r .t:2),:rl): ((r, {z) and 1í¡ are const¿r'ts. then b1, choosing

1
.t'"( z ") D" ln(:., - (o ),2¡rt.

r'r'ith (o : (r f /ro(2 ¿ìucl D. are consta,nt, the ecluation (2.3.7) l¡ecomes

(7.3.8)

(7.3,8)

,t

f -o^'"r. lu(:o - (") - t looD" l'(To - {") (7.3 e)

11

o:]

1
U, l.:-" ').¡r t. o:]

The the filucl¿trlc-'lntzrl sirtgulzrl solution can l¡e oìrtainecl nou, l¡J, deter.ni¡ing the

consta,nts u'hich satisf¡' thr: appropriate conditions.

7.4 Bouudary integlal equation

7.4. 1 Peltulbation teduriclue

The ecluilil¡t.ium ecßtatiou in terms of the clisplacene¡ts in the absence of bod¡,

for-ces for pla'e elasticity pr-oblens for inhomogeneous'rater-ials is

[,\ó¡¡,,¡..¡, I ¡L(zL¡,¡ + z ¡,, )],j : 0. (7.4.r)

Here á¡¡ denotes the lir.oneclter' ó, u.¡ delotes the displa,ce¡re¡t rvith r-espect to the

releva,nt cooldinates st.stem. ancl ) and ¡r denc_¡te the elastic para.meters.
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BJ' taliing À and l¿ ¿ìs ¿ì fun<'tion of positi<.nìì sa,\/

)(.'l, r:z) :)o * e)l (r'r, r'z),

l-t(tt , xz) :lt.o * e ltt (r;1 , r:2 ), 
Q '4'2)

u'here )¡ ancl /t6 a,t'e const¿urts. e is a, sma,ll perturbation constant, the equatio¡ (7.4.I)

becornes

()o f Fo)u¡,¡.¡ I ¡t0u ¡,¡¡¡ep1þt¡,t¡ * tr¡,t.,5 * e\t,j(tt¡,i * tr¡,;)

*e)¡ z¡,¡'¡ * e)¡..¡ó¡¡u¡',1' : Q.

Let the displacemr:nt ta,lie the fcrr-m

rr¡ : 2¡10) * .,rf l) + ,'rr(,') +

Substitution into (7.4.3) ancl b¡' ec¡rating the pon,er of e ¡zjsldg

()o * ¡,r¡u.(¡o,l¡ + ¡rr,r,l,ol, : g.

(,\o * ¡t¡,)tt(,'.',), I ¡,.¡t,(,"r)r: -f:.i,] (ir ) 1),

(7.4.3)

(7.4.4)

(7.4.5)

n'here

.f:.;'' : )r órl?¿Í."À. 
1' * ,,, r"lll-') + u(,7,-t)). (7.4.6)

If 't'''e u'lite the stless ¡rs

oi.i : 
"lut' * ,"!l) + ,'"(,i) + (7.4.7)

t,hen u'e ol¡tain the lel¿rticur

o::' : )6ó;¡.,1.0]. +,,0fu10,] +r(j:.)),

ol;'' :)6ó¡¡,,1'f + ¡,0þtl"r) + rl'.')) + .f:;'), (n ) 1). 
(7'4'8)

For partic:nlal inh<-¡nogeneor-rs ma.telia.l. sa1, À is a constant and ¿r, is a function

of position

¡t(:t1,.,r) : Lto I e1t(:^t,rz), (7.4.9)
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the equatiou (7.4.3) simltl-r-I'ecluces to

(À + ¡ro)tt.r,;¡ * Itori.jj * el-Lt(u¡,;¡ irri,ti) * ept,i?L¡,i * tr¡,;): Q. (7.4.10)

Using equation (7.4.4) tincl cclua,ting the olcler- of e again, rve obtarin the er*rat,io'
(7.a.5) with

.l':;', : trr@(,i¡-r) +,,j,]-,)¡. (7.4.11)

The equation (7.4.8) fcl' the stless becomes

":.? : )ó,.¡ r,l.o]. + ¡,ofulo) + ,, j0,) ),

o',j'' :,\ô¡¡r,1"^l + p01r,l,',) *,.,.1:;,)+ /j;'). (n > 1). (7'4'r2)

u,here .fli) ;" given b-r, r:c¡-ratic-nr (7.4.11).

Once ecluation (7.4.5) is soh'ecl fol the clisl>lacements, the str-esses can be found
thr-ough the lt¡u',Ìa, ¿rllc¡r'e. The t'actio's ar-e gi'en ìr¡,

t¡ : o¡¡'t1 ¡, (7.4.r2)

u'here rz¡ clenotes the outu,ard noLmal vector.s.

In orcleÌ to sol'r'e the ecFration (7.4.5a) in the tn'o dimensio¡al ca,se a.boye, Iet us

consider first the ecluation

(À+ to)"(¡|,Ì +¡,.',11,)i: tt¡. (T. .rs)

B¡' a'ssuming çi¡ as thr: solrttiol of the a,bove ec¡ration and also çôi u, the solution of
the same eclua,tion ltv lepl.rc'lg /z; lt¡, ¡" then lt_r, using the cli1rerge¡ce theorel¡ a.¡d
ecluation (7 .4.I2), )'ielcls

f ",t,0î 
rts: 1"",,þi,¡ cts : f f oø,,þi),¡ crA

: 
ll^oii,iai t ot,þi,, ctA.
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l"r;f, rts : 
ll^";,,,Çö; * oit6,,¡ cIA. (7.4.15)

B]' subtracting ecßration (7.4.15) frorn (7.4.14) u'e obtain

fI t¡,i,i - ti ó¡ dS :
JC

:

since o;¡ói,j: oi¡ó¡,.¡.o¡.i,.i: À¡ and oij,j: hi. Ecpration (7.4.16) is lipou,n as the

Betti's R.ecipr-oc,al Thcolr,:rl (see Clernents ancl Rizzo [16]).

B)' clroosing dl. as the funclamental solution, /r.¡ : Ii¡¡6(i - rt),ói : rfo),t; :
tlo),1-,î : 0 fcrr ecluzit,ion (7.4.5a), the recipr-r-ical theor-em above leacls to an i¡tegral
solution to ec¡ration (7.4.5a) in a legion R bcirurcled b¡'a closecl cur.\¡e C girre¡ b1,

(see Rizzc, [61])

,r,(,u)(.?i): o 
f.1,,',o'rr")?,r(ri,.-î) -tfo)1r:¡rlnr1ri,zf,)]r/s(at). (T.4.ri)

Hele f¡ clenotes the Caltesia,n tlactions, rT : (*r...r),.rî : (€r,{r), a : () +
3ps)lØr¡,0()*2t,r)),r:I if rie R,0<r(1if rte C'(notethatr:I/2if C

has continuouslv tulning tzrlgent ).

The functions U¡j ancl fi.¡ a,r'e given b¡'

2to(Li1¡ * tLI2.¡¡: n:Qj(:) - .9,j(r) - ,¡(r),

Tzzi - t7t2j Q',{z) + o;Lt + 2CI,l(Ð + u,k),

=r.i * Tzzj:2[a;(.)+
(7.4.18)

Sirnilarly

u'here

0i(- )

T¡j : E¡¡'rir¡,

Q¡(r) : -4,j ln(z - :¡),
DI\ . È

."'¡(:) : riy'! ln(z - .-o) + fl,
1-.O
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Here the 1lt'itles clen<ttr:s thr.'cliffr"l'entiat,ion t'ith respect to the releva,nt a'gu'rent,
the llar clenotes the conrpìex r'onjngate, n¡. clenclte the normal (o¡tu,ar.d) r,ectors,

z : tt I zt2, t : 1/1, .:0 : 4l *z{2, rí : (À + 3¡ro), d,l : -lLofn,,þz : -rlro/rr.
To obtain the stlr:sses in the inter-ior domain 71. it is necessal-)¡ to eya,lua,te the

deliva.tive of tr¡ t'ith lespr:ct to (1 and (2. Since the differential opelator is a, linear

opera,tor, it can be applir:cl in a stlaight folrvar-d u'a,J' to obtajn

2p¡(LI1¡,t * tLi".¡,t) : ,,Q j,t(z) - sCI;/t - "'.,J(r,
7zz.i,t - zEr z.i,t : Q'¡,íz) + qlt + :s{t¡N + ,Ðiy'õ,

Ztt j,t i =zz.i,t:2[f¿i,/(:)+
(7.4.20)

Q'¡,¡(=)

T¡.i.t : E¡¡..¡.¡rt¡.,

Here the subsclipts i,.i,k,/ talte the va]ue 1 ancl 2. The subscr.ipt colnma, / denotes

tlre cliffelentiation u'ibh respect to {¡ for' / : 1 ancl (2 fol I : 2 respectiyel¡,. O¡ce

,rj.o) ur" linown, the stlr:sses ale calculated b1,

o
r .'l

: o lt.O t,, u¡[T¡¡,¡ * T*i,¡ I I
lLo

ò¡ jTx,,,l-
(7.4.21)

(0)

r¡[ti¡-¡,, *IJ*¡,¡* år,, LI¡.,,,] rtS,

u'hile the tlacticills ar-e gir.en through ec¡ration (7.4.i2).

Similarl¡' the integlal s<.rlutic¡n of ecluation (i.4,5b) in recursive for"m for ( rz > 1 )
ca,n l¡e calc:ulatecl. 81' assumìng the displacement field sa.tisfies

() * ¡ro )ó¡,;¡ -f ttoó;,¡.¡ : -.f ;¡,¡, (7.4.22)

t¡ : [)ò¡rd;r.,1 * ¡r¡(rltt,¡ -t çi,¡,¡) + .f;¡]n.¡, (7.4.23)

also

() * l¿o )4,i,¡¡ + t,r,ói,.¡.¡ : Irl , (7.4.24)

ti : ï^6i.ióT.,r. * po(pi., *,i,j,;)),r¡,
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LTsing the lccìplocaI t,hec¡r'r.m again

And afte¡ solne simplificati<.ms u'e obtaiu

l.t,c,î -tîö¡ rts : ll^v,,r, - oi,þ¡1,¡ ctA

: 
Il^oij,jóî + on¡óî,.¡ - oi¡,¡ó, - oi¡ó;,¡ ctA

(7.4.26)

(7.4.2s)

(7.4.27)

If u'e choose di o* thr,, firnclalnental singular solution, then the solution of eclua-

ti<rn (7.4.5b) in integlal f<rlm calt be u'r'it,ten as

ll^,,rr, rtA : l.rîrn - t;ói ot * ll^.r¡¡ói.¡ rtA

f"'{ri ) : o, 
/r,1,,1")1,í¡T¡¡(rr,,ri) - ¿Í")1ra)tl;¡1ri, fi)]r/s1ã;-¡

" l/,r.f'll.')1t¡u,,,,(,,a,rñ)r/-{(ã) (, > 1).

T'lt,

ol','' : npo 
l.r,l'"t[7,¡,¡ I T,j,i + Lo¡¡T,r.,*] - tl')[],,,¡ * LI,.i,¡* 

*rn, 
LI,k,klds+

*r,, 
/l^.f1.ï)[¿¡,.n,"¡ 

* LT.j,"¡ + L6,,1r,.*,"r]cr.A + .f:;) .

(7.4.2e)

Thus the clispla,ceutent alrcl the stless fol the inhornogenec.¡us mater-ial ca¡ be

obiained b,r' substitut,ion b¿rck thr"<.¡ugh e<t.ra.tion (7.4.4) a.nd (2.4.7).

BJ'substitr.rtìng r:c¡tatiou (7.4.28) into (7.4.E) rte obtain the stresses for-the per-

turl¡a.tion term of olclel n, ) 1 as

7 .4.2 Ttt,o honogeneous ma teria,ls

\4Ie consiclel all elastic inhomogeneous m¿rtc:r-ial rvith the inhonoge¡eit¡, ¡ra,de

up frorn tn'o liiuds of matelials. The first matelial u,ith ) : ¡(t), tt - p,(t) and the
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C

Cz

Ct

Figure 7.1

Two homogerìeous materials rvith interface boundary
À'Iaterial I with ) = )(t), p - p(1) a¡d material II rvith À = )(z), ¡,r = ¡íz)

second material rvith ) - ¡(2), ¡t : ¡L(zl, rvher.e )(l),É¿(l),À(2), ¡í2) a,e constants
Sup¡rose thc'material h¿rve a.n iuterfa.ce bounclarJ,as shown in Figure 2.1.

Thus if ri'e choose the interface bounclarJ¡ as C/ ancl the pure bounclar.y for_ the

Maleriall

Malerialll
t

'Ct

Materialll

Materiall

Cit
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fit'st matelial is C'r tllr:n thc r:qrrilibr.iurr ec¡ratiou shoulcl satisf¡'

(Àttt * p0))"'1,)¡+ t,(',"l1lr : o,

ri'ith the solution

(7.1.30)

) ¿tl?loTU
(1) (1) l.( [,,!' 

) 
1.r;rnQ 

) 1ri,'i ¡ - rf r ) 1.;;u,fj, (.t, e[ )] as(e:). ( i.4.3 1 )

Similarl¡' if s'e cho<-rse the pu::e boundar¡, fe¡ the second matelial as Cz then the

equilibrium eciua,tion shc¡ulcl satisf¡'

(,\(') + rtz)¡t{.,2.;ti + t,J'),,f '".), : ¡¡, (7.4.32)

u'ith the solutic¡n

,rl,Ðlri,): o.,', l" i,,f')( grli) 1t, "-o) - t(,') lqtrl|('-,.Ì,)] ds(ã). (T.4.BB)

t*C't

z-Ci t

B)' a,summing the lnat,el'ials a,re perfectl¡' s.rut'urous a,cross the interface cur-\/e

C7, n'e have the continuit¡' ecluations

,,|' )1.ilc, 
) :,,1')(r=1", ) 2 (7.4.34)

and

rlt'(.ii¡.,, ) : ¿l')(.=1", ) 1

1

2 (7.4.35)

Thus if tlie displacements ancl/or tractions ar-e knou'n o\¡er the pule bounda,r5'

C u'e knou'the clisPlacenrert,s and tlactions on cur'\ie C¡ b7, using the combination

of tlre equatt,ions (7.4.31) aucl (7.4.33). Ouce the displaceme.nts and tractions on the

bounda,r-¡' C1 , C,'¡ , C2 are knos'n, the displacenents and tlactions in the interior points

ca,n be calculated using (7.4.31) and (7.4.33) again.
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7.5 Nunterical lnethods

7.5. 1 Per-tulbation techniclue

Using the ltounclaLl, elertent method, the bouldar.S, C is discretised into À¡
straight segtnents. B)' usr.trt ing the displacernents a,nd the tr-actiors are corstants
over a given segment, ecluation (Z.a.ba.) ca,n be soh,ed bj, the approxirnation

r T¡¡(i,pi) (t S(iI - t1:] LI¡¡(i,ti¡) dS(rr)ru(¡o¡) : a u
(0)

l. )
(7.5.1)'I t17

nt=7

Here C,,, derlotes the rrz¿l' segment of the discretised boundar¡r, p] is the 'ridpoi'tof C* a'tld tr¡',,, and f¡-,r, ar-e the constant values of u¡. and l¡- respectirrely orrer the
segment C,,, r'hile r : + if p]. on C and r : I if p-* e n .

For- certain boundar:¡') \\'e ca,ll gaiu an aclrranta,ge to reduce the cornputation time
by involving the u'eight function If the bouncla,r¡, C is divided i¡to nz co¡forrni¡g
elements C,,'. eaclt descr.iltecl l¡r, P nocles u,ith (P - 1) being the order of the rveight
functio' A,["(e), n. : I,2,...,p, of. the intr.insic'ariable (,(_1 < ( < 1) the'
equation (7.5.I) ìtecomes

,rfl:",,å,¿{ ,*"
t::),"

The integral here can lte evaluated b), the moclified Simpson,s rule (see Abrarnorvitz
and stegun [2]) so equa,tio' (7.b.1) fo'rns a set of rinear-argebraic s¡,stem u,itrr 2.ry'

equations and 2À¡ ultlltott'tls. Once this systern is soh,ed, ,j.o) on the e'tire boundar¡,
are knot'n as u'ell ut ujo) on the entire domain through the a.borre fo¡¡rula.

145



Siurilar altplcrxiutations ale appliecl fr¡r' the sc¡lution of ec¡reitic.n (7.4.õb). The

equation (7.4.28) on the bounclar¡'is approxir¡atecl b1'

t (n) T¡¡(i,pi)dS(í) - +';) U¡¡(i,rik) dSG)

a (7.5.3)

+.I fli')Lr;¡,t,@",,rù [ [ (].4(,í) (,' > i).
o:) JJn.

Hele.f¡¡.o(ã,) is giveu ìr¡'(7.4.6) on the orl'subclomain and assumed. to be a, constant.

Ç deuotes the rtuml¡el of subclorna,in (clornain 'R. is divicled jnto Q sr.rbciomain), ei
denotes the inteliol point of'the subclomain, d denotes the l¡ouncla,r-r, point. The

bounda,r¡' conditions hele are assrtmed to be snperimposecl. If u,e alreacl¡, s¡recif¡,

,rj.o) o, tjO) u'ith the given bcnrncla,r'¡,conclitions then.r,f")and/or.új.") ur" zero. Thus

b¡'spsçif¡riug,,f") :0 and /f") :0 c.¡n the ìrounclar¡,, ecluation (7.b.3) for-rl a, set of

linear algeblaic <:c1ua,t,i<.rn n'ith 2À¡ ecluations ancì 2ÀI unlinon,ns again. Once this set

of linear-algeìtlaic s)¡stem h¿r,s been soh,ed, u,e kltou,rj.") ur..l ff") o,rer the ltoundar¡,.

To evaluate the clisplacement fol inter-ior points, it is necessa,r)¡ to erra,lua,te the a,r,ea

integral u'hich cc-¡utains the singular-point. For'¿ : ?rÀ: the clispla,ce¡re¡ts for the

interior points ca,n be oìrtailecl by

ï"',î' : 
^ {" 'I 111 l" l"nr:]

LI
(")
jL :a, I {,,

?,.i(,Í. rl.)r/^9(rl) - t','1,,' LI¡¡(i,î; )r/S(ã)
( r¡ )

t11 1,,rlr:l

+ ^f .f:;l f f ,,,,t/¡¡,¡(ei, 
rl )r/.4(:Í) (,2 ) 1),

(7.5.4)

(7.5.5)

u'lrile fctr- x f x:¡. the ciisplacement for the inteli<.r:.. point,s is give¡ ìr¡,

t1

tJ
û?T t {,,Í;1,' 1.,, 

r,,(,=,.i )ds(:ii) - ¿l;) LI¡t(i,:ri )dS(e")
rrl: l

a
+ . I .f'li' )LI ¡ ¡,¡.qt, to¡ dA(i) (n > 1).

o:7

For'¿ : 2)A, it is necessar-r' to erralua,te IIo"LIn¡,0 d.A and IIo.LI,.¡,0, ctA. If the clomain

is divided into the lectangnlar shape l'ith u'iclth 2r¿ a.ncl height 2l¡ a¡d z¡- is chose'
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at tlre ce'ter poi't 'f tlic'r'ct.r.gle the' //n, L|ir,A ¿.4:0. lln"LT¡j,t,td.A - 0, except

for

ll^
I l^"

I l^"

11,,"

II^

ll^"LItz.zt

Llrt,r, cl,4 : - 4alctan f +

Lizz,-tt clÅ : - 4 alcian f
LTtt,zz cl-l :4 alcta,n ! - ?

D rî.

?
/ì:

2

^!

Ur, ,r, d--1 : 4 alctan a
b

LI
4al¡

+-2
rí

2 c|.4. :

clA:

d.1:

2
1
tí

1
/i

1
ti

1
/r'

(7.5.6)

cP¡62
4alt

o2 ¡þ2
4ob

Liz't,tz

Lir, t', d-l:

t

a2 +b2
4alt

o.z ¡ þz

7.5.2 Tu'o homogeneorrs m¿l ter-ials

Using the bc¡lrncla.rl'c.letnent lnethod u'ith corsta,nt coefficients, the bouncla,ry C1,

Ct, Cz (see illr-rstration in Figure 7.1) a.re discletised into Àr, AI,O str-aight seg¡re¡ts

lespectivel¡'. It is easil¡' t,o specif)' the clirection for the fir.st mater-ial a,s counter-

clocliu'ise dilection fol cliscletisation pulposes. If we use the cliscr-etisatio' rule such

as C1 , C¡. Cl1. C'2 then rr'e have N +2A[ * O cliscretisation points. Thus ecluatio¡

(7.4.3I) on the ltounclar-r' is appr.oximatecl b¡,

À'+ ¡/

å"1l' : " {,,lll /",,,r1;' G,pl) r/s(ra) - r:l,l 1".,.
(r)

tlt:1
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Si::rilall¡' fol ec¡uertior: ( 7.4.33 ). u,e ap¡>r.oxi:lrate b¡,

I"fl: -o(2),,,Þ.;., {''::l /r,,,r!}'@,d)r/s1e=¡ -t::l f.,,,r,:;'G.ø)ds(,)}

* oQ) ^:ä-,-, 
{,,Í;l /".,r!i'@,n-*) ctslt¡ - r!?,1 

f"_,r,!?tr,d ) asrri;} .
tn= J

(i.5.8)

Using the contjnr-rit¡'ec¡uat,ion (7.4.34) ancl (7.4.35), equation (i.5.7) and (7.b.g)

therr form a set of linea.r.algeblaic equatior:s u,ith 2(Na 2A,[ +O) equatio¡s a¡c] 2(;tr_¡

2^[ + O) unlinort'ns' O¡lcr: t]ris lineal' algeblaic s,'r,stem is soJlecl, the clisplacel¡e'ts

and tlre tt'actions ovel'the boundar¡' Cit,Ct,C'2 areoìrtai¡ed. Sj'rilar approach ca'
be used fol calculatirlg the disPlacements ancl the tractions of tlie j¡rte.ior.'oi'ts.

Þ

E

F

B

Figure 7.2

A quarter of the disk

c
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7.6 Nunrerical results

Problerl 7.1 Ci.cula. clislt *'ith a large hole (co'rpa,riso'for-pr-obler¡ 3.1)

\4/e consiclel the concentlicall¡' s.r..tr.site dislt u,hich rvas cliscussed in problern

3.1 Jrut her-e l'e soh'e the problem using the bounclary element method. Beca,use

of the s¡'mmetlic natule <.¡f the pr-oblem, rve considel onl¡, a. quarter of the disli as

iilustrated in Figule 7.2. The segments AB ancl BC is subjectecl to the bou¡dar.¡,

conditions Úl :0, rL2 - 0; the segment CD is subjected n,ith tl: pcosd, t2: itsirt1,
tlre segrnents DE ancl EF to rr1 : 0,tz - 0 a¡cl the seg¡rents FA to f 1 : 0,t2 :0. The

rrurrrer-ical lesttlts fol the stlr:ss concentlation factol o6 f p oi|>ta.inecl usi¡g the 6o''dar.¡,
element mr:t,hc¡cl ancl the ¿rn¿rh'tical r-esults obt¿rinecl as in problem 3.l ar.e plotted in
Figule 7.3' Hele the clots ¿ind the dash line represe¡t the ¡u¡rer-ical results obtai'ed
ìly ¡"jtt tlle bounclar',r' element method ancl the solid line r.eplesents the anal),tical

lesults. Figule 7.3.a, shot's the results fol r-aclius of the hole rf rs: .1 obtained b¡,

discretising the segneuts AB into 30 ec¡ral segrlents, BC i¡to 1b seg¡re'ts, CD i'to
40 segments, DE into 25 segments, EB into 35 segments, EF into b0 segme¡ts a¡d FA

into 20 segurents. Figule 7.3.ìr, 7.3.c..7.3,c1 give the lesults for the ladii r/r¡ : .2, .8, .4

respectivel¡' using the sa,me cliscletising points, except for the seg¡re¡t EF u,hich is

discr-etisecl into 48,46,14 points, segment FA into 23,26.2g poi¡ts and segme't AB
into 28, 26,24 points lespectivell'.

Ploblem 7.2 : InhomogeDeous c¡,ìincler

\4'¡e considel hele an inhourogeneous c¡'lincler u,ith non di¡rensio¡alised ¡raterial
itrlronrogeneitl' parametels )/)¡ : 1 and pllLo :2lG + r). The inter-ior.ra,djus is

fixed at r : 1 and the exteliol radius t' : 3. The pressure /, : 2 is the' applied at

the exteriol cvlincler- u'hile in the iuterior cJrlincler, zelo pressure is applied.
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Figure 2.3

Cornparisou of the stress conceutration facl,or for a disk u'ilh
several radii of the hole usiug boundary elenreut metbod and a¡ral)'tical method
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Using t,he peltur'ìr¿ition technic¡.re over a clualtel cl'linder' l¡1' .pec'f¡'ing 15 seg-

ments frorl the point, (0.1) to (1,0), 40 segmr:nts fiorn point (1.0) to (3,0), 50 segments

flom (3,0) to (0.3) ancl 40 segments flom (0,3) to (0,1) or 290 points on the boundar'¡'

and 141 points at the intelior', u'e obt,ain the lesults as shot'n in Table 7.1. The

stress intensit¡' factol fol this palticula,l ploìrk:m, using the bounclar]¡ elernent tech-

nique and the two pc¡int bouncla,r¡' value proìrlem solutions can be compared through

Figule 7.2. The solicl iine in Figure 7.2 r'eplesents the lesults obtained b1' w;r.t

the tu'o point boundary value method. The star.s denote the results obtained by

the boundalv elerlent technic¡-re using onlt' tt'<¡ peltur'ìration telms, r'hile the clash

line are theil splines. To this end u'e note tli¿rt the ma,telials u'hich is used here

is the sa,rrìe rnatelial usecl firl the axially s)'mrretlic pr-oblem cliscussecl in chapter

tlrree. Also note that b¡' taliing the non climensionalised quantities 
^f ^o 

: 1 and

LLltto : # :1+.01 100 the assumption in (7.a.2) for srlall variation of À1 andI -r')l+r I

¡r¡ is violatecl. horvevr.'r't,hr: nnnerical lesults c¡btainecl in Table 7.1 and Figur-e 7.4

still shou' t,hat cornbin¿t,tion of'the boundar¡' elelnent lnethod u'ith the pertulltation

technique ale iu a goocl agler:tlent rvith the tu'o points boundar¡' r,alue method.

Problell 7.3 : Sclualr: ¡-rlnte s'ith cilcular-hole uuder- ruriaxial loading

\\¡e considel a s(¡r¿ìr'e platc' of rviclth u, : 2 made up from tu'o liind of rnaterials

u'ith a celter- hole of t'aciius t' uncler uniaxial loaciing. The first material is bounded b¡'

circular bounda,r¡'t'ith cent,el point (0,0) and r-aclius t': .7 to the edge of the square

u'hile the second material is bc¡unded flom the c:ilculal hole to the circle above. The

join of these matelials here is a,ssumed to be perfectl,r' continuous.

Becanse of the s¡'mmr:tlical natur-e of the ploìrlem. n'e onh' consider a, quarter

part of the plate a,s sltorvn in figur-e 7.5. Using the boundar'¡' element method, rn'e

specifl' the pur-e bounclar'-t' ol the first mateli¿rl as haring 17 segments from (.7,0) to
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(1,0), 20 sr:grrrr:nts fi'<¡:n (1.0) to (1,1), 15 segncnts fi"om (1,1) to (0,i), 1g seg're'ts
fi-orn (0,1) to (0,.7). The Pirle borrnclar-1,c¡f the seconcl matclial is specified b¡,40
segurents flom (0,.7) to (0,r'), 21 segments fi-orr (0,r') to (r,0) a¡cl 1b segments fi.om

(r',0) to (.7,0) t'hile the intelface bonnclary is specifiecl b¡,41 seg¡re¡ts. Seyer.al

diameters of the hole in the seconcl material a,r-e chosen to obselr,e the l¡eha'iour. of the

stless int,ensit¡' factc¡r-. The stless intensit¡' factor- /f u'hich is clefined as the r.atio of the

conìponent 11 of the stress tector-at the eclge of the hole (z : 0, y: r) to the applied

stress (a in Figrire 7.5) is plottecl in Figule 7.6 for"several clianeter.s of the hole relati'e
totheu'idthc¡f theplate (T:.1,.2,.3,.4..5). InFiguleT.6,thesamema,terialfor.the

first ancl the seconcl urateli¿ll t'ith non climensionalisecl Young's rnoclulus ElEo: 1.0

and Poisscll's r¿rtio uf u¡¡ -.25 alr: chosen fol simplificatiol a¡cl for tesii'g the l'esult

iu compar-isc¡n tc¡ tìrr: ¿ur¿rh-tic¿r,l solutic¡n for- the homc.igeneous materia,l (see Shilklut
et al [66]) aDcl the nrtntelic'al solution using a, comì¡ina,tion betu,een finite eleme'ts
and the lloulrcl¿llv element techuiclue fol homogeneous materials (see \Ãreari'g a'd
Sheilih [81])

Figure 7.7' shou's the similar-ploblem and the sillilar discr.etisatio¡ a,s Figur.e

7.6 tvith tn'o difi'erent liilcls c'¡f the matelials. Figure 7.7.a shou,s the gr-aph of the
stress concentra,tion factor \¡elslls cliameter- of the hole for- T : .r,.2r.3r.4 for tu,o

Itinds of mater-ials' The first matelial u,ith nc¡n clinensionalisecl Ycru'g's 
'rodulus

ElEo: 1'0 ancl Poisson's latio ¡.,f us -.25 ancl the second material u,ith young,s

nrodulus ElEo:2.0 and uf L,,s:.25. By su,apping the fir"st matelial and the second

nater-ial a,l)ot'(-:, u'e c¡bt¿iil the results as given in Figule 7.7.b. The 
'esults i' Figure

7.7.c are obtai'ed b1'11*l¡g the fir'st 
'rater.ial ^,itlt Ef Eo: 1.0 a'd trf t,o -.12b and

tlre second mateli¿rl vith Ef Eo : 1.0 and ufu6 - .2b, ¡,hile Figur.e Z.Z.d the first
rnaterial tvitl't Ef E0:1.0 ancl uf us:.25 and the second material tvith Ef E0:1.0
aùd ufus:.125.
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Table 7.1

Inhonrogeneous ma.terial u'ith )/)¡ : 1 ancl U/Uo : yft,
o,'O) : 0, o,(3) -- 2

R Tt'ac:tic¡n

(BEr\4 )

Traction

(TPB\/)

Displacement

(BEl\4)

Displa.cement

(TPB\/)

2.8750

2.7750

2.6750

2.4750

2.3750

2.2750

2.0750

1.9750

1.8750

r.7750

r.4750

1.3750

-2.9870

-2.6427

-2.1604

-2.5808

-2.8877

-2.7275

-2.3619

-2.8973

-3.26E4

-3.1398

-3.5561

-4.0114

-2.2782

-2.3058

-2.3350

-2.4088

-2.4537

-2.5057

-2.6346

-2.7125

-2.8069

-2.9168

-3.1203

-3.6731

2.395i

2.3324

2.2768

2.1 798

2.1299

2.0830

2.0105

1.9778

1.9449

1.9168

1.8844

i.8854

2.4258

2.3707

2.3167

2.2160

2.7693

2.1253

2.0467

2.0109

1.9805

r.9547

i.9140

1.9169
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CHAPTER 8

SURFACE EFFECTS DUE TO INCIDENT PLANE S¡1 'WAVES

8.1 Introduction

One of the majol concer'n of engineeliug seismologf is to undelstand and explain

vibra,tional ploper.ties <-¡f the sc¡il excite,d b¡' n.'ut earthc¡ualies. Alluvial deposits,

often ver¡; i1'1'¡'*r.rlzi,r' geomr:tlicalh'. ma); affect significantly the aurplitucles of incident

seismic waves (see Trifunac [7S]).

In the last feu' )¡ears. the gror-rncl amplification of seismic \\¡ar¡e oll alluvial valle)'s

have been studiecl ìr1'numerous a,utltor-s (see fol example. Bla,r'o et al [6], Sánchez-

Sesma a.nd Esc¡rivel [64], Tlifirnac [78], \\rong and Jeuriugs [84], \\¡ong and Tlifunac

[85], [86], \\rong et al [87]). Integlal ecluation folmulations have been found to be

palticularl5' use{ul in <-¡bt¿iining numerical solutions to pr-oblems of this t1'pe. In par-

ticula.r, \4iong and Jenning [8a] have used singular integral ecluations to solve the

problem of scatteling and diffraction of incicleut S/l \\raves by canvons of arìritrar¡'

cross section. Also Br.a¡'o [6] extended the method b5' ç.ottr'O"ring stlatified a.lluvial

deposits. \¡er-¡' lec,entlr'. Cllellents and Larssc¡n [14] extended these integlal formula-

tion techniclues ìr,r' inc'lucl'ng the case of homogeneous anisotropic materials.

Tire u'olli in this chaptel can be consider-ed as a,n extension of the plevious t'ork

on integral ecluation follnulations to inclucle the case 'n'hen the alluvial deposits are

inhomogerleous anisotlopic matelials.
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8'2 Groulld nrot'iolì ott a¡l aìluvial inhor:rogeneous anisotropic valleS,

8.2. 1 Problem for-mulatio:r

Refer-r'ed to a Caltesiall fi'ame Ot112x3, u'e consideï a¡ a¡isotropic ela.stjc half
space occu¡r¡'iug the r-egiorl î2 ) 0 as illustlated ir: Figur.e S.1. The lialf space

hele is divided into tu'o legions in r¡'hjch tlie fil'st legior: co¡tains a hor:rogeneous

anisotlopic matelial rvith she¿rr moduli U(,]l - )Ír1) und t.he second r.egio¡ co¡tai¡s
an inlronrogeneous anisotlo¡ric material witli the sliear moduli p::) _ sll çolr) r, ¡
o'L')., * o[2) 1z . The r:r¿rt,e'ials a'e assu'red to acrhere r-igicil¡, to eac]r otrrer. so that
the displacelllent and stless are co¡:tinuous acloss the jnter-face 6ou:rdar¡, 6etu,een

the fir'st a.nd t,he second legions ald the constants in the shear- r:rod¡li satìsf¡, ¿hs

s"r,mnretr¡, co:rdition. )l,f ' - )j.1) for O :7,2.

0
r,

Pegic,n I

Incident 5ll r*ale

<-1
Refected Sfl s-¿re

t2

Figure S.l
Tìre alluvial valle¡' and surrounding half_space
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Let ¿¿(l) ¿rncl rr(2) ìre thc cìisplacerrr:nt,s in the x:3 clirectio¡ in the ha.lf space a.'d
the valley lespectivel,r'. Rl' the plopagation of liolizontall¡, p6larisecl SIl *,a'es, the

displacernent satisfies the e<¡rations of motion

,(r) 02r¿(1) ,'02u0)
"n¡ Ar.¡Arl: Po' Atq-, (8.2.1)

fo:: region 1 and

3 lr(z)¡ ^(2) ^.t + o\2) *,+ oÍr)) r7r2)f - ^e) t ^.e) t t + o\r) rr+ a[zl1 rA':1, 
.âr,n f''ij \''t '¡l -rLr) 't2-TLts ) ArJ l: Po (o'l í?:l +aà'q-laà') -At-,

(8.2.2)

for- region 2. H"r" p[o) clenotes ihe densit1,, f clenotes t]re time a¡cl r-epeated Lati'
subscripts denote sumrlra,tic¡n fi-c¡n 1 to 2.

In vien' r:rf a,ssttnting the folm of time depenclence a.s exp(za;ú), equa.tion (8.2.1)

can be lecluced to

Sirnila.rl¡' n'ith ec¡uation (8.2.2). By usi'g

r(l)ô2t'(I) , -(1)
^',¡' Uiar¡ * pf,"azl,(t¡ - 0,

r,(' )(r,1, t:2,t) - ¿,(l)¡r,1, r:r) exp(z¿¿f)

,r(2)1nr, t:2,t) - r(z)(zr, r:, ) exp(z¿,,ú)

b)' substituting

s'e obta,in

(s.2.3)

(8.2.4)

a
ðx

.lfrt)1" !').', * oL').', + o.Í')) + p[t)r'(o1')r, + o,\')rr+ 
"!'))2u{z) - g

z 0t(2)
0r¡

(r) ('*l*

(8.2.5)

(8.2.6)

Of inter"est is a plane wave of unit am¡rlitucle rvhich propagates tou,ards the

sulfa,ce of the ela.stic half space

I
I2
C2

TI : exp ?r,
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rvlrere q : ,4(t)/sin 1't. (:2 - ¡1o)f cos^ir, Ð(1) clc'otes t,he'elocjt), of the i'cideut
\\¡at¡es and 1'.¿ clenotes the angle of the incident \\,ave. Since uf') ir. (8.2.7) pr.oparga,tes

in the first rnatelial, it must satisfl' equa,tion (8.2.3) so that

Wr'¡z - À11)sin2 rr + 2ÀÍt') sinlr .oslt + )\l) cos2 1'¡. (s.2 8)

Now u'e consicle' the ca,se u'he'regio' 1 and 2 a'e occr-rpied b¡, the sa,r¡.e material.
In order to satisfy the tlaction free surface cordition on fi2 : 0, it is necessa,r-J, to

ha,ve a, reflected \\/arre of the form

,,1',:cxr)?(,(r-i -Ð (8.2.e)

Thus if there a,r'e rlo illegularities, the flee field solution of the clisplace'rent ca,' 6e

g'rrtten a,s

The stresses are given bv

,3):rft)+,,f;) (8.2.10)

(8.2.11)

(8.2.r2)

i3o , (l ) â¿r(l )
n¡¡ Ar\ ,

so that the stless o.!l) ,rn r.2 - Q ig

This stress u'ill be zer'<.¡ fcx. all t,inle t if
dt: ct'
1_ 1, 2À\t) (s.2.i3)
,lo- n- 

^lilo'
Tlrese equatiotts ser\¡es to Pr'<lride r/2 in terrns of the unknon'n quantities c2, ct, Àr1)

u"d )!tr). l\ote that if (8.2.9) is substitutecl into (8.2.3) then since it r-eprese¡ts a,

solution to (8.2.3) it fc¡llou's that

A- 2^\:,) 
-ÀL',' -^(r)E - ;"," * 6: Pà' ' (8'2'14)
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and if (8.2.13) is used to substitute fc-¡r' 7f d.2itt (8.2.14), and the¡ i'to (8.2.8) so that
(8.2.13) ensttl'es (8.2.9) is a solution to (8.2.3) or: the a,ssumption that (8.2.7) is also

solution to (8.2.3).

Let fu : lJ' Isin 1'¡ artcl d2 : P' lcos 7n u,here î,n is the angle of the reflection,
then

r^.-,- , d, 
- 

tau(17)tan(J'n): ao:m, (8.2.15)

and o¡.ce i'¡ has l¡een cleteltnined from this eclua,tion, the u,a,r,e speed B, of. the
reflected \\'ave rlla¡, llp le¿lclil-r'cleter-llined fi'om the ecluation fj': d, si¡(Zn).

To incrhicle the iuflrrence of'the inhomogeneous anisotropic alluvial va,lleJ, i¡ region

2, the soluti.n f<.rl thr: ext,r:r'i,r'of'the deposit is Put in the for-m

¿,(r) -,,1) +r,(j), (8.2. i6)

in u'hich.,!) it the clisplacement clue to diffr'a.cted \\¡a\/es. In regio' 2, the displace-

ment uQ) - t,f;) t,ill l¡e ca,usecl b¡, 1L" refractecl \\¡a\¡es.

8.2.2 Integreil ec¡.ra t,ion

Proceeding further. as in Clements and La,r'sson [1a] for- the regio' R.1 rvith l¡ou'd-
ar¡r Çr and orttt'ar-cl poiuting uoltlal conìponents ir1 a,nd n2, the i'tegral equatio'
corresponding to (8.2.3) is

r.(r )1n. ô) : l",l^i]'l],,,,.') - À1i )a;:: ,, rtrr] as, (8.2 i2)

u'here r:I if (a'l') € Rr and 0 < r < 1if (a,ö) € C!. The fund.aurental solution of
j/(t) ¡. giye' ìt1,

1,'(r) - 
? 
7¡(r) H|QÐ R('\ + u|errr¡(t), (8.2.18)4
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\\'hel.e

J?(
| \(r) .)\(J) I

ft',, - ,,)'+fit', -t)'- ffit., -')(r'z -r,]

f,,,, - rt)2 *(^+) ' ,,, - n,'--#,'1 - ')(r:2 - ¿,)+

r (l ) r (1) ,, (1)2
^t] ^22 - ^12

-(,R'

\/(

(t2 j b)2 ( )l'
(8.2.1e)

(8.2.21)

ÀL'r)'

1í(1):
(t)
')'))

,rli),r!l) - ,\1'r"'

P[rt) 
" 

Krtt '

and llo2 clenotes thc' Hanliel function of the seconcl liind of order zer-o.

Proceecling fr-rlthel as in chapter 6, section 6.4 for the legi<-rn R2 rvith l¡ound-

at5r Ç, and outu'alcl pointing normal conporìerts n1 and n2, the integla.l equation

corresponcling to (8.2.6) is

1¡e) r,{2) (a.1,) _ 2 AIi(2)
--;- ?? ; ?l

ctx_ j
z 0u(2)

ô*¡

(s.2.20)
n ¡lt-(z) dS,

u'here

-(v'

,tf i)1",!t).' , + o,\') *r + ..5'))

.lf l)1o,!')., , * o\'t r,, + ",!'))

(2)_

2 ?.

4
(o !t).., + oL') r, + a,!z)¡ -1 Hlpt2) p(z)¡,

1

2

(21 r r (2)
Po u- À22

As in section 6.4, I;tzl rra¡, bs deternined þ¡' ¿þ" help of a solution of (8.2.6)

,,, : I(o l''r, + o,\'),r,r+ o,Ít)) -' H' (o2 s{zl¡, (8.2.22)

5rz) - [,,t* ffi,2- 'ff,,,,,1+

R"¡ - 1,.,,- 
a)2 +fit-r-t)'-t#r,,-'lt', -b)]

-(U' 2

r1i),t!"' - 
^?,

rvher-e
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Thus using (8.2.22) in (8.2.20) rr'e obtain

-t z 0I¡(z)---;--?l¡u
otj

z 0u(2)
0r¡ niI/(2) ds.

(8.2.24)

(8.2.26)

(8.2.27)

(s.2.28)

(8.2.2e)

J¡(z) - 11,(2)(n. b) Àl;) (ûl'?)r, 1 ¡ o!,2) t,2 + "!t))

,lfr?) ("!')r' , ¡ o!r2) r'2 + "5t))

(2) _

By appl¡'ing ec+ration (8.2.17) and its fundamental solution (8.2.i8) in the region

1 (outside of the valle]') then the onh' non zelo integral is the integral over the valle)"s

interface boundar¡, (Sornmelfeld radiation conclition, see Urseil [79]). If u'e denote

ihis intelfacre b<.runclar'\'as cur'\'e Cl ancl va,lle)"s fiee boundâ,rJr ¿,s C¡ and specif¡'i11g

the normal cornponents rr1 ancl rt2 pointing outu'a,r'd of the va,lley's boundar¡r, thus

(8.2.17) ancl (8.2.20) on the va,lle¡"s boundar')'ale

)uo){,,,ö) 
: - l.,l^i'Ìî},,,," ' - )l;) þ2,,,vr"] ,r, (8 2 2b)

and

y(z) r(2) (ct,b) _ ,lfr?)1"f 2).' , + o\'t r., + "!'))
(2) _T

?1 ¡:

2 AIle)
^ 17.¡'t)
0tj

s\l ç"\'?) *, + oL'),., + "5'))
z 0u(2)

0t niVQ) dS

t*Cr

J

The equations (8.2.25) ancl (8.2.26) togethel u'ith the continuit5' equa,tions

2)
1) t)

^:]
¡ ôt'(t )

.lfl)1*!'?)' , + o\Ð r'r+ o!" )'H,-,,,ôt¡

and traction fi-ee bouncla,r-r' condition orÌ ¿r : 0

llr'' (" 1''r', + o'!r't r,, + "5'' )
z 0t'(2)

ta7 
-Ot: ¡

0,

ma¡r þs used to soh'ed fol displacement, and stless ovel the interf'ace boundar¡' Ç¡

and the displa.cement along tlaction free surface rr : 0. Once this has been done,
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\\re can oìrtain the r,¿llue of the cììsplacerrents t,(r) ancl/.,r- tr(2) ',¡ all poirrts (o,lt) in

the half spa,ce r;2 ) 0 thlorrgìr ecluations (8.2'17) and (E.2.20)-

8.2.3 Numelical r-esults

Suppose n'e ha,r,e a semi cilcula.r valle)' (region 2 in Figure 8.1) n'hich is defined

b), ,ron dimensiona.lised cFrantities ("r - Z)' + *3 < I. Also suppose tha.t the mater-ial

properties )Í1,,rln,, o.l'', o!t', o['), f) : 1,2 a,::e non dimensionalised quantities and

the normalised frecluencSr i5 clefined by

a (8 2.30)'l : n íi.r'

u,here É(t) ir given b¡' (E.2.8).

Using the bouncl?ì11; 61.-m"r.t methc¡cì ì:¡' ¡li.¡1'e'1'sing 80 segurents on the interfa.ce

bou¡da,r¡' a¡d 70 segments c¡n the free valle)' bouncla,r-J/, \\'e obtain the numerical

r-esults a,s shou,n iu Figr-rres E.2-8.9. In Figr-rle 8.2 ri'e used the non dimensiona,lised

nraterial specificatior as )11' : .12,^\:r) - .00,)5t) : .I2,pL'):3.,)ltr) - .02,À\t) :

.00,^t2z) - .02, p'o') :2.,o1') - .0, oL') :.0o,!2) : 1. and the inciclent angle of

the u,ave is chosen to be zero. Note that the lesults found in Figule 8.2 and the

other.s paper (see fol example Sánchez-Sesma and Esquivel [64], Tlifuna.c [78]) a're

no different. The lesults in Figure 8'3 are olltained ìl¡' ¡t;tta the satle ma'terial for the

regio¡1. Fc¡r'thelegion2(thevalle¡')u'euseclasillilarmater-ialasinFigure8.2also,

except \r,e no\\¡ choose o1" : .5, o\'): .0, o'l') : .0. Similarl¡'in Pigures 8.4 and 8.5,

u,e used the same nateli¿r,l f<¡'r'egion 1 and for legion 2 the mater-ials inhomogeneities

a,re chosen to be o'lt' : .0,o!') - .5,o'!t) : 1. and ol') : .5,oL') - .5,¿,Í') : .0

respectivel)' and the angle of the incident s'At'e is specified lrv zero. Figures 8.6-8.9

are obtainecl lt¡' r-rsing the sarle materials as usecl for in Figules 8.2-8.5 respectively,

except that in this case the incident \r'ave angle is chosen to be 30o.
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8.3 Glou¡rd ¡notio¡r effect due to subterranea¡r alJuvial deposits

8.3.1 Problem folmulation aud integral equation

In the case of the alluvjal de¡rosits are u¡rdel the ground (as illustrated j' Figure
8.10), \r'e call easil¡' extend the u'ork gi.r,en in the pr-evious section.

Refelling to Cal'tesjau cooldinates Oz1 :r-.2r3) u,e consider an alrjsotr.o'ic elastic
half-space occup¡'i¡1g the legion o2 ) 0. The l:alf spa,ce Ìier-e is di'ided j'to tr'o
regions' The fir'st legion cont,ail:s a hourogeneous anisotr-o¡ric mater.jals u,jth shear

nroduli t'lt¡' : sll - The secor:d 'egiot contains a' jnho'rogeneous a'isotr.opic ma-
terjal u'itli slieal moduli u::' :,1!r?)1"{2)r,, + ol2)*, + a,\2)¡z a'd a finjte do'raj'
bounded b¡' ei simple closecl cuLve C'¡.

0
fl

Fe3ion I

\-,, n

I;¡cid¿¡,r 5Il u.ar.e Reflected 5I1 rvaçe

fi

Figure 8.10
Tbe alluvial deposit aud surrouuding half-space

Let u(l) and t,.(2) lle the clisltla.cenrents jn the 2:3 directiou in the half space a'd i'
tlie deposit respectivell' theu fol the plopagatìcxr of horizontalll, polarised ,S.H *,a'e,
the displacement sliould satisf¡' the u'a¡,e equation (S.2.1) and (g.2.2) for the region 1

170



and legiorl 2 r'espr:crtivel)'. Pl'oceecling fulther as in the pr-eyious section the i'tegral
ecluation con'esi)onclirtg to r:c¡rat,ion (8.2.1) i:r this case carì be u,ritte¡ a,s

,uQ)(o,ö) : - /.,|^i'iff,,,,,') - )Í.1,ff,,rr,,] ,r, (8.3.1)

'rvlre,:e r: r if (a,b) € r'egion l and 0 <r < 1if (a,ö) e bounclary of regio¡ 1. Ì7i

denotes the outu'ard nolmal of the simple closecl boundar.¡' C¡ and V(l) is given by

(8.2.18). Sirlilarl¡', the integr-al ecluation corlesponding to equation (8.2.2) c¿n be

u'ritten as

¡¡(z)ut')(o,t) : 
.1.,1 ^l;,(o,lt).,, 

+ o,!r')*r+ o,lt))'u{li' ,.,,urrr--
(s.3.2)

)1;' ("1",r, + ol') r,r+ "5'))
z 0u(2)

?tr¡
noY(2) dS

B)'using ecluatious (8.3.1), (8.3.2), the continuitv ecluations as given by (8.2.27)

and (8.2.28) acr-oss the intelface boundaïy Ct, together- u,ith tr-action free co¡ditio¡
orl 1?:2 :0 (u'hich is given b¡'(8.2.29)), *'" can soh'e for the displacement and stress

over the intelface bouncla,rl' C¡. Once this ha.s been done, u,e obta.in all the ya,lues of
the displa,cements t'(l) a,nd u(2) at all points (a,ô) in the half spa,ce ..2 ) 0.

8.3.2 Nunelical results

Hele'tve considel a seuricil'cular alluvial cleposit u,hich is clefi¡ed þ¡, ¡ror. dime¡-

sionalised c|-rantities ï,1,r2 as in the region (*r-2)rf (¿z+1), < r, rt { -1. Suppose

we lrave the non dimensionalisecl material proper-ties ur )ff ), p[n), o\') ,o5'1,o5'), CI -
1,2 and the normalised fr-ec¡rencies defined b¡' (8.2.30). Using the boundar-J¡ elernerìt

method bv discretising the semi circular bounclar.], into 80 segment-s and the diago-

nal of the cilcle into 70 seguents, u'e obtain numerica,l results a,s shou,n in Figur-es

8.11-8.13. In Figule 8.11 u'e used the non dimensionalised rnatelial specificatiorì as

Àlì): .r2,^\t) -.00, ^tL):.r2,pt')-s.0,)Í?): 
.02,^\22) -.00, ÀLt):.02,p') --
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2.,*\') - .0, ot') :.0,o,5'' : 1. and the incident angle of the \va,\¡e is chosen to be

zero. The results in Figr-rr-e 8.12 ale obtained b¡, using the same material fol the

region 1. For the region 2 (the sedirnent) rve used the similal ma.terial a,s in Figure

8.11 also, except bJ, choosing oÍ') :.5, oL'):.0, o[t) :.0 a¡:d usi'g zero a,'gle for

the incident rva,r'e. In Figules 8.13 we used the sa,ur.e rr¡atelial fol legion 1 and for

region 2 as in Figule 8.12 b¡' speciff i¡g 30o as the incident angle.

772



rÈ¡?i'

0

@

op
d
E

c
Eoog
o
.qo 2U)

ttú
t.¿r

wI
ó

lr 2t

ll

2.(N

I
2

x

0

Figure 8.11

Eflect of honrogeneous de¡:rosit, ,1,/ = 0o

o

@

@

Þ

E
@

co
Eo
-gA
¿5

tu
t,i0

3 lW
,t ,t

b.¿!!
0 4

x

Figure 8.12
Effect of inbomogeneous deposit, ),t = 0o

tÈ)00-----

173



o

@

@

Þ
-o
E
rc

c
E

-aê
.vJo l6

o

l'ú
)zt

u;5
ù í,0x ot5

2

x

0 4

Figure 8.13

Eflect of inlronrogeneous depo-si1, i't = 30o

ú4



Let u : u(t:,y) be a solution c¡f

Al 0u1 Al 0u1
â* lr'('" ù arl * arlu{.'u)fi) + ol.',v)u2u : 0, ('4'i'1)

valid in the region R in E2 bouuded bl' the contour C consisting of a finite nurnber

of pieceu'ise smooth closecl cur'\¡es. Also, let u' ìre another solution of (4.i.1) valid

in -R, then the leciplocal rela.tion colr-esponding to (4.1.1) is

I I ùt. i)u.' I
Jr,u(,',u)l^"' - ã;uj as: o' (A.r.2)

Theorem l :

Proof :

Similariy

t0uI p(t:.t/) ^ u
Jc o?1

APPENDIX A

0x

+.9d 17

0u

?¿

0u-:--
iJt'r(*,v) 

I
a
A.

pþ,a) 1,1

: I^l-n"u'i * t{

I,
l^

l^

{##.HH}1,^-f p(t,y)

u l) dA

0I 0u1
ôr, [l'{'" Y) u] )"

(,4.1.3)

(A.1.4)

0u 0u' 0u ôu'_I __0r0r'AaAy dA

1",þ,ù#" cts : I^l- *'",,, t t,{#H - H#}] r^
Reciproca.l rela,tion in (4.1.2) is obtained b¡' substra,cting (4.1.a) frora (4.1.3).
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Theorem 2 :

Let u be a solution of

Proof :

Similarll'

lrij
0u
axj * pu2u :0, (A.2.r)

(A.2.2)

(A.2.4)

dA,

dA. (A.2.5)

a
0r¡

lvhere pij: p;¡r'alidinar-egion RinE2 boundedbJ'contourCconsistingof afinite

nutlber of piecervise smooth closed curves. Also let u' be another solution of (4.2.1)

va,lid in J?. Then

f.u,,ft,i,, rr.e : |"!r,,ft,i,,, * ttz¡ft,',rf ot. (A.2.s)

Using the divergence theolen in (4.2.3) )'ields

f"r,, #,', rr.e : I^{*1r,,ft"'l. *1u,,ft,'l} r^

I ̂ {*1," #] . hl,',' #l}'' *
{,"##.r,,##}r^

fl 2 , 0u0u' 0u0u')
J ^\- 

o'-tLu' I ttt ¡ at ¡ ao + t'z¡ ar ¡ d. ]

l" r,,l#""', - #"",)ds : o

2, ôu'0u 0u' 0u)
-pa-?,t,'u + t4j arJ a" * LLzj a.rd_ jl"

0u'
LLii arjuIi

B)' substracting (4.2.5) from (4.2.4) the reciprocal relation (A.2.2) is obtained
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APPENDIX B

Illustratio' of r''lti'aì.e'ess Gt : i I: \'r("ltt - o)2 + @ - l,)tlå)dt urorr.d

a squar-e boundar'¡,. Left glaphs and right gr.aphs a,re obtained befor-e a¡d after the

adjustrnent of the a,r'ctan function in the Bessel series expansion respectivelSr.
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Illustratior of nrulti'alueness ðGyl0y : -I I:11("r)(y - b)/rrlú, u,ith F -
l(t - o)'+ (y - l,)2]å arc,nncl a squale ìroundarl,. Left gr-aphs a¡d right graphs ar.e

ol¡tained l¡efole and after the adjustment of the arctan fu¡ction in the Bessel series

expansion respecti vel¡'.
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