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ABSlRACT

Reeently there has been growing interest in

quad.ratures with t¡re so ca1led. rf least estimate of the

remainilerrr or rtoptima]tt quad.ratures. Sornetimes thêse

formulae are preferaþle to the classical formulae beeause

they provid.e error bound.s in which the d.ependences of the

formula ard. those of the fr:nction are separated'.

In tJìis thesis we consid.er certain Hilbert Epaces

of functlons with knol,¡n smootluness anil clevelop optimal

formulae for these spaces using the techniques of

Functlonal AnaLysls. It is shown that these results

extend. similar results obtained. elsewhere for the optinal

forrnulae over the Êpaces t["). The convergence proper-

tles of the formulae are ileniveil- and. certain nu-merical

consid.erationsconcerningtheiruseared-iscussed'
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1 .1 Introd.uction

Intheproblemofquad.raturevreareconcerned.v¡ith

the approxination of the integral

(r.t)

by the sum

o,, (r) = 3 .$ o,1f( r-r) (x¡ ) . (l'z)
J=t l=1

ïn all that follows we shall consid-er the interval (tr rtr)

to be finite and ArJrxJ real, xJ € [t.,t,]'

Theaccuracyofthequail-ratured.epenil.sonn'ArJ
ard.tlreXJ.Forsimplicityletusforamomentconsid.er
that onl_y function values will be used in the sum (l.z) ard'

so N=1. Then there are 2n parameters to choose in

ord.er that the quad.rature be completely d-efined': n para-

meters A+l caLleil.,weights, and'. n . parameters xJ calleiL
W¡i-hrn 'tQ-îl .Þ''(ôr.ct ll*its

meshpointsornod-es.H@,thelargerisnthemore
accurate can our guad-rature be maile, for then we have more

parameters to choose. So Ïre shall consiiler n to be

arbitrarilychosenbutfixeilttrroughoutthlsd.lscuesion.

Theaccuracyofaquad.ratureismeasured-interms

of the error r(r) = I(f) - q"(r) ar:d- the cho'Lce of tte

paraneters Ar J, and' x¡ is d'lrected' to red'uce this

êffoI¡oSometimessomeoftheparametersmaybespeeifleit
.l

r(r) = It'r(x)dx,
t,
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þy the partlcular problern; for example if the values of

the integrand are glven at prescribeil points then the x¡

are no longer free parametens anil lve have only to choose

the Ar J. Altennati.rely since the lound.off error

conmitted. j-n computlng quadrature sums is reiluced- the

nore nearly are the welghts equal, we may lvant to colfs=

train tlre v'reights to all be equal' Once again v;e are

restricteil, thls tlme to choosing only the xJ' So tltat

in practice, once v/e have cletermined' the type of

quad.nature that we seek (i.e. equal weights or, equal

mesh or perhaps some other type), ve can tur¿ our atten-

tion to choosing the femaining parameters so that the

evror u(r) 1s red.uced.'

For example, (t) in the earllest type of quad'rat-

ure formulae the mesh d.istrlbution was the Eo calleit

tt equally-sPaceClr? mesh:

xj-xJ-r = constant =#, i=1r...¡fi-'1 .

x *..+Ul f /ln : v2.

The remaining n parameters A"r r " ' ¡Aan Ïvere then

clrosen to satisfy certain cond.itions imi:osecl on n(f)'

In another case (Z) the set 6 of all quad-rature fonnu-

lae consid.ered. consisted. of those formulae v'¡it'h all

weigþts equal to some ccnstantr sâ¡r 'A' The remainlng

2
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n+1 parameters x1 r. o. ¡x¡ and' the constant A were then

chosen to satlsfy cond.itions lmpos€d on O(f)' In a

third. case (l) there were no restrictions on the

Atr r.. o ¡41¡ or on the :/-1e" r ¡x¡ and' the 2n coniLitlons

on E rvere usecl to completely define 8n'

The ilnportant guestion in all of these cases wag'

however rtwhat are rhe conditione to be l.ï,"j:i-.ii- l(f)?"
The follovring theorem, due to vltelerstrassr gæ tÞ basis 

"

Êer tæe oe++Hi€E€,.

Theorem,: Let f (x) be any functl<¡¡ whlch is contlnuous

on the lnterval ltrrtr]. then for every e>O

there exists a polynomial p(x) such that

lr(") - p(x)l <

(for proof seer ê.g. t1] chapter 15, p 481')

Thus arqr function continuous on a closed. finlte lnterval

ary order of P recl sion by
^^"t

(À-LL e\t ,./.o¡ao {i
theor gå+e no I c p-t(

could, be appnoxlnated- to an arbitr
U!;. +þ*n"a polynomia] of sQ¡ne d.egnee - .

tion of the d.egnee required. for" a
T*,

particular ord.er of
r./vr¿r¡þr,L!.¿L¡¡1 ,

approximation ¡l¡¿ 1t\ãsrãJovúerful too1. ne¡*e-the-Lê$s .

Accorfllngly quad.ratures were constructed. which were exact

for polynornlals of as high d.egree as posslble. For eaee

(1 ) the resulting formulae a¡e call-ed' Newton-Cotes fonmulae

and. are exact fon polynomials of degree l.ess than or equal
6/tr(. *- got^.* æ'ø "áo\ .

to rr-1 I They are therefore said to have order o-q

3
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precision n-1. They include such well known ruJes as

the Trapezoid.al rule and. Simpgonrs rules' They are

arnongst the most wld.e1y used. quad.rature formulae - in

formen years because of their simplicity (vrhen used' with

ciesk ealculators, for exanrple) and. more recently, with the

ail.vent of computing machinery, for their generallty.

For case (Z) the formulae developed. were calIed.

the Chebyshev Quad.rature FornuLae ard the n+1 ltfreerl

parameters vúere ehosen to Sive the formulae a d.egree of

precision of II. In 1937 Bernstein t4] showed' that these

forrnulae exist only for the values of n = 112r3r4r51617 19'
{+-}-,f -Lt z+.t+->l-

rn splte of this restriction the formulae M

because nost quad.ratures uged. in practice are of 1oI'I

degree.

For case (il the cond.itions that the formulae be

exact for polynomials of clegree less than or equal to

2n-1 1ed. to what are now 
,caLled 

the Gauss-Legenilre Quad'-

rature Formulae. And once again these fofmulae are wlfle1y

used..

Aquad.ratureformulalssaid'tobeigtqp-olat-oÐI
if lt can be d.er.ived. by the integration of an interpola-

tion formula. All the quad.ratures mentioned. so far are

interpolatory in nature anfl each has the same d'egree of

precision as the interpolation foymula from vrhlch it

d-erives. The generality of these interpolatony quaitrat-

,4
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ure formulaerwhich one "ooid 
say d.erives from tlre general-

ity of the theorem on which they are baseil, severely J-imits

the precision of arty analysis of their êrrors' Krylov

11n) (x) is
MLrø-l+-

)
ë) 1^ +Å.,L '

[7] shows, for examPle, tha if the d.erlva tive

contlnuouÉ¡ on the lntervaL (i-rrtr) trren for any Èn+er-

,% quaclrature forrnula there exLsts ( e (t, , tr)

such that the error of the formu].a satisfles

s(r) ø( x) ax,

t1

co(x) = (x-xr) (*-*r)... (*-*n),

(1.3)

tl*-u- ç.t ;,- 4,)l-4,- w-,t-^' t^'t'*O ¡ (rvtr
'tr

and- s--f ormulae'

For the Gauss-Legend.re formulae there is a better form lf

f(znl (*) ls continuous on ltrrtr] for then there exlsts

ne. (t,,t,) such that remaind.er satisfles

e( r) a,P (x) ax.

t'r

But it 1s often difflcult to use these estlmates because,

ln the fÍrst place, the ord.er of d.erlvative on which the

error d-epends varles as n or 2n and, Ín the second'

placer wê d.o not, 1û generaJ-, know where 4 and' n lie

in the interval- [trrt"]. If, howeverr wê know that

1(n) is þounded. in absolute value on ltrrtrf by some

nr¡nber Mn !

,5
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lrc">(x)l (Mn x€ [t",trJ

then we can obtain the estlmate

le(r) I I r,r( x) I ax (1.3"2)

trL
c^ þ,, e-li¡¡ Cr)

for the Newton-cotes ormuJ-ae, an ses canno tbe

inproved.; that ls to say there w111 al-ways exÍst functlons

satlsfying (t.f.t) which will attain the bound. (1.3.2).

In fact, for an arblt¡ary eet of nod.es we can obtain the

precise eetlmate for n(f) (for a4y function satisfying

(r.J.r))
"t.

ls(r) I . u'' l"' lr( t) | ¿t

t1

where K(t), the kernel functlon, is

(t.f.1)

Mn ftz*"r/

U2

I
x-t r-1

K(t) = [.r (x-t) -¡ ( tr -t) ] r-1

*irt * [r ( xr-t) -r ( tr -t) ]

tL

(x¡-t)"-r
(r-1

and. J(x) ls the famlllar iurap functlon

J(x) =

nwt( l"z-
Clearly then these quad.ratures eæ€ poor when the

.6

,

1(> 0t
x = O,
x < Oo

.1
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bound. Mn on the d.erivative of f is largeo In f act

these rul-es of highest d.egree of precision sometimes give

worse results than the slmpler rules such as the MiiL-pÔint

rule, the Trapezoid.al or Simþsonrs rule' Thls occurs

Usu€illy when they ar.e applied. to functions of Iow order of

d.ifferentiabillty or f\rnctions with singularltles near the

interval of lntegratioh¡

[lhusvúheneverwetrytoi-mprovetheaccuracyofa
quad.rature formula of this tlpe by indreaslng the number of

points ard- so the iLegree of precision of the formuLa, we

nay introduce a coarser estimate of the error because th.en

the error depend.s on a higher d.erivative of the integrand''

To avoicl this situatlon composite or compound. integration

rules lvere clevised. These formulae are applied 1n the

fol_lowlng u¡ay: the interval (l" rtr) l" dlvided up into

Saymsubsegmentsand.oneachofthesesubsegmentsa

fornula of low d.egree of precision is app11ed.. consequent-

lyrnorepolntshavebeenused.,theformulaismoreaccur-
ate and. the error d-epend.s on a d.erlvative of the integranit

which is of a low ord.er.

These composite formulae, wirile they offer a

slmple solution to the problern of lncreasing the accuracy

of a formula r¡vithout increaslng the ord.er of the formulat

use in-formation of a local nature and' not a '91@L orr€ r

That is to say the information used. on any subsegment of

7
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the lnterval of integratlon cones from that subseqrient

only. For example the COmpound. rul-eg take no acêount

of arry smoothness propertlee that tlre integrand. may

possess at the end.-points of the subsegment. Therefore

more accurate nul-es can be d.eviseit whlch d-o take account

of all the information that is avallabIe about the

integrand.. Such formulae are the rrquactratures with l-east

estinate of errorrt but þefore d.iscusslng them we neeil-

centain notions fron the functional ana1ys1s"

.8
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l.À Norned l'lnear SPaces

The set F = tfl of elements î 1s caIled' linear

if the operatlons of acl-d-ition f+g þetween elements of F

and. multiplication af by a real or complex scalar cx€st

agcalarfie]-d,d.efineaneÌvelementofF.Theseopera-
tions must satisfy:

(*) f+g - g+f (comntrtivity of aild-ition)

(¡)(r+e)+h=f+(e+h)(associativityofacld-itron)
(") There exists a zero element ø such that

f+ø=f
(a) There exlsts an inverse -f to each feF such

that
f+ (-r) =Ø

(u) d(tiÐ = (ú)f (assoclatlvltv of multipl-ica-' tlon)
(r) (ø+P)f = df + þr and' a(r+e) - øf + ctg

(aistributlon)

(e) 1'f = f
(rt) o.f = Ø

(i) if qf =Ø anÕ f lø then ct=o' "'

Inre eay that the linear space F fs æIlglgfl if for

each fEF there exlsts a norm, d.enoted- llrll '
that is a real .non-negatlve number sa'bisfying

( u) ttrtt >

(¡) llr*ell < llrll + lletl

(") ll"rll = l"l .llrll
.{
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Associated.withaNorrned.f,inearSpacearethenotionsof
convergence and. c omPletenêss o

A sequence lrn Ji=r, fneF ls saiÖ to be a

q-4c.eti l-f

rin llf'-f'll = o
n rIIì+oo

lfn ji=r, is said. to be g@ if t'here

sucTr that

rim llf"-f[[ = oo
n'ao

A Normed. Linear Space 1s saiil to be .gqp¿* lf every

cauchy sequence of its elements 1s convergent. A cornplete

Normed. Linear Space is calleil a J@b spaceo

AnlnnerProdirctSpaceisaLineanspace.Finwhlchtoevef.y
palr ctr elements f and. g there exlsts a bilinear funct-

lon(trg)d.efiningascalarvalueanclsatisfylng
(t) (c¿f ,e) = a(f ,9) ' cx scalar

(¡) (r,r) >

(") (r+s,h) = (r'rt)

(a) ( r, e) = (El?), ('=

A complete Inner Prod-uct Spa.ce with the norm llfll d'efined'

1

by (rrr)ã is called

The properties of orthogonality arrd. d-istance assocj-ated' wít'h

HiÏoertSpacesgiverisetothefollowinglmportantresult
known as the Ðecomposi,tlon Theorem'

,2

¡rCaunhrr Selou-

A sequence

exists feF

aHi lbert Space.
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Let M be ar¡y c}os ed- subspace of a Hj lbert

space H. Then every element feH can be

uniqûgiv e)æressed- in the forn f = g+h where

g.=iú and. (ftrt) = O for anY kdl'lo

In this case g is called' the proJection of f,

in M and.

tlrtll = ilr-gll < llr-roll for each ]dÉM'

(ror proof see ecg. llll, chapter rIr St )

Functionals over lrinear SPaces

Anoperator/whichmapsFintothescalarflefd.Sls
cal]ed a @ if 1t is li.near and. acld'itive 1'ê'

t (df + þe) = qt(f) + þ1,(e)

The following theorem will be used latern

Alinearfu-nctionaliscontlnuousifitisbound.ed-,
(proof: Refer to lll), ChaPter I ç6 )

'þtiãrn tionalsllfe d.enote F'¡ the set of all contlnuou¡

¿efinecl on F an¿ we d.efine the norm tl¿tl of ¿€!';lt by

[[øilro = 
llrñin= ., lz(r)l

F,t is ca1led. the sljll of F.

OneofthemostlnportantresultsrelatingtoHilbert
spaces which we will use is the so cal-l-eÖ- Rlesz F "present-

ation Theorem whlch states:

Foreveryllnearfunctionalle'H,}d.efined.onaHilbent
space il there exists a uniEre element g¿€H such that

.3
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tllll"o = ilg¿llH'
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1.3 O,uail-ratures wlth Least Estimate of the Remaind-er

suppose vfe are give¡l a closeÖ aniL bound.ed. set Bt

of functione f and. that we oharactetlze the accuracy of a

quad.rature fornula Q e õ = [a11 quactrature formulae of the

tyTe (l.z) J ty trre real nrrmber

L = iå8,[r(r) - Qp(r)1,

= luP lo(r)1. (1'4)
- feBt ls\+.'

ïIle can then reasonably call roptimal for the class Brtt the

quad.ratu¡e formula which has least estlmate of the remaindlen

i.e. the one whlch has the Ar J and the xJ chosen so that

4 is smallest for the class Br'

NowlfBllstheunitballofanormed.]-inear
space B aniL Q € õ is such that n(r) forms a l1near

ancL continuous functional over B then

lmmed.iately have the bound.

4 _ [n[[g'r and. we

ie(r)l < llelillrll .

The d.epend.ence of E on the xJ and' the ArJ occurs only

ln L¡e r¡rultlplier tlgtt and. eo we can aim to select these

to mlniinlze 1[dl . In 1!la! Sarô t9] presented. the first

d.iscussion on tlre theory of , and. the phllosopby behind' the

use of, rlþestrr cluad.rature formuLae and. best approxlmatlon

formulae. In the sane paper he ind-lcated the rnethocl by
¿
I
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which theee cou1d. be determineit anCL he tabled, fon certain

cases, tttê optlnai. quad.rature formulae themselvee.

ft should. be noted here that quad.ratures lrlth least

esti¡nate of the remainôer have þeen closely linlred.t ln

their short historyr virith spline functlons'

Apolynomlalsplineoford,erZr:-lrwithknots
tl=Xo(Xt<

the values of f(xJ ), is the f,unction ø euch that

(i) ø ls a polynomlal of d'egree 2n-1 in each

interval (xr-rrxr), i =2r...¡rl t

(if ) ø ls a polynomlal of d-egree n-1 in eaeh

lntervaL I tr rxr ] and [*n r tr ],
(fif) ø(En'2) is continuous at lr rxa r... rxn,

(iv) ø(xl¡ = r(xJ) each J - 1r2r.rr¡rlo

these tvere lntrod.u.ced. in lgt+6 by Schoenberg [11] arrd' since

then a substantial body of theory has evolved. about the¡n

lZJ, In 1965 $choenberg [12] established. the relatlon

between beSt quaùrature and. poLynomial spline f'unctlons'

He also shov,¡ed. that certain classical formulae, nalnely the

Hermlte Fornulae and. the Euleþ-Maclaurin Sumnatlon trrormul-ae,

are jrest in the lea6t squa1res senge. SUbsequently gener-

alizeil splines, that ls functions vrrhiclr ane linear comÞina-

tions of sone basi$ funotions (rather than the powers of x)

and. whlch satlsfy certain continuity cond.j.tions simllar to

those fon polynomlal splines' were investigateil' t5] ard' as

.2



\I

a result KarLln ancl Ziegler t5] estaþIisheal the relation

between generalized. splines anfl best quailrature formulae'

The r.elation of generallzeiL Bpllne8 to present worl< 1s

d.lgcussed 1n ChaPter J Patt (l).

In [7] Krylov consid.ers the set of all guaiLratures

of the tlæe (t.Z) (witfr N=1) for the class L[")(Ort) rq¡à1 t

of functions with ilenivative 3(r-r) that is absolutely

contlnuous on (0, t ) and. d.erivatlve 1'( r ) that is qth

power summable on (Ort). Frorn the Taylor serj-es elrpans-

ion wltïr integral f orm of the remalnd.er for f e L'[rt (Ort)

he d.erives the exPression

I
1

E(r) = r(x) dx - A¿r f (x¡) = 1(r) (t)K(t)dr
(r.5)I

0
L

nt
k

o

where

ancl then using the gåraer inequality he iterives the bound.

1 1

nl

lntri I t/

For the two cases

x¡ whlch ¡nlnlnize

lr{"r t..']1/ lr(t) I'ut]u

K(t) =
( r -t).

-

ï ¿"r J(xr-t)
k=1

(x¡-t)"-r
(r-1

, +.'n = 1'

00

(i.e. le(r)l < llrllllsll).

?=1 and. r=2 he flnds the Atr and.

lr(t) ln¿t. clearlv these will arso

,1
I
o
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minimize [[n[[.

For the case r=1 the optimal formula he d'erlves

ie the welL known mldpoint rule (see chapter 7) and" for

r=2 he shows that, the optimal fonmula has, d.enoting

hJ =å(xl+r-xJ) antl ¡=![n-1 +Jt--ir1-t,

(1)

(z)

3)
where ¿

ard. has weights

hl-t=hJ=h

1 - xn = r{æ,
xl = Næ,

ls d.eflned. bY

I
1

(¿"**)o-td'x = (*'-la)n-r¿¡

i = 2r3r"'¡ÍL-1 e l
l
(1.6)

o x

(1.7)

(r.g)

(r.g)

ArJ - 2h i = 2r')'rn-1 r

A¿l - Aln= h (r + JTF¡"

He then cterives the vatue of tlntl at lts minÍnun point:

I
llÐtl = [/ lr( t) I'ut}

o

= ttne (l-t z) ¡

Kautsky t6] generalizes the results of Krylov by

congid.ering the set of quad.ratures of the tyBe (l"Z) wltt¡

.l*
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N=r on the cla$s 1,[")(trrtr) (i.". the formula may use

values of the d.erivatives up to ord'er r-1 at the mesh

points). He shows that the optlrnal formula for

rÍ") ( t¡,tz) tras

(r) hJ-" = hJ =årt(constant) i=2"t'2rr-1 s

(z) h = (tr-tr)/(n+P-1)

(Ð xJ-tr = (¡ + tp-1.)b, i=1 e,..¡rr

v¡here, d.enotlng M(r,q) = | [t' lp(*) lou*lâ,
r{,.

(r.rt)

l
l

l
l
I
)

(r.ro)

p

-!-
¡,r*(",q) (#)'

and. p(x) is the ¡rolynomial with minlmun I,

The correspond.lng minlmurn value of llgtt is

(r)
q

..S
/ir-tr\^'\t M(r.q)(f) Tffi+þ ' (1'12)

ForQ=2¡æc1the¡ninimumpolynomialscanbewrltten
explicitly and. they are the Legend-re, chebyshev first and

chebyshev secord. k1n0 polynomlals respectively. Fr-lrther

lre slrov,fs for general r, as Krylov d'oes for x=1 and' 2'

tirat the optimal f ormula d.oes not use the r-1st derivative

if r is €vêrÌ¡

The spaces t[") coneidered. by Karrtsky ard. Krylov

are Banach spaces and' except for the case A=2' when they

are Hllbert spaces, they lack certain properties of syrnrnetry

,5
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between the dual space and- the primal spâGêr

r?In a Hilbert space ninimlzations are related. to

perpend.icularity. Bases may be constructed arul projectlone

calculated-, Llnear continuous functionale are lnner

products. Linear continuous operators may be stud'ied-

closely. rt iS, ther"efor.e, advantageous to use Hj-l-bert

spaces Ín tlre formul.atlon of problems whenever the

preproblem allows such usert. (Sard' I to] )'
Vte consld,er the Hllbert spaces IIN in which the

,ror* llfll involves the fr¡nction f , the d'erivatlve r(N)

aniL may involve the ¿erivatlves f(1) up to 1'(N-r) n

uslng; tlle techniques of functlonal analysis we find. some

properties of the quad.rature which ninimizes 4 and-

explicitly cLerlve the formul,ae for the cases N = 1t2.

In Chapter 2 we introd.uce the set Gil of general-

ized. splines anil shoi¡,¿ that each spline g wittr contlnuous

N-1st d.erlvatlve is uniquely d.etermined- by the iumps in g

and. its d.erivatives at the rnesh points xJ , i=1 , " o ¡rlo

InChapter3thei¡ropertiesrelatingtheHilbert
space to lts d.ua1 are recalled. and. the method- by which these

propertles are used. is cliscussed' certaln lemmas are

established. which essentially simpllfy the optlmization

procedure. By these lemmas we show that it le possible

tofind"theoptinalformulalntwostages'Inthefirst
stagewefind.theformulathatlsbestfor"aprescribed.

"6
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mesh clistribution and. in the second. stage we flnd the best

mesh ¿istnlbution. Two simple expressions (which are

later useal to finit the optimal mesh and. to investigate the

convergence properties of the formula) are d-erlved' for the

norm of the error, llell , of the optimal formula on an

arbitrarY nesh.

In Chapter ¡+ we solve the case N=1 anil in

Chapter 5, the case N=2' We then show that the optimal"

formuLa d.oes not use the d.erlvative values when used on the

optlrna}negh.ThisistheextensiontothespacesHl

.and. Hz of the properties d'erived' by Krylov ard Kautsky

for the spaces l[') .

Next we d-iscuss the convergence of the optlmal

fornulae and. show that the rate of convergence 1s ae the

Nth power of the largest-nesh length'

The Generalized. Mictpoint Rule (G,M.R.) is intro-

d.uced. 1n Chapt er 7 and. there we show that as the largest

mesh length tend.s to zeTo, the optimal formula tend-s to the

G.M.R, As a consequence of thlS We find" tlre optimal form*

ulae for the case cto - O (tq = 1 ,2).

InChapterBwecletertninetheoptimalolosed'

formula anfl in Chapter 9 we d.iscuss certaln nunerÍcaI

coneld.erations in the use of tTre optimal formula' TVe then

show, for the case N=1 that if the integraniL possesses

the quantitatlve properties of smoothness,

.7
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'La'

f,(x)d.x ( Mo,

tL

.t-
I-r,,(*)ü * Mp

J
t'L

Mo and. Ml some constants, then we can minlnlze the

whole error þound. tlnttllrtl (insteaiL of iust tlell) bv

chooslng the appropriate metrlc. The optimal formulae

are then applled. to a wid.e range of functions and. thein

errors are compared. between themselves and. wlth those of

stand.ard. fornulae,

The material pnesented in chapters 2-5 and' B has

been pr¡bll"roJ in sllghtly cllffenent form'

tr. ELHAy, optj"mql Quailrature, 8u11. tral.Math.soc", L' (7969) 81-1oB'
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2. Deftnltlons anil Notatlon

( f ) Le.t p be tïe set of a1L partltlone p = (xr rXa ¡ "' ¡x¡ )

whlch dlvitle tfe flnlte lnterval (1"t") tnto n + '1

sublntervaLe IJ = (xl ,x1+1) for J = O¡ r I r ¡rl and'

where

tl = Xe ( Xr < \z <

(z) Lel N þe a posltlve lnteger and. Let dordrtdzt,.caûv

aLl Þ O þe a real- Eeguénce such that cto I O' %I I 0'

Weehallthend.eallvltlrthefollowtngHllþertBpaCoRi-

(1) For each flxed' partltlon' P€Pr Let M¡ bo the

space of real functions f(x) euch that the Nth

.. Oerlvative ¡tN) (x) hae bouniled. norm 1n

Ï,r(trrt")rf(N-r)(x)lsabsolutelycontlnuougon
each gublntervaL lJ of (t¿'tt)' and the lnner

product ls

(f'e)N = st t) (x)*{ l) (x)d:c;S o.'
J=o r'

T"'

(11) r,et

Pr

ïIN be the subspace of M¡¡ ' lnd'epend'ent of

d.efined bY

H¡ = [r;telrt*, anct' f(N-¿) (x) ls abeolutely

contlnuous on the whole lntenvaL

(t. rtr) J'

'1
a
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(¡) VVe eþall call õ(rrN) tfte set of al] n-polnt quad"rat-

rrre formulae qn of the t¡æe (l.z) wlth the Atl real

and. the xtr glven bY' trt€P'

(l+) For peP tve d.eflne Sl as tlre coLlectlon of all error

functlonaLs of the tYPe

E(r) =r(r) -Qn(f)'
where Qn . õ(nrN) and. has lts meeh polnts x¡ given

'bYPr

$) Let Qr be a suþset of õ("rÑ) ¡ The quaitrature

fornuLa ql . 6' w111 þe said' to be optlrnal' ln {t

over rfu vrhen th - eitl < llr - Snll ror alr

Qn.õ' ,felf¡.
(6) ïVe w111 call the fgnetlon g d'eflnecl on (t"t')

etçonent1aL spI1ne or e-epJ'lne of d'egree N wlth

knots if fcn some partltlon P€P, g satlsfles

,ÞÍ-l 
tr or t s(2 tr) (*) = 1 for :AIt¡ 1=0¡rrr¡Il¡

(z.z)

and.

(r) 
,Þrt-lJ-ncrJ'g('l-')(x¿) = o, for m=1 r."¡Ni

for l,=O lf x1 # t1
and. for | = D*1 1f xn I f2

an

n

( rr)
or

$r
J=!¡
L=1 and. n lf xr =tr and-

glven conetante ôn ,!.

-)J-rolrg(3J-t) (x¿) = 8n,t , for m=1¡...¡Ni

x¡=ts for some

l
l
l
l
l

(2.1)

.2
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It is oonvenient to d.enote

\\rewillsaythee-splj-ner8¡hasord'erof
continuity m l'¡hen RJ* = O for i=1 ,orr¡rre and' all'

k=Or1e...elllo l,et CJ be the set of all e-splines of

d,egree N d.efined. on the partition I¡€P' vYe C'ef1ne

. ^N r---
= ¿g; g€L* and. g has ord.ei" MJ'^NoM

( 2.4)

In generalSuppose for a momen't that t"/*" ard' trfxn'

the solution of (Z.Z) can be vrritten

21,1

Ð:r1
l=7-

e(x) = 1/aoz -r
ai'Î ftx :t€I¡, i=O¡roogl1.
l=1

â. .e t

(lvhere the 11 are the 2N solutions of the auxiliarY

equation to (Z.Z) and- are assumed to be stinct ) .

Thus e(x) d.epend.s on 2N(n+1) unknorvns cal1ed. spiine

coefflsients. These spline coefficients are uniquely

d.eternlned. by the 2N(n+1) cond.itions (ZÕ) (i) rn¡hic¡

become

Ë (-)J-^d-i"$ tr(zJ-m)^tJ"rlx = 0r m=1 ,"'¡1{
J=n " l=1

at J( = t1 ard' f( = tz and' (Z'l+) v¡hich become'

o (ur , r-".", 
(xJ-)- ar i "11 

(x¡+)¡ 
= R¡i<

j=1 ,r'oeo ancl k=O'"''2N-1

7
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for glven R¡rr IheEe cond.ltlons are llnear equations

wlth the spline coefficlents as unknovlns. To ehow that

the spllne is unLquely d.etermlnecl by thle system we must

ehoïv that the system of equations is non-ei-r¡gu1an.

gettlng R¡* = O for J = 1¡"ç¡lI and' k = O""'2N-1

yleld.e the correspond.lng system of honogeneous equationsn

Then it ie sUfficient to shovr thaÈ the trivial solution

g(x) = 1/qon, 1g the unigue solution to thls systemn

T¡et {r be any solrltion of (Z,Z) r Then

(f'gf)or = ,ä"o, ' [:3r 
I ) (x) g*( r) (¡) ctx,

3 ft*tr, r) (x)g*r r) (x)¿x
=O I

*,

*tf( r) (x)g*( l) (*)O*

ftH¡ çz.S)

(2.5.1)

= $ o."
JéO U

nN
l=O J=O r

t

nt
l=O

anil integrating N tlnes þY Parts

ï o,r[[ $c-lk+1¡( r-r) ( x) *( r+k-r) (x) l*t.'
J=o ' LH=. J*t

+ (-), f'*'t(*)g*( 
zI) (x)d*] .

t,

, Þ" ,Þoo, ' 
(-)' ft 

* t r(*) str( 
zr ) ( x) dx

J.t

= ,Þ" f'.' [,]"",'(-) 
tg'lr(ar) (x)]rt*)a"

Now

..r4
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anil luposing conðltion (Z,Z)

o

n

fr,, 

r, (*r nr) *=Þ*Í-)-- 
¿ - Lr^Ez s{("8- ¿'') (x, *r-)

I t'- 1

N

t +1

r(,x) ax

r(r).
Considlerlng the other term in (2.5''l)

n
¿. d

N

2

tt o

n
Ð

leO

N

n
E

J

[ål-, 
r+ r ¡( I - r) (x) g*( r + kÞ 1] ,-, 

]

rt +t

X1t=O J=O

i:,1";** 
(-)k+r¡( ¿ ) (x) s*( 2+ak* t) (x)

= lt][r, ¿ ) (*n*, )*=]*, (-) E -¿ -to*' (s*('k- ¿ -t) (*n*,.-) )
d=oL

(-)*- t-!q*z (g*(rR-tr-.) (xr-)-eø( sn'c -r) (xr+))

+

N
Ð
t

l t
xt*t

)c1

N-1=>t=O

_f(¿ ) (xr )*= (-) *- ¿ - i.o!|? grr( z r- r - r) (x1 +)

+ ï.rr¿) (*,). 
-$=l- ll=a +1

_î(¿ ) (:ro) (-)*- ¿-Ld.kz grt(zk-¿- r) (xo+) ,llr I

= 5, Irtn-r) (xn*r) -i, (-)t- ^c.kl grt(zr-') (xn*r-)
¡n=1L

+ ,irt,n- 
r) (*, )*5, (-)*-' a¡2 (gt(2k-n)'(xr -)-g+( ak-m) (xr+) )

-f('-1) (*o)*ä, (-)h-' ayzgt(,prt-nl (xor 
].

,j
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By settt'g tT¡e ,requlrecl conditiohs of the honogeneous

system on 8f t Yüe have

(r,gt)* = t(f).

Directly elçand.ing the lnner þrocLuct (f'g)* with

'g = 1/soa glves

(t,t/c,oz)* = t(r). (2.6)

Now by trre n8f¿er InequalitY

l(t,t/øoz¡l < [lt7oo=[[ . [[dl'

orl

lr(r)l < urllrll r

where U = ll 1/oorll. Thus the functlonal f (f) is þound'ed-

witÌr respect to llftl 1n Ìt¡ and' so by Rleszr theorem the

f¿nction whlch reallzes I(f) is unlque; but R¡* - O

irnpJ.les that g'l€Hau- t C I1¡ r so that

Sor(x) = l/ao? o

Then the system is non-singular whenever tl I x, anil

U I *nr If tl = x1 ard' tz = Jtn t'tren the solution of

(Z.Z) d.epend.e on 2N(n-1) spllne coefficlents and. these are

urricluely d.eternined þy the 2N(n-1) cond.itlons (2.3) (il)

and. ( 2.4) for gfven ôn ¿ anil Rl * respectively' The

corresponding systen of homogeneous equations is olotalned'

by setting th RJ* ar¡l 6n¿ to zero and' þy the same

procecluro a8 before it can be shown that tTre trivial solu-

tion g = 1/ao' ls the unique solution to t'tris system"

Thus any spline of d.egree N ls uniquely d.eterminecl by the

.6



-71 -

jurnps Rl * J=1 ,r o r ¡fr¡ arrd' k=O' ' ' ' ¡2tr[-1 '
The transfornation to the nerl varlable h glven by

+ , for reIl, i=l ,... tn-1 ,

LG-rr) = å(*-xo ) , for xÉIo if ¡b I tt,

L(x-tr) = å(x-rn*r), for xÉIn if xn I t,

1s useful as it transforms the subintervals, IJ, as folL-

ov¡8

2
X1

['.-

xl tL

h=[

t

ro = (*o r*r) * (0, +),
IJ = (x¡rx¡*r) -+ (-

In=(xnrxn*r)*(-

1 < J ( n-1'l¿}¿r2, 2"

nthe1.e hJ = X1+1 - XJ.

we wil,l consider e-sp1lnes to be functions of x or h ae

is necessary , '+O )*nt?'*à *t- ct//'to¡,'+', -c)-l'i--'c-¿L ¡"un( 'iu"nfr"t'n/'t'-o/i' tt

For convenlence we shal] d.enote

+, o),

Crr(x1 ), for the case N=1,

crr(x¡) + Dlrr(x¡), for N-2.

Q"(f)

Qn (r) =

n

Ja

1

n

J

t

and.

.7
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3. Discueslon anËl Method'

( 1) From tlre aþeolute contlr'¡lty of the func blons 1n H¡

and. their cterlvatives of orcler N-1 lt can be seen that

I(f) - Qn(f) fonms a llnear ancl þouncled. functlona] over

Hu. Then if we choose the set, Bt as the subset of H¡

whicrr contains functions with norm llflt = 1' trìe cleflnlt-

ion (1.h) þecones

L - eJ+p,, lr(r) - Qn(r) i¡
feH¡ 'l[fll=t

slrp,, le(r) I'
feH* 'llfll=1

and thls supremum exlets ard 1s Just tlfll* ' Îhen

ls(r)l < liett " llrll'

and. so, by mlnimlzing L ule are recLuclng the slze of tÌF

bor¡nd. on le(f) | it t u sqrse of the norrn for f*nctlonals

iteflned. on It{.

(z)InpractlcalcasestTIechoiceofthemetrlcforoun
set of ftrnctl0ns and. so in a sense tlle definltion of Er

vril}be]-eftop€IlrTlriscTroiceshouldseektoglvethe
bestmeasureoftheparticula.rpropertiesoflnterestof
thefunctionsint}reSpace.Foro.urcaselue}raveohosen
an innen product which measures the smoothness of f and'

ltscterlvatlvoobyintegratingtheminthesquareanil
summlng their lntegrals' The integrals ln the su¡r are

welgþted Þy the sequence of oJ t u so that for a particular

"1
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probLen thie É¡egllence can þe chosen to minimize t'h:F prod'uct

tlnll " llfil. The choice of tt¡ese oJ tu ls indepenctent of the

topolory of IIN ard only affects our estimates of error'

A more Oetailed. iLlsqussion of this question rvlIl- þe found'

1n sectton $ t of chaPterlo .

Here we w111 consid.er only those seguences of dt s

such that the PolYnomialt

,ä" t-l 
r or "m'r = o

in m, *iri"f, i" t¡re aux1llarXr equatlon to (Z.Z), has 2N

real and. d.istinct roots

Ìm1 r+m, ,tm" ¡ . '. ¡JIq,¡ '

3) t'or everXr bound.eit functlonalt F, d'eflnecl on a

HilþertspaoerHrthereexistsauniqueelementrE¡1n
that space whlch reallzes F þy the rel.atlon

(rre) = F(f) for argr fen, (l't¡

ard.

tlstl = ilrii. (3.2)

Consequentlyforevelverrorfunctlonal'Ero[IINthere
isafrrnction,E,whidrlleslnllNar¡d'whichsatisfies
(5.t¡ and (1.2). Thls relatlon between a Hllbert space

and. 1te duaf enables us to find. a particular el-ement of the

dual wittrout deallng directly with the fr¡nctionalg' By

flnÖì.ngthesetofftrnctlonslnllNwhichrealj-øethe

'2
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errors, E, d-eflnecl on some partttlon ¡eP ancl isolatlng

that one, (g+), which has smallest norm u¡e can constrtrct

the erron which d.efines th.e optlmal fornuLa on that pantit-

lon. this set 1e in fact CN-r ancl the followlng lemma

sunmarises tÏ¡e relation between qs-, and' the set' Slt

of ernor f\rnctionals on a given partltion"

LEl,t¡ÍA 1. Suppose p ls a partltion fron P"

There exlsts a one-to-onê collrêg-

pond.enoe þetv'¡een the elenents E

of Sl anil g of GN*, such

that
(f ,g)¡r = E(f) for arqr feH¡.

EB@,: ( 1) Tre no te f irst tha t
f rom GN- t and. f f rom I!.¡ c

GN- r. C H¡¡. Let g be

3.1)

(fre)ot =

gtt) (x)t(t) (x)dx.

I

Integrating by parte N tirnes ard uslng tfre

cond.ltions (z.z) , (2.3) , and'

Rlr=Ori=1,'ro¡r1and'k=O¡"'¡N-1'(5'4)

gives

¡"RJ I zk- t - 1 as þef ore' (l'E)

7.)

$ o,'
l=O

i B "'"fJ=o t=o 
+

4
. l¡o

l-rtt)(x)*(t)(x)d.xr
{,
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Therefore if we choose

& r = *=Þ*.(*)É- 
takzRr tpt:-t-t¡ ß'07

for all- I = Orrr.¡N+1 , aDd J = 11ctÒ¡ÍL¡ then we have

(f¡e)* = r(f) - q(f),
= E(f) as required'.'

(ir) Suppose now th,at E ls from S$ ' Wlth the At J 
I s

glvenby E and r¡N of t¡re RJr glven by (¡'t+), the

relations (1.6) consld.ered. as a system of equations in tlp

rernainlng R¡rrs ls in fact a trlangular system' lhen

the znN real numbere R¡* d.eflneô by (¡.4) a¡rd' (1.0¡

uniquely d.eflne a spline $r By (:.1+) g belongs to

/:NvN-1'

The elenents of gl are bound.ed. llnear fr¡nctionals

arrd. so by Rleszr theorem, g is the unique elernent 1n IL¡

whlch r.eaLlZee E. This completes the proof of the lemma'

Consliter the set G¡f d.eflned. on the partltlon

I,€P. AlL the e]ements of CN tea|Lze quadrature formulae

and. of the subcollectlon in GI whlch reaLlze one quadrat-

ure formula, the slngle spline wlttr smallest norn has a

continuous Oerlvatlve of ot'der N-1 . Thls subcolleotion ls

'r N [e; gec¡{ such that for gn.õ(nrN)
"q,

d.efined. on peP ' the R¡ r satisfy (l'0¡

where the Ar J are given as the weights

of Qnl
.4
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and. the contlnuLty prolnrty Öf, the spllrre, ir "d'
snallest norm d.enlves from tTþ followl ng lemmao

IEUUê 2¡ Let eo.Jql be such that

ll eo [*rv < llell*s for any geJ ic
Qn

Then 8o€4¡ "

SÐt slnce tq* is tr' set of a1t spllnes 1n Gt{ which

real|ze the single quad.ratune formula qn (f), the set

J..N ñ I{r contalng onfy orie élenent¡ This ls because argr

rTlctron in this lntersecti-on w111 satlsfy ß,e¡ from the

cLefinltion of tqn and' further it w111 have ord'er of

oontlnulty N-1 þ*""o"" it belongs to HN' [hus 1t w111

satlsfy Rlr = O for i=1,r'c¡tr and' k=Or"';N-1' As

lntheproofofrul.thlsuniquelyd.efineeasetof
2nN Jurrps Rlr which ln turn d.eflne a single sBline.

tetuscallthisspllneSo.ThenlfglsarSrelement
of tQ," ï'le mav v¡rlte

E=Bo +2.

But þecause g ancL Eo are both from 
"q" 

the¡¡ þoth

realize trþ same quadrature fæmula, ancl thus trF lnnen

product (g - Borf) vaniehes for any feitr¡' Then

(trl) = O for any felf¡r ard. 8o 1s the proJectÍon of g

ln Iår . By applylng Pythagoras I theorem

tlgll" = ll eo il" + llzll, , ( 3,6)

with

I

we see that
.5



fon all geJ^N.
Sn

f or argr æJql.
Igt as tTb sum

gt=go+2,

we see by relation ß.e) that

lleo - Srll = o anct ao 8o = 8r

.\.
-5J-

llg"tl < llsll

Now 1et e".JqT be euch tl¡at lle"ll < liell

Then lle.ll = llgoll. Fr¡rther 1f we write

tlzll - o¡ Tuhence

and. the lernma is Proved..

Bt€II¡r.

The proof follows immedlately from the fact that

G¡[ UJ
qneë( n,N)

g#eG¡t be such that

for any gEG¡[. Then

N
Qn

Ihls result leacLs to an essential saving in the mlnlmizat-

ion proc€sgr It means that we can minim¡ze llgtt over CN

with respect to the spllne coefflclents å.a49:gçnê94!f,¡¿ on

each suþintervaL ancl tlre resultlng functlon wlll lniteect

have the properties of eontinuity whlch enBure ttrat it

lies 1n GN-.. Uslng this tecÌrn1c1ue we w111 flnd' this

splirreg{and.useittocorjs¡tnrcttheoptlmalquad.rature
formula for the mesh Pe

Itlsinterestingthatforþothofthecas]sN=1
ancl N = 2 the spline wlttr minlmal norm tras ütre property

**{lt)(x¡) = Or J=l ,rro¡rr ard' k=Or"'¡N-1¡

'6
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lnclepend.ently of the partltion pr

fortheerrorþound.oftheapproxlmation.Theresult
comes fnon the following lemmai-

@!44 J. suPPose EoeGN- r

*tr)(x¡) = O J=1 r...¡II¡
tTren l[e"[i2 =!(go)'

EBS,: tr'or all feH¡ , ge$- r ,

(r,e)w = r(f) +

we have by (l.S)

ì1:t.r)(x¡) ï (-)*-tcr'Rt,2k-l-1-

ÎIhls lead.s to tÏÞ

L
2 ,

has ttre ProPertY

ancl k=Or...¡N-1 ¡

I

n

J
k=1+1

Puttlng f=8=8o Yields

(so,Bo) = lleoll' = r(go) +

ï- iÞl*" 
( r ) (x¡ ) *-Þ.. 

(-) k- tRr 
, pk- r- t t

=L t =OJ

= r(Bo),

since *otr) (x¡) = 0 for each i and' J'

Thiserrorþowrcl.willapBlytoarr'ymeshdietribut-
lon anc[, ln partlcular, lt will apply to t]re optimaL mesh'

Now ltettl is a firnctlon onfy of the mesh lntenval'o

15r}I1¡...¡I\'Inorclertoflnd't'heoptinalvaluesof
these lntervals vse mlst mlnlmize llg*ll wlth respect to

,7



hOrh¿¡...¡\"

but when N=2

and. minimíze

-Js -

For -bhe case N=1 this 1s d'one in one step

we first consid'er Ïb anit hn to bs flxed'

llg*tl witjrl respect to l¡ ,hz e ' ' ' ¡\- 1 r there-

bygettingasanintermed.iat'eresu]-ttheoptirnalformula
fortheoasethathoara}hareprescrlbecl.Thebest
values of ho ard- h,, can thsl" þe founÕ' The folLovrlng

lemma will be useful laten'

LEMMA !+r Let 8o be as ln Lenma J ancL let Eo(f)=(f'go)
æ
be the error of the fonru].a

ag(r) = ,Þ, ,iro?rr( 
r-:) (x!)

Then

llno ll, = þt( t"-r" ) -,i,Æ, I .

PROOF:
by relation (2.6).

But (f ,go) = Eo(f) and so

[[n"[[a = lgoll" = r(go) = (#,*")

tinollz = Eo(rþ) @_f
)

A1

)

= þrr"-rr) -,3 ('þ)

# f,.,-'., -
L J

J
A?

L

n

J l
and. the le¡nma is Proved'.

.8
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4. Íthe Case N=1

Tbe elements of g1 and' Gå d'efined' on the

Bârtltlon PeP have the forur

s(x) i 1/aoà u (ul çoeh rx + b3 slrth rx)r

for all reI¡, (i=o¡1¡...e1'ì') where n = ao/u, 19 the

solutlon of ttrre quailratlc

Qoz-dL'm'-ot

arrd. aJ arrd. bl are the sp1Lne eoefficlents. The reeul-te

for the optimal f ormula on a flxed. lre sh ard' the d'escrlBtlon

of the optlmal mesh canbe sumnarized' as followg'

q, be the suþset of õ(n'1)

eontaining all tlp guailrature form-

uJ-ae cteflned on the partitlon Pr€P'

The optlmal quad-rature formula

qÍttl ln %. over Hl hae lte
welghts glven bY

CJ = -d1 'R!r,
where tte e-spllne

J=1 tror¡fl¡

g* ls d.efined bY

J=0 r r . r ¡rI¡
.&

a¡= , bI = o,
a6 2 coeh

and. satlsfles
gs(xl) = O, J=1 ,..r1rlo

1
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,

TVe shal1 ¡nir¡l.mlzePRoOF: (t )

-
llstl' =

(z) The optlmaL form¡la 1n 6(ttrt)

has the welghts Ct as fn (t)

ancl hae lts meeh cteflned bY

hJ=
¿¡.v6 -va -

n J =O r r'. o ¡'tito

n
Ð co, g, (x) + dr'g' o (*) d.x

loo
J

*

I
wlth res¡nct to the sp3-1ne coefflclents aJ andl bl t

Denote MJ = [ "o"d (*) + dt" g'" (*) d'x

tr
In 1 < i ( n-1'

*i a^â Ip. rh.r
MJ = än * ? (al' + b52) slnh rh¡ - ng slnh 7* '

1s a quad.ratic functlon of âJ, bt whlch has a total

d.lfferential of second' ord.er

nh.
Zqo, eJ,ttn. Vl ((aa¡)a + 1au¡)å)o(aar rdb¡)=

that le strlctly posftlve whenever hl 1s positive.

The normal equations

'îçslnhrh¡ =f"t*$ ,

and.
q.^2
J- slnTrrb j

rhre - o,

.2
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tTrerefore clef1ne a nlnlmun at the polnt

û
r rbJ =O.

cro 2 cosh

Now fn the lnterval Io rfe travê oflly one ffee spLLne

coeffLclënt because the enit polnt cor¡d.iti on ( 2.t) with

N=1 has the forrn [S'(h)]n=o = O lmp1y1ng bf, = O'

Then

h. doz - 2ao rhs
Mo = # * -# uo" sinh rlre - 

" 
sinh 7- '

]
aJ

ard. the normal" eguatlon
*do

ao T slnn rrb =

rh^
slrrh T:

*
%

.l

,r

ad.efines

fú

oo,co"fff

Fron ttp synnetry of the sltuatlon ï¡e çan' Êee that

an ao -bl, and soü
bn

coeh rhgú(h) = 1/qo' - a

co 2a

From thls we have lnned-late1Y

gil(xt) = o, J=1 ¡orr¡rr (4'o¡

(z) To flnd the optlnal mesh dlstributlon lÏe use the

nethocl of the Lagrange multlpllers. Let ue construct a

functf.on

ø = ø(ho ,hL r.. . ,hr, ) ,

= lle*l[" r(+ . + . ,i: hr (t, t')),
.3
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= lls,lll' u(3í nr (t" - t,)), a-i"al

where >tt d.enoteg th.at the first ard. last tenns in the sum

are tøIvecl. Recall that llsoll' is a functlon of the mesh

J.ntervals ho rhr ¡ r i i;H¡1¡ If the quad'ratlc form

E(dllo,d.Th,r..rèhr) =

nn
J=O n=O [ffiE ., ffi (,ll hr-( t'-t'lr)]'r',ar'

= O j=Or1¡..,¡fI

cteflne a nlnimum turnlng polnt for the functlon u und'en

the constraints

is strlctly positive írhenevêr ho lfrr. ¡.. I ¡h¡ are poEltive

theh the normal equations

drt)
dh¡

n
i" h.. = tz'ttt hJ >

J-o r'

tr'rom the result (t+.o¡ we may apply Lenma J to gt

arnlve at

0) =,å, /ætnrtx)dx 
- ,(,å,i n1-(ta - t1)),

(l+.1)

and. we

IJ

where we have written g*(n¡;x)

gt$ on hJ when x e I¡. Since

of hJ 1n I¡ Ìre may wrlte

(4. z¡

to d.enote the d.epenitence of

gÐ ls an even functlon

I
I¡ o

g*(h¡ ix)ax = z
1/2

e#(hl ;x) d.x.

.4



rfut "ft/" r*(n¡ ;r)*] = eo(h¡ ;n1/ù*zf ;fr*"(rrr;x)ax

-+o-

Now

o

and since gf (hl ;n1/2) = O each J

t=o Zeoa colh

r*þt f 
t/'uo(hr ;*la*] = ãfu*n(rr' ;x)

thr.
2

5=n1/2
o

. f"'ã*þ**(rr, ix)a¡c

0

Thus by substltuting for the spllne coefficiente in thls

e:çression vÍe have

r sinh rh
V(dlbr...¡d.rq) =

n
Ð t
rhrr srnn 
-r. sha ""r. _ 2 slnïr

rhl

lan¡ )z
2o-ol"o"n S

llh.
coshz 7¿

/z
o

l

t ln tanhz

cxo 3 cosh gþr (arr¡)4,n
Ð

J=o
2

and. tl¡1s expression ls poeitive f or a1). posf tive r ancl htr e

By substltuting fon "T and ti 1n (4.e¡ and. integratlng,

u¡e Eo6 that

)
Q)=

tr-t",
do2 # (,1; ranh+ 0

t5
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llhen &=o lnPl.f.es

coshã ry = *, f on eaoh J=o, . 'l . ¡rri

But fæ eaot¡ lntewal thþ equatlon for hJ le lnd,ependent

of i and¡ slncé all tne eguatlons hâVê the saüÉ føn¡ 1"
nay say that all tte ht are equal and., by relatlon (tf.1¡,

hr=E;+, o(J(n. (l+.¡)

Thls cornBletes the Broof of gry I.

n6
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5- Thc Oase N=2

The olements of da anô C? d'eflneü oir the

parültLon DeP have thè forn

g(x) = 1/ør? ð

(al cosh rx '+ b¡ cosh sÍ + c¡ sir¡h rx + dtr siÏth Bx) '
for al.l ¡EIl

d

( J=o e1 ¡. ,. rn) where the roots tr, te (r' s>o)

doz n o',t2ß2 + ø.zzml = O,

are asstrned to be dlstlnct ard' r'ealr 8d a¡r b¡' cJ anô

d¡ are the 5B11ne coeåft"ients¿

In each eublnterval I¡ we d'enote

Cr = cosh t@5 t gr = slnh $rd¡ I

h.
ûrt -à" 0 ( J < n-1 , ad (dn =

andl 9s .

+, antl sinllarlY

5.1 The O tlnaL Formula for a Flxed' lleeh

ÎI{ECREM IIJ'-E

I¡et Pa þe a partltlon fnom P' Denote

by q, tln subset f Q(n'z) contalnlng all the

guadnatureformr].aetleflnedonthepartltlonPa.
fhe optlrnal quaitrature formula e'lCtl ln \"
over H? ls glven bY the welghto

CJ = t c-zaRfs, Dl * - q*Rlz

where the eBllne gÐ ls d'eflneð bY

where

for Cr

.1
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(t )
'+

atr=
j

rþJ É

'8 r&
= ibl =-Ëã

ù*
cj=dJ=O,

t

Tt=g0rSs-rS.Cr

(J=1 ,...rn-1)3

(z)
f,

ê¡

#
c¡

,*

J

*cr
, dJ = - f, c¡r

ao"g"(x) + dt'g' '(x) + dazfrtz(x) dxr (5.o)

a ,

where Tz =$ic' -Sc")(?}a, -s'cr)

-r(s" - Ët")(t" - Ë tr),
( J=o arrd. n) .

FurtTrer g*(xl) = gÛt(xl) = 0, J=1 ¡...¡rrr

PROOF: lÏe wlfl mininize

llsll' = I
J

wltf¡ respeet to tle spllne coefflcients âJ, bJ, cJ and' dtr.

Denote

o

n

aJ

M crorg? (x) + crrrg,, (x) + dzz fttz (x) dx,
J IJ

arrd. coneider flrst that 1 < J < n-1 . B¡/ e:çanÖing

dlrectly uslng the relatlons n2s2 =# and' rz+s' =on'æ'

ard. integrating, vre f ind. that

.2
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MJ = Zo.rz [r("lt + "l')soc" + s(bl" + dt')s.co J

+ \øocx, [(ra¡bg + sc¡d.tr )c's, + (salb¡ + rc¡d'r)s"cr j

-r+[a¡}r+n,g*i .#l
The system of normal equations

ralo(i'S"Gr + docnbj(r0.S" + sS"C") =+

sbrarzS"C" + croflaa¡ (nCrSs + sS"C") = +

rcJ ctl'S. Cr + o.odzd¡ ( s0r Ss + rS" C, ) = O

sd.¡ør"Sr0" + dodzcl(sO.9s + rS"C") = o

has a d.eterminant ArAz where

A1 = rsdr t S" S" C" C, - do 'o.r'( r€o S, + scl" Co ) z

= ---gl*=-;. (rs-ss ) (rt" st" ) ,
oLz4 s" 2sr z t'

oU¡
l+ 

- -,.L\ t¡. ' tt ,rJf
ts =fr1

and

L,z = rÊcúr t S" C" S, C" - oo'qr' (sC" S, + rS" C' ) a

= çffz-sTr(rs-e') 
(* - fl'

Nor since î ancl s are dl stinct the prod'uct AtA'

vanlshes and so the unlque solution is

never

,5
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*
bJ =

.f
a¡=

lr*
cj =dJ =O,

-fs" l
æq' )

I
Te Tl = (sC.S, - rSrC")'J

(¡.t )

v¡he

As for the case N=1 r trfJ is a quad'ratic functlon of ã1 '
bJ,Cl,dJwhichhasatota]'d.lfferentialofsecond.onclen

O(da, ,clb¡ rclctr rd.d-J )

- 4lrar,S"C. (Aa¡ )B + ctoø, (rC"Su+sS"C. )aa, at,

+ Eo,tzs, c" ( dbJ ) Ê 
J

+ 4lrcrr"S"C" (dc 
J )2 + croøa (sC.S" +rS"C, ) d'c, dö¡

+ sd..zsrc"(ea3)äJ,

Thls quaclratlc form ls positive d.eflnite whenever 
^1 

and

Lz are strlctly posltive anct since x tanTr x an¿ x/tanhx

arebothmonotonlclncreasingfunctlonsfor'x>o,The
solutions (l.t) lvi1l d.efine a minimum whenever r ald- s

are d.istinct and- h ts positive' Thus the extremal

d.efinecL by the normal equatj-ons 1s a minimum'

Frorn (5.t) tve see that, in the insld.e intervals, ttre spllne

d'efinedbythenormalequatlonsisasymmetricf\rnctlonof
its argument h. By substitution using (l't¡ we have

u*'ë )= 
- t""'.',-Ï"::, *odzr,[ #.#]],

(o,oacelr ør2ø"Tr1-LE_--""--J'
=O. 'l{



t+þ

Similarl-y

cr

g'6 = 1/e"o, - (ric" + tfc" ) ,
*4

þt a¡ \(E+ffi )
t

=0.
Ihen ftom the synmetry of g" and' t'be anti-symnetry of E*t '
it follows that

gû(x¡¡ = g*/(x1) = O each J=1 trrr¡ru
This calculation verlfles the continui.ty of g't ard- E'r'

fon the points Nzrxø¡.re¡x¡-1 but, more than thatt it

glves an alter,native system for the spline coefficients 1n

ths intervals Io ancl In. Of the four coefflclents 1n

Io, two are d.eterrnineiL by the enct point cond.ltlon (2.3)

with N=2 and. the other two may now be found. expllcitly

fro¡n the two relatlons just ilerived." clearly fron the

symmetry congj.derations the sl tuation is the sane for In'

The systen in Io ard. In is, 1n factt

cs Sr ss a¡

bJ

cJ

d.J

/oo'
0

1

fSr sSs r0r sCs

Tz 82 o o

0 S

o

ro

for i=O and. n arrd. thís system has soluti'on

o

.5
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rzc" szo" Ê
g2TÛ.szEp , Jta#

aJ =

rl
c¡

rF

bJ =-

- å t")(s"

l
l

$,1)

dJ
hê4

=-jG.. r

wherd

- r(s' r S" )'g

Noy¡ bbcause Yrt is d-eterinined. in Io and Ih by the

contlhui.ty condltions and- ttre normal equations for the

lntervale 11 up to In-r, and' since these norrnal

equationsdefineamlnimumoneachinterval'weknowthat
g'r d.oe s ir¡d eed- minfuli ze ( 5'o) "

[his comp]etes the Proof of $E$$'

5,2 The OPtimal Mesh Disgribution

Vfearenowlnapositlontocleterminethed.lstribu-
tion of mesh points whicrl will minlmize the error of approx-

imatlon. In part ( f ) cf gHI4ILLLI the me sh is il-escrlþect

forthecasethathoancthnarepreBcribed.and-inpart
(Z) the system for the optirnal values of, Tb and' fh 1s

given.

..6
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LHEÆry_JI:!
The quad.rature fcrmuLa qi(

1s optlmal in õ(nrz) over HÉ

welghts CJ ard Dt given bY

= Con$tânt, 1 < J ( n-1.

(z) ho = hn¡

TIIEOREM II and. its nesh given bY
æE

4-,ÅLo(1) hr = ffi [(t, t") (Ë .

f) which

has i.ts

hn
2 )r,

ancl

where gs 1s the sPline d'efined' in

TITEOREM II.

PROOF: As for N=1 we d-efine a function

o = cu(Iro¡hl ....rh",),

= [[eoll' - u (,1í n, (t" t,)), o real'

In EgryJl it v¡as shown that

g+(x¡) = u*r(x1 ) - or (i=1 ,'o"¡rr)¡

and., applying 1ewm 3 to g*¡ v¡e have

$6 s.(*) d,. =
o {" h; g*(x) ôx'

I

rt"
Jr,.

Q)= e*(x)d.x - 0

Once agaln from tTe form of 0) over each zubinterval IJ t

fon each J cteflne a

.7
the norrnal equatlons iLcrl

d'ht =O



mLnimum point fon [lg."ll2 'nd.er 
the constralnts

n1
>"h, = tz tp hJ >

J=o

(r) Suppose rlrsi that ho arrd' h,' are prescribecL'

in 1 < i < h-i the normal equations are

-+q-

e*(x) dx = 0.d.

2

Then

(¡.h)
dhJ

NowS[tfoffÊIlridatì¡nctlonofthemesh
lntervaL hJ only. Therefore all the equatlons

(¡.4) have exactly tle sarie for¡n ard- each one is

independent of j and' vle can saY

hr=#l(t, t")-t*u*3'r, (D-¡)

= constant for all j=1" ' ' ¡fI-1 '

(Z) Suppose then that Ìb and' hn are no longer fixed''

As when N=1 rie t'ili wrlte g'r'(h¡;x) = gl¡(x) to

ind.icatethatthecoefficientsofgl.are
functlone of hJ when :cltr "
se-rti-ng ctal -'@--o Yield'sdh," dh|l

e,F(ho;x) dx = h it"ns*(-hn;x) 
ax = $. c

- -¿-

Differentiating we get

.B
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ho

ås*(r'"'?) . f' 'å6 ** (tt" 'x) ax

2
¡l

and. þt
.t

and cl¡

o

-te*

But in Io and' In ¡â

their arguments ard'

TI¡en as

we

are even fr¡nctlons of

are od-d. functions"

fo g.r(-nn;x) az = $ of
J-rr"(-*' - ?) .

4,

J
tY

vJ

*-(u' +) = *(-*' - Þ¡ = o,

O0

ancl, imrned.iatelY,

ho = h¡.

Differentiating in (¡"¿+), and' noting again that

h *o(nr;*) crx'

the relatlong* O, we flnd that
h1

g,¡(ho;x) d.x = l2
J
o

,

(¡,e)

(9.7)

which along with (¡.¡) anil (5'6) gives us a complete

characterizatlonoftheoptimalmesh.Thlscompletes
the proof of ffi$'

.9
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5.3 The Vfeights to the Ðerivatlve Values

Ç9ts@\Bt 1 : For the oPtirnal fornula

in Q(tt, a) over Hz thç derivatlve

weights vânisht

1.ê. DJ = Oi i=1 ,rrr¡fÌe

and. an alternative system for the nesh

d.istributlon is glven by (S"S), (5.6)
*ancl Rí, = Oi whene gt' is the sPline

deflned. 1n !HÐ@U-[I.

: tr'rom relation (1.6¡ wlth N=2

Dr = -cc| n'i",

= -ol|(g'¡'l(xl -) g*"(xJ + )).

Butin 1<j<n-1

= glilt
hJ

T )=- 
(rranjc" +srf¡c").

PROOr'

*-"(- + (- +

the ht

points

D1 = Ot

Suþstituting for "T and bi from (l.t¡ wit¡ all
equal, shows that g)iÊtt is cont'i'nuous at all the

x2e,.tex¡-¡t whgnce Dz = Ds = 'et = Dn-t = 0'

Because of symmetry lt will suffice to show that

From gEl9tslll4-'Il

âCr + bC; = 1/ao2,

raS"+sbËs=0 ,

( 5'g)
(¡.9)

.F

arrl d.o bY

.10
where e. = ^I, b = bl and., el.lminatlng bl
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tlre eond,i.tions (2"3) with N=2,

tJ¿

12
Eã do )

to (o"o + #.¿c (5" ro)-Ë*"0)= i/aoz,(to"

('

u
%r(t""-*t"")*

ßrg) resultfrom gl(x, + ) =g;l'(xt + ) =O and' (5'tO¡t

(5.11) rrorn g't(x, ) = g"'(xt ) = o). lilIê wilL use t¡e

aþove equations to show that for the optimal- values of fb
,rand h1 r R1z = 0.

Th.e mininum cond.ltion (f .l) when integrated. becomes

('

I

fâo

ancl since

**
where ao = â6 ¡ Gs = Co and

*-'Ë) = 0,

,oo ¡¡ sâc"o) = o i (5.11)

rho . "- aiC- = cosh +, etc. ((¡.8)anð
r'6 ¿

v
)ilao

d'ho
db
ilhr

ss
s+i[a

dhr
sr
r

ElsfsS fo dcoyz
õ

Èi d'ho
S \*,o/

If we d.lffenentiate (¡.4) wlttr respect to h1 we get

cr fr * t, fr - !(ras" + sbsu) = o,

$(r2ac" + s2bc") + " ffi t" + s

0c+d.g
dïI1cr

( rr a

(j.tz)

ç5.13)dþ
" dhr

a

Slmllarly, d.lfferentiating (¡'g) with respect to h¿ ' rue

have
db
d.ïrl

or

Ss = 0,

.11
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" åfo o" + ' -åh ." = **"re).

Solvlr:g (n.ll) ard. (¡.t4) for d.a
dhi

dÞ-
d]ì1

v¡ê flncl

15. t l+)

(5. ti)
.12

åfo =.ãil **"F * )t",fr =& uo"ë * I"'
where T1 = sCrS, a rS¡Cs c

By d.lfferentiating (5.'tO) an¿ (5.11) with respect to jro

and. solving the resulting system we get

ffi= fr*r"ël(r"" -åt"")'

-H = - ú ro"ë -)(''" - #'*"),

6,c szc
\ro Els )

where

('
92FfnL2 t"" 

)f9

Ðr(r""-Ë."o

r

X. fe
s^ \

--ùler "o/

Eqr:ation (5.12) then becomes

gtr"þ +) r0rS, sS"C"

sC"S" - rSr Vg ltrs

2
cCgtltl ¡o

12 [('," - # '"")
s

-is"")Ë -s'"")]"

¡
Ss
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By elementarY algebæa it can be seen that
c

I6 S6 ¡2
Ëd Sr Ss

(E.te)
and. so we can r eplace the tern in square brackets on 'the

rlght hand. sic[e of (5:15) by the whole of the rigirt Ïrancl

siÖe of (S,le¡. But by sübstltution of the splLne

coefficients r'¿e see that
r€" S, sSr Cg

ê
--Ðr9e

¡2
siÉ

o\,o)

$.17)

(l.te¡

(5.1 9)

as

-rgffi*o
h-
2

g;"tI(- t.) ls0r iis - f Sr ot ,

and.

and. so (¡.t¡) becomes

t
oil IIt5 (

h-Å
2

*) =
!s
2

Jsing the nelation qou/drz = t2 s2 we can rewrite (5.17)

tst"
rI

æ
so8a) st, rt" ,

-rzat)



-f.l-

v/here lve have d.enoted. t
D¡

Ç
ard. t8

ug

cs

Fron the properties of tanTr x it follolvs tlrat

c¡z,t ll
È, (-

lL_

2

d.lstlnct.

+
) Simllarly ì,ve can revrrlte (5'tg) aE

uo,,Ë -) = #;[,"'+82)(t-c"c,) + (y'+sa) ? åål'j

(5.2o)

= --#1-("r*r") * * c"*s((r*+ea)-t"(ra+ez)),#rft"'*'" ) .r 2ft c"*s ( (r*+ea )-rs(re

- * C"-, ( (r++sc)+rs(r"+s') if

-4 
.l-,

= --år:l(r2+ea)rgtsdzo'rz L'

{ æ (å¡,.\'l
+ Þñ,Ì" Tæf [(r+s)z I (r3-s") (r-")-(r-")ar (r3+Es) ("*") !'

!'urther we can wrlte

rs3T2 = 2T2s2 + rs(r2+Sz)SrS" É (r++ea )c"ct

= 2rz sz + åC"*, (r"(r3+s2)-(rt+s¿ ) )

- åc"-, (r"(rz+sz)+(ra+s¿ ) )

= Ztzgz

tþff( (r+s)a ¡ (rs-s" ) (r-s)+(r-s)z r (n3+ss ) ("*s) il
-t

(j.zt)

Noïv since, for J- 1 ¡2; " ¡

(r+s)z I (r3-ss ) (r-")-(r-")z ¡ (r3+ss ) (r+s)

= 1o"-s2 )â [ (r+s) 2 1-2(r2+s2+rs)-(r-s) 2 1-2(r2+s2-rs) ]

.14
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is always positi-r" (¡.rs ) o, anii clist:-nct)it fol-lovrs that
it"

""pTz 
< (- +

2 )

Thr:,s (5.19)

result 1s proved.r

lmplies that RI, = O ard. the

.15
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6. Convergence of the Optimal Fornulae

oo

Definltìon¡ (t) Iet ln¿l¿=, be an increaslng sequence

of posltJ.vo numbers ar¡d. let n = Íprli=. be a sequerrce of

partitions each fron Pr and' such that Pl has rL¿

points I

r,et [a¿ (r) J*r=r,

a¿ (f) =

n¿

J=1

(z)

of Þr denoted-

optimal formula in
(1)

(z)

be fron Po Tlie d.efine the norm

N()Ar
1=1

(¿)¿)-(r-1)
Jr ( )xJ t

be a sequence of quad.rature formulae such that a¿ (f)

ilefined on gt,, we say that [q¿ (r) J converges to

r (r) ir
ri-* llr - ezti4 = o'
L-+æ

isfie
tof

*

1s

Þ

all
be the

Let p

lpl bv

lPl =

lqæBEM r\r: suppose that 7r = lpr!i=1 sat

1in lp¿ | = o. Let õn, c õ(n¿ ,u) be üre se

L-+æ

äuãarature formulae ilefinecl on pt ard' l-et

rng,x h¡ ,
O<j(n

over HN. Then f or N=1 ar¡l 2

converges to f(r) as L¿æ

lhere exists a constant Kt indeperid"ent

of / such that for ¿ sufficlentì'Y

ilarge tln',l"tl = ttt**ärll < rclp, l*

t¡l

¿

l
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Proof¡ For N=1 and. 2 the forn of, the coefficients of

g'þ ls such that we maY write

lle,¡ll, = # 8,fr,ft,...,f)
From the d.efinitlon of llrtl lve can also put

llril' = qNzE, ff
q'L qtl-:.

tø* t " rdI.I

n¿,

>c
J=t

)
,

(¿)

and. so tlre bound- tlnotttlrlt on In*(r) | can te consic'ered

as a functlon onLY of the N ratlos

qo/ %tt,ot/%oe'' o ¡c"1'¡-'/ %o "

llVe therËfore lose no generallty by setting ûN = 1'

(f) Consid.er first the case N=1 '
From Jemma 4 i¡¡e may write for gterr

il l4
E

P¿

( 6.0),

where r:" = -(s'*/ ( trl(r:l-)-*o' (-åh!' ) *) )'

are the optimal lveights for the partltion 9¿ ard- where

the ind-ex / d-enotes the d'epend'ence of the mesh intervals

(and hence the weights 
'tt') 

ott P¿'

T,et us deflne

*[')tr'!')) =åh! 
tt*su'(-åh:')*) (6.t)

= åhÍ¿ 
) - ftan¡r L'n\t'

where r.=øo slnce we nolv have 01=1 '

o2



Thus

TVe may write

Therefore

^(¿)vJ

- ç1-

= -[pÍÍlci'!iÌl*ç1'r (n5 t')-L(t'!1]*r'!') ) l each J.
(6 "z)

tlnirtt' = 2.,':s' ,íl-5')(n5'))
by collecting the terms 1n (6"0)'

It i s clear from the properties of tanh x that for

sufflcientlY large

*Ír, (n:r,)

¿

12

# øo, (r,!') ¡" . (6 "3)

uef,rr" .#l,i;,^:","]

" fi( 
tr-tr) lp¿ l"

ancL so settlng K ( t" -t,- ) w" have lt

as required. for N=1 n

(ii) Consliler now the case N=2'

E
Pt

Once agaln

ll . rlp¿ I

E
9¿

ll' = dõ'l(tr-tr ) c
J l
(t)

L

n¿

lJ
=

tt
J

but in this case

.:" = sfiltt (åh::)r-¡-g*''' 1-¿tíffl for each J. (6"4)

ard- the antlsYlmietrY of 1te od'Ö
From the sYmrnetrY of gii

d-erivatives rìIe Ïgve

Õ 3
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^t_ Z >ug*o,(+
J=o

where

69 KJ Ls lhd"epend.ent of I' o Then

if ¿ is sufficientlY large.

any t ancl so

* rL¿

¡rt
J=o

ttni- tl, = ,'õ 2l(t,-r" )

*:" (nl" ) < Kroo'(hl" )u

II lt, 2qo'

Ir¿ (¿)
Now Ð ,/h

J = t2-ta for
J=o

< ¿> (¿)
9¡ (rr )

h5¿)-)1.

Let us d.efinë as before

*!" {n!" ) = åhÍ 
2) 

-s':tttt (årt!') -) each i=0, c - t srl¿ " (6'5)

Thên since lz (theorenr II) does not vanish if r and' s

are d.istinct we may say that for each J gttttr (ån:')-) is

an arralytlc function of nl" in the nelghbounhood' of tbe

polnt n:" = O. The flrst terms of the Maclaurin series

in n:" f or g+"' (ån5') ) are

rtrttt (Sn\r, -)=åh: 
t' 

Í.1 i o.nl"' - Kroo"hl "'*'or l, (6.6)

Ko=Kn =#r,KJ =# 1<i<t-i, and-

E
P¿,

J

( 6.7)

n¿

(tz-tr)

5)

where Kr"* = j KJ anit 4 is sufficientlY lar"geomaN

Thenputting K=J 2Krrx we have

.I+
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1

I

ttnirtt . flp, l' as resuirect for N=2, an¿ the theorem ls

proved..

Thus we are assured. that glven gl5[ sequence îr of

partitions whose }argest mesh lntervaLs tend. to zeto, the

sequênce of optirnal fornulae Oeflned. on these partltions

vr/ill converge to the lntegral At least as quickly as the

Nth po*ur of the l-argeet mesh length¡ æL,''-'¡.= I o-¡--2.

.5



-[z'
7 o The OPtlmaJ. Formulae anil'

the MidPoint Rule.

I.let us construct quaiLrature formulae

¡¡tr) (f) = u:" r(x1 )

and. :

*t a) (r) = ,iruÍ') r(*¡ ) * vl2) r' (xr )

vr¡hich are d.efineil" on an arbitrary mesh and- whfch are exact

for the constant function r(x) = cr Furthæ let ¡1(z)

be exact, for the line f (x) = xr ¡¡(e) ancl ¡¡(z) can

each þe consiitered. as a composite rule arlsing f rom a one

point formula in which tl're po1nt, xJ, i-s used as the

øampling point for the fr¡nction 1n the sub-lntervaJ

SJ = (å(xl-r+x¡)r å(*l+x¡+n)), i=2" "¡rI-1 ' ancL xl. ar¡il

xn are usecl as the sampling polnts for the intervals

S1 = (tr r|(xr+x, )) and Sn = (å(*"- r*xn ) ' 
t' )

L

n
E

J

respec tivelY.
Denoting the errors of ¡¡( t)

g( r) an¿ g( z) then on eacìr subinterval

ment

U¡r) (c) = E(2) (") = 0

1s satisflett lf

and.

SJ

¡¡( z) by

tfre requlre-

(7.t)

J

cd.x=cu!") ="u:')
,1
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lvhence åo(*l*r-x¡-r) = t"(h¡-*+h¡) = uÍt)t = u5')"

or u:") = u5=) = å(h¡-r+hJ) each i'

I-,et us tTrerefore d-enote the weights

u:t' = uÍ" = ûJ, u:"' = v1.

cl-eaf1y (l.l) ls satisfied' on the trvhoie lnte:1val (tt't')'

Similarlf the requlrement

6t e) (x) = O Q.z)

on each suþinterval lead-s to

å(*l+x¡+r)
f xdx = U¡xl + V¡.
I
å(*¡-r+x¡ )

Thus vJ = ¿.(tr12 - h¡3r) = L((årtl )"-(åh¡ -r)t ) ror each j'

once again (7,2) hoId.s on the whole of (tl ,tz)'

Since these quad.rature formulae, f or the case that all the

hJ ane equal' collapse to the tt¡el]-known midpoint rule

u(r) = h
LL

x3 and. h d.efined. by n = 
j'lut 

,

JcJ = tL + (¡-å)ftr j=1 ¡'r.erl¡

lve vr¡il-I call thern the GenenalizeiL Mid-point Rules (e'U'R')'

3 rtxl)r
J=1

.2
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[-i,]TTÍEOREM V;=æ

let

: Let
æ

-6ç-

be d.efined. as 1n theoren IV and.

l=L

be the sequence of G¿l'Î.R. I s each d'eflned' on

l'- t

the paftition 9¿ ò

fhen ( f ) f,or IT=1 a1td. 2

rc6r, and. rctr) ,

such that f or ¿

there exlst cor¡.stants

ind.epend.ent of, x t

sufflcientlY lange

o< 1
^(L)

4"

=0
lo

P, I

then

)

Q.t)2N
o

(z) Further, for the ca6e

exists a constant rcLz)

of t,, such that for
(¿)rf vJ

rf uÍ"

N=2 there

, lnd.ellend.ent

i=2r,.. eTL¿-1 e

o:" = 0, and.

(2.4)

each j.

(")

(¡)

Dr(ll
o( 1-ã. < *l') lp, l*.

sflt Consid.er f lrst the case N=1 '
From (6'z) .¡ve may l¡rite

at(t

urt"

*:: l 1n!1lt .' *Í" (n:"

å(h:il * n!') )

Then uslng (6.3), if t is suff 1c1ently large vre

can say

3
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* e:" (nt" ) do.2
(¿)

+( hJ 3
)r\:\tnlil I

(r)
Kqwtrere

r\!\rn51I)**5'' (n

cnli I

3.23

ti'lill"
h+2çn'rt-',å(hÍ11 * r'[') )

(¿)
)1

do2
E
c$z I

a

(l) r r< rcà-' lp¿ l"*,
Thus (l.l) hol-d.s if 4 is sufficlenU-

teniLs to ulzl from bel-ow with the

ai. required..

N=2. ïILth QJ d.efined, by (6,5) v/e can

Iy large and.

rate of I p, l'*
Consid.er nor''¡ if

Then

cJ(¿)

uJ(¿) (h!:l * r,!') )

( Km u*doz

( Kraxdo"lp¿1"

1-

tnÍiI)'*(r,5 ")u
(¿)
J

,<r\!l cn5 !',1*r5" tr'!" ) )

and. using (6.6) an¿ (6.7) r/e may say tlrat if L is suffic-

iently Large

<t)
J )

+h
(¿)
J )

_ (¿)
hJ-r +h

Q "s)

(2)
- ,rvo lp, 2N ,

(2>
v¡here Ke - K, u*do' , as requlred-.

.lt
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2 (") 'i,le note fl.fst that U:" * b lmBl1es that hJ-r=h¡ '
Then by uslng the argument of the proof to Corollary

1 1n section (5.3) i'¡e have imned-iately V¡=O

lmplies D¡=O.

(n) The spline g'þtt(ån:"-) ts an even function of hJ

v¡hich is an analytic functlon of hJ in the neigh-

bourhood. of the point h¡=0. The firet terms of the

Maclaurin seri es for g*tt (åhl ( ¿ ) -) are

s,'r,,(+h\t' -) = â( Ln'rt' ¡" - ffiftn\t' )'*... .

Vfe d.ef ine f or i=1 ,2 t . . . ,n¿ -1 ,

p\t' rn!" ) = å(åh: 
n' )' - r""(åh:t' -) -

Then
(t)

D
J

= - ( st., (tn'r!)r-¡ -g,r,,( ån: "

= -( gzttr (Lh::'r-) -uo,, \-åhl' 
) *) )

)

-) )

iå( (åh: :j,-rår'! " ),)

Dr(a¡

-(ú:ilc'.!jlr -ú
(t)
J

(¿)
J

(rr ,,],

tt 51ll-elzr çn!') )

and.

gvr(zl
f
L

,þ
( ¿')(¿)(t)(¿)

)

( h-rl,h ) ( I
)

1 9

2

But Gn(rt-l l, -(årrl 
¿ ) ), d ivides {' r:t,

.5



exactly and. so vúe may sâYr using the property

tlr)(rrr{z)) , ffi (hr(r)).,

for 4 sufficlentLy larget

,trrt_,r(h::l )-,t\t 
t(n!" 

)

*Ll-

å((åhÍ31),-(åh:') )')

that

Bar'
lp, ['

5121

(z)
= lcL p, l"

where ,:') =H and oÍ' ' tenils to #''rt ) wlth trre

rate of lp, l" as requlred-.

Letusd-enotetheoBtlmalguad'raturefornulafor
the case N = 1(2) by the mnemoni-q oQFl (z), and let us

d.enote tlre correspond.ing optimal mesh by OM1(2)"

trTe may note here that 1f we use the oQF2 ard the

G.M.R. each on the mesh otú1 then the G.M.R. reðuces to

the mid.point rule and. d.oes not use d.erivative values aI x1

and. tcn while the oqF2 d-oes use tile d.erlvatlve values at

these points. If however vle uÊe th€ G.M.R. anil oQ¡'2 eaCh

on OM2, the OQ¡'2 uses no d'erivatives at xL ard. xn

and- the G.N!.R. iloes. These welghts, when they dO not

vanish, w1Ll be seen to be small. Holever it iS clean

that each r1le, used. on a seml equid.lstant mesh (i.e.

d.efined. Þy $.Ð, (5.6\ a¡rû hi = corìstant) which 1o not

optinal for that rule, USes denivatlve values to overcome

the so called. boundary effect. That is to overcome what

nay be consld.ered. as a iurnp d.iscontinulty in the lntegrand'

.6
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at the endpoints tl and. bfp. It wou1d. seem that on its

own optinal mesh each formula can take account of this iump

without the use of d-erlvative values'

Butt}renearetlvopolntsabouttTrewelghtsÐJanil
vJ which remain unclear. Firstly, the author coul-d' not

see what relation these r,veights bear to each other at the

end. points x1 and- xn, and' seconilly the author d'id not

iliscover the reason for the rnultipli u' 3ln the relation

( 7.1+) .

7 .1 The case cro = O

I¡tfecanfind.thevreightstot}ieoptimalfornuJa
when cto = 0 as a slmple consequence of theorem IV'

'':ùe note first that reLation (l'l) applles to both cases

N=1 and. 2.

From section (7.0) rve have rco(1) =E' and'

rco(z) = K¡¡.xdoP whence taking the ]¡n1t aS C¡6 -+ O in

Q.il shows that for qo = O the optimal formula has

CJ = UJr i ='1 ¡..'¡ft'
The i,veights to the d.erivative values are d'efined' as

before by the i*mps *'ju in the seçond. d.erivatlve at' the

mesh points.

Now'since trrts are the roots of d"'2-O'',zmz.rç¡¡4=O

ïue see that when c[o -+ O, f -+ O and' s '+ d', so that

letting r -+ O and- s -+ d, 1n (S'll) gives

.7
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1im g,rrr(frr¡-) = |h¡(ø"tanh |ø1h¡)-t l/ar'
G6+o 

i - 12'" ¡rr-1 '

For Io and. In we have, using (5'21), that

lim nsz1a = -dr|cosh åothl, i = 0 and- nt
ør-+0

and. so from (5.2o)

l1n g,rz1årrr-) = + tanlr Lo"ht - # + Eãohffi '
ctn-+o 

i=o and rr¡

Then DJ = -nl, = -( g'rtt(f:n1-r-) gr"/¡(åhJ)) as before

and- the optlmal meeh is given by (5'ù ' 
(5'6) and'

RÏ, = Dr = O: l.êo

ånr(o, tanh Lornr)-t =
åt"
%

raffr 2wa !Ls* æõã-à@

1 , -. ,- !--L 1^ , tørht 
-ffiffi + Lo-t\ tarùr åo'hu = îãõ-ããñ

or

a

ThusallthecasesofinterestforN<2}ravebeen
consid.erecl: vj.z.

(u) ao,arfo (w=t ) oQFl

(¡) c{6=o ,at,lo (tu=t) Midpoint I'ormula

(.) c.o,dt,qzlo (u=z) oQ¡'z

(a) ø6=o ,ar rarfo (w=z) G'lut'R'

(e) r.ts=cx.. -oro-zÉo (n=e) Krylov Formula with a=2'

For cornpleteness we include here the lveights ancl nesh of the

Krylovformula(correspond-ingtocase("))fortheintenva].
t8
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(Ort). Thls formula is easlly obtalnect by setting P=2

in (t.ø) , (1.7) and- (t.g). In the present notation these

are
ivh" = hn = h^l 3,\

hf=h=,".^8 1)-t = cofi.stant, j=1 ,..'¡rr-1 e

CJ = h, i=2r. '. ¡14-1

Çt = cn = år,(1 . J å).

It 1s lnteresting that a second. ord-er approximation to tTF

solution of RrL, = O (1.e, equatlng the Maclaurln series

in ho,hr for gsil (l-ho-) and. g,|,u(+in.--) respectlvely,

anil ignoring founth and. hlgher ord.er terms) also yielite

ho = ,l=, iniLetrn nd'ently of cro and dL' lhus thls

serves as a starting value for the numerical (lterative)

solutlon of Rf, = O (see chaPter 9).

.9
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8o The OPtinal Closed Formula

A quaclrature formula 1n r¡r¡hich the valueg of the

function and. its d.enivatives at the end. points of the

lnterval of lntegfatlon are used. is callecl a closed' formula'

The optimal n-point closed formula is easily obtained' fnom

THEOREM III where it was shovrn that 1f Ïùo and hn are
-=E=:=-=E

prescribed., the remaining intervals ha tTra ¡ ' ' ' eh¡- t have

equallength.Th.¡closed.formulathenisthecasefor

which fb - hn = O.

COROLL-ARY 2¡' Let

containing thoee quad.rature formulae whose

partltions have x1 = tL and xn = tz' Then
å1

the quad.rature formula e;(f) whlch is

optlnal in %" over Hz ls characterized' by

2(r' -sP ) t' tt
i=2 r. . , ¡fl-1 ¡(1) Zct - acn = cJ = ns rt" -st" ,

(z) DJ = o, i=2 r. ' . ¡rI-1 e

õn" be the suþset of õ(nr2)

'l aniLDl =Dn rs

(3) h j=0r... ¡fr

ss
=î o

\'r g

where vre have d.enoteil

ñrJr

9¡tr ard. tg

q 1
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PROOF: From TIIEQtsEU- III Part (t) we have, put'blng

ho=hn=O

h1 =#' 1<

Dt - Or 2 < J ( n-1'
Á¡.i

CJ = 0,DPR¡s,

= t2dz2 ( rs aJ S" + 
"ubJ 

S" ) ,

( r" -s') t" t"

2 < j < n-1,

As before

and.

coefficients 1n Io

the mesh lengths ÏÀo

o

= Fl[itr -st" )

From THEOBEU- II part (Z) we ean see that, since the spllne

are continuous functlons ofard. In

ard hn t

l,Lm Eütt'
ho*O

I!¡¡ -g+ttr
hn.+O

Àu
(7

(-
\)

hn

T -0,+

whence

Cn =Cr =dz'Ri"

= -q.z? git (-

= -dzz (r3 â:-S" + ssb"S. ) ,

= &J, 2 < j ( n-1'

are equal'

h4

2

since alL the hJ

SinilarlY

,;lä {o"ë -) = 

":13 
-**"f + .) = o'

anil so

,2
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Dn = Ðt = -dzz g*11 (-

r9 st. -rt,

= dzz (TzârC" + szbl0s ) t

1
t" -sÇ

h,
2

+
)

9

,3
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g. NumericaL Consid.eratlons

9'1 Round. off Properties of the Optlmal Fornul-a

rn section 7 we showed. that the v¡eightg cJ of the

optimal fornnula on an arbltrary pesh tend to the vreights UJ

of the G,iü;R. ¡,¡(r) from below. In this section we shov¡

that these weights are also posÍtlve'

For N=1 we have

ci = ]Ctanh frhs-r + tanh |rh1 )

and. the result is immed-iate si-nce tanTr x > 0 if x > O"

For the cage N=2 we can write

glrtt, (åftl -)

and.

and sinee

sr sc t C" St , i=O and. rl r

)S

g,;'l', (åhJ -)
(rz-sz) SrSt

T1 rs j=1 ,2e... ¡II-'1 ¡

ss = sign(e-r),

and. Tz <

g,þilt (ånl_) >

Slmilar1y sign (rr) = slgn(e-r) and' so

f:rtt,($\-) ) 0, j=1 ,...¡It-1 .

urer.(f,"c" s. - Ë"" )

1a
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Using (6.4) ute can write
,* tit It

c; = u''ttt çåh¡_r-)*g--,,, (åh¡-) ano so

the weighte CJ satisfY

o < cJ < å(hl- r*hl ) all i.
Thus 1f the optimal Formula is used. with the optimal

mesh (i.". all DJ t= = O) then Tue may say that the optlmal

formula, while best in the sense of the nc¡rm for H1 or

Hs ls well sulted. to automatic computation because it keeps

tþe roundoff error from accumulating unduly. By comparfson

the high ord.er Newton-Cotes formuLae, which have the highest

possible ord.er of precision on a flxed- (rtequally spacedrr)

mesh are of little practical use because they have both

positlve and. negatlve coefficients.

9'2, The numerical computatj-on of the optimal mesh"

The system cf equations (5.5), $'6) and- *i, = Or

given in coroltary I to the orem III is non-l-inear anÔ aff ord-s

ïro easy explicit solution. Hov¡ever for given nt tt, and'

tz vre can set ho+(n-1)trr = t"-tt and- consid.er the eqUa-

tion, Ri, = gü "(årr, -) -g'¡ (åh, -) = o ¡ d-efining 1b and

h' as an equation 1n the single variable p = lto/inr' By

differentiating (5.17) and. (5.2O) lvith resl:ec'b to hJ it

can be seen that for all d' +'tt "i, ffie""(å-rt,)t 
o' whence

g,:¡tl(åf.¡ ) ls a monotone increasing function of hJ' lhen

r-¡hile no+(n-t )tr, = tz-tt, gti'I (åno ) wl11 be a monotone

,2
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increasing functiorr of p and- g"il (tnr) wil"l" be a nonotone

d.ecreasi-ng function of p. 'Ihe equatlon therefore lend's

ltself to soLution by arqr of the stancLard lterative proced--

llP€S.

In our calculations Po t the optlmal ratio

ho/It* the secant nethod. proved' to be the simpLest and'

cenverged. rapidly for al1. values of doz 'dL' chosen'

For the purposes of comparison the functlon *'l (x)

aniL its first two d.erivatives a,?|e shown in Fig'I' Fig'I'',|

shows the optimal spline for p ( po , Fi-g.T.Z shows P=Po

ard Fig.I.J shows p > Po' Only the first two interval's

Iorlr are sholm. For p I po the vreights DJ are given

þy the magnitucle of tlre d.ifference g;rtt(å¡r, -) -g';ttt(åho-)'

ïn Figs.II.1 up to II .5 the optimal spline and' its

d.erivatives are shown on the flrst two intervals, of the

optlnral- J point mesh for varying do2 ' dt'' In all cases

dz, = 1 anil t1=0, t2=1. The most striklng feature of

the graphs is the diff erence between tlre functionr s d'eviation

fron the axis and. the d.eviation of the tvro d'erlvativ€B'

This d.ifference Ís large even nhen or"o2=1 and. crr2=100
"1

rn¡hen one might expect, since the rueights to I r"'' (*)a*
' ''u 

E^r'vvvt 
I

¡l
and [' g^"'' (*)¿r. are equa]r that the areae O

J

o und-er the curveg g';itt anÖ g"' might be

comparable.Theyarenotcomparablehoweverbecausethe

optimal sPline satisfies
.t
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1 1

I
o

I
I
0

oo2 g*, ( x) +a, 2 g*t 2 (x) +g*nz (x) ¿x = ð(*)a* (9"t)

ancL so grt represents, in a sense, thê function d.efining

a point of equilibrlun between the L.H"S. ard the R"II.S' of

(g.l). Wlthin this limitation however, the effect' of

weightlng one of the integrals 1n the norm more heavily

than the other two can be seen to affect the correspondlng

function by allowlng it to rrd.eviate lessrr from the axis'

To bet'ter lllustrate the f\:nction g'! Ltself we show' lri

F1gs.II.4 and, If .5, the functions 1tt and' Ettt on a

nagnified.scale.InbothFig.Iand.Flg.flthexseale
has þeen approxi-mately normalized''

9"3 Data for the Optinal Formulae (W=Z)

ïn table I we glve, for various values of nt doz

anil dtv , the value of Po and' the prod'ucts DCr and'

nOz for the interval (Ort ). From this taþle the

correspond.ing value of llE'¡'ll oan easlly be computed' from

the formula

lle*ll =

9.t+ Numerlcal Comparison of the Optlmal Formulae

To d.emonstrate the formulae developed. above, the

oQFt, oQ¡'2 anil G.M.R. ïyere applieiL to functions whose

integrals couLd. be computed. exactly anil thq¡ \lrere compareil'

.l+

1
2

[#t 1-2cL-(n-z)t, ]] a
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with tlre Trapezold.aL Rule anil the Mid.polnt Rule (ttself an

optlnal formula). Table II shows the errors of the form-

ulae for varying values of n and. do' , dt-' ( such that

r an¿ s are ¿lstinct a1¿ posltlve). Tables II.9 an¿

II.jO shoït¡ the optimal formulae applied' to two functlons

¡ot, in Hr.

.5
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Tab]e I o Data for the Optimal Formulae (w=Z) 
"

3 POINTS

do' dr'
.I0 .70
.I0 I.00
.20 1.00
.20 I.50
.20 2.00
.2U 2.50
.?0 3.0 0

.40 I.5o

.40 2.00

.40 2.50

.60 2.00

.60 2.50

.60 3.00

.90 2.oo

.gù ¿.50
I .0 0 2.50
Ì.00 3.00
I .20 2.50
1.40 2.50
1.40 3.00
1.80 3.00

4 POINTS

Po

.8 I 73955 7

.8I77797 I

.8I777985

.8Iu4l862

.8 I 905556

. B I 969067

.8?032396

.8Lil¿+Itl9l

.8190 55r-J5

.8 I 969097

.819056I4

.81969Ì26

.820 3¿455

.8 I 9 05644

.8ì969156

. Éì I 969185

.820 325 i 4

.8L969'¿14

.8l.969¿44

.8?032573

.820 32e,32

Po

.816986ó3

.8I7I9634

.8I7I9639

.8 I 75455 I

.Bt7B94l3

.aI824¿27

.8185f1990

.8 I 754559

.817 894 ¿2

.8 I 824235

.8I78943I

.BIB24¿44

. Bl 859U07

. B I 789439

.8I82425?

.BltJ24¿6I

.8 I 859025

.81824¿7 0

.8I824¿7 8

.8 I 859042

. B I 859059

nCr

.96759I?7

.96766385

.9oT 66 i 75

.9677 8241

.967 9 0267

.968 02?5¿

.96814I9tJ

.967 7 7 82?

.96'1U9848

.96tJ01835

.96'189430

.9680I4I7

.968 I 3365

.9618901Z

.96801000

.9680,0582

.968 L Z53I

.96800165

.96'1997 ¿¡1

.96ÉJ I I698

.968 I 0 8ó5

nCr

.95?05230

.9521091'J7

.952ItJ9'¿6

.95?20509

.952300 /7

.95239ó30

.95¿49L67

.95220387

.95'¿29955

.95¿395 0I

.95¿2 9I3J

.95',¿39386

.95?48924

.952297 l2

.952 39264

.95¿39I43

.9524tì680

.9523c)021

.9523tÌ899

.95¿4i1437

.95¿48I94

ncz,

1.064Êil 0ts6
I .064b65 /0
I.06466331
I.06¿+42203
I.064I8154
I.0É,394185
I .063 7 U?-9t)
1.064417¿5
1.0641;1674
I .063937 I 0

I .'064I720 L

1.06393235
I .0ó36934fJ
I.0ó4I6725
t.06392760
I . 0 63922t]5
I.063ótJ400
I .06391. Éì09
1.06391334

¡ 1.06367452
I.06366501+

nCB

I .04794640
1..04'/8u882
1.047888I3
I.04779230
1.0476966?
L.041ó01 l0
I .047505 73
L.047 79091
I .0 47 69523
I .0475997 I
I. U4 /69Jtl4
1.047598ì32
I.04750296
l. .047 69246
1.0475969r+
t.04759555
I.04750019
I .047594 I 6
I. u4759278
L.t)4749742
I.04749465

do2

.10

.10

.¿0

.20

.20

.?()

.20

.40

.40

.40

.60

.60

.60

.80

.80
1.00
1,.00
I.¿0
I.40
1.40
l.iJ0

dr,
.70

I.00
I.00

,L5o
2.00
¿.50
3.00
I.50
2.00
2.50
2.00
2.50
3.00
2.00
2.50
?.50
3.00
2.50
2.50
3.00
3.00
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Table I. Data for the Optimal Formulae (trt=Z) (continued-)

6P0
do'

.I0

.I0

.20

.20

.20

.20

.'¿0

.40

.40

.40

.ó0

.60

.60

. B0

.¿J0
I.00
1.00
I .20
1.40
1.40
l. B0

INTS
dr'
.70

I.00
1.00
I .50
2.00
2.50
3.00
I.50
2.00
2.50
2.00
2.50
3.00
2.00
?..50
2.50
3.00
2.50
2.50
3.00
3.00

Po

.8I670768

.8I6798t0

.81679811

.8169487 4

.8 I 7 Q9929

.8L7 2497 5

.8I740013

.816948'/5

.8I109930

.817 24977

.8 I 7 09932

.81 7 ?497 t)

.É1I740016
"81709933.8I7 ?498tJ
.8 I 72498 I
.8I740019
.8172498:l
.8 I 724985
.81'/40023
.8I740026

Po

.8I6ói349

.8 I 666358

. I Ì 666358

.8t674705

.81683049

.8I69I390

.8r699729

.8I674705
-81683049
.8169t 39I
.81683050
.8169I391
.81699730
. Bl ó83050
.BI69I39Z
.8 I 69 1392
.8 I 69973 t
.8I69I393
.81691393
.8i699732
.8 I 699733

nCr

.93ó977 L8

.93700925

.937009I4

. 93 7 06?.56

.9371I595

.93'/I6931

.937 ?2263

.937 06?34

.937 t I573

.937 I 6909

.9371 I55 t

.937 I 6887

.937?2'¿r9

.937 I I 529

.93 7 I 6865

.937I6ta42

.937 22L75

.937 I 682 0

.93716798

.937 ?',¿I3 L

.93722086

nCr-

.9296 I ó6 I

.92963628

.92963625

.9296690'3

.9?_97 0 1 f10

.9297'3+57

.9?97 67 32
:92966896
.9?97 017 4
.9?973450
.9297 0 I67
.')?()7 3443
.9?_97 6719
.92970I60
.9297 3437
.9297 3t+3\)
.9297 67 05
.9?97342'3
.929 734 I 6
.9297 669?
.9297 667 ù

nCz

I.03I5t123
I .0 3 149519
I . CJ:l149507
I.031468J5
I .03 144L66
1.03I4I49{l
1.03138832
l. .03I468I0
1.03L44I41
I.03L41473
1.03144116
I.03It+144f)
I .03 I 38782
I.03I44090
I .0 3I4I4'¿2
I . 03I4 ì.397
I.03I3873I
I.03L413t2
1.03L4L347
I.03138681
1.03I38630

nCz

I .02346 I 08
1.02345452
I . 0 2'345449
I.0?344356
1.023432b3
I .0234217 |

'1.023¿+I079
I .02344348
1.rJ2343?_56
I .02342 I 63
1.02343248
I .02342 I 56
I.0234I064
I .02343240
1.0234?148
I .0¿341l¡+0
I.0234I049
| .02342 t 33
Ì .02342 I 25
1.02341033
I.02341.0I8

8 POINTS

.doZ

.I0

.10

.20

.20

.20

.?0

.20

.40

.40

.40

.60

.60

.60

.80

.80
I.00
1.00
l.z0
1.40
I.40
l.g0

.70
1.00
1.00
I .50
2.00
2.50

/3.00
I .50
2.00
2.50
2.uO
2.5U
3.00
2.00
2.50
?.50
3.00
2.50
2.50
3.00
3.00

L

o
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for the OptimaL Formulae (iV=Z) (continued-)Table I. D¿:.ta

T? POINTS

do,
.I0
.10
.20
.20
. ¿()
.20
.20
.40
.40
.40
.60
.60
.60
.80
.80

I.00
1.00
1.20
1.40
1.40
I.BO

I6 POINTS

do,
.I0
.10
.2Q
.20
.20
.20
.20
,40
.40
.40
.60
.60
.60
.80
.80

I.00
I.0c)
1.¿0
1,.40
I.+0
l.g0

d",

.70
1.00
I.00
I " 50
2.00
2.50
3.00
I.50
2.00
2.50
2.00
2.50
3.00
2.00
2.50
2.50
3.00
?.50
2.50
3.00
3.00

dt'

.70
1.00
l 00
I ?50
2.00

'2.50
3.00
1.50
2.00
2.50
2.00
2.50
3.00
2.00
2.50
2.50
J.00
2.50
2.50
3.00
3.00

Po

.8I6547 7 4

.8 I 6569b7

.8 I ó56967

.8 I 660ó20

.81664¿7 4

"8I6679?6.8I67I579
.8i66062I
.8166+27 4
.816679?7
.8I66+274
.8I667927
.8167I579
.8L 664 ¿7 4
.8L667927
, 8 I 667927
.81671579
.816679¿7
. B I 667927
.8I6'tL579
.8I671579

Po

.8 I 6525 14

.8 I ó53738

.8 I 653 738

.8I655777

.8I6578I7

. B I 659856

. B I661.895

.81655'17 7

.8I657817

. B I 659U5ó

.8I6578I7

.8 I 659856

.8I66I895

.BIó578L7

.8 i 659856

. B I 659d56

.tlI66Iclt5

. B I 659856

.8 I 659ts56

.BI66lB95

. ÊJ l.66I r]95

nCr

.92237 484

.9?¿3U42"1

.9?2384?6

.9?¿39996

.9224 I 566

.92',¿43135

.9 2?447 tJ5

.92¿39995

.9224 I 5ó4

.9 2243L34

.9?24 I 563

.9??43133

.92:¿44 7 02

.9'224I562

.92243I31

.9?_?43130

.92?44699

.9?¿431'.¿9

.9?243128

.9?¿446c)7

.9?244694

nCr

.9 I 879860

.9I880407

.91880407

.9I88I320

.9 I 882233

.9I883146

.91884059

.91u81320

.9 I b 8??33

.9I rlB3I46

.9I¿lil2233

.9I883146
,9IfJ84059
.9ltJ82?3?
.9I883I45
.91883I45
.9I884058
.9I883I44
.91ÉJ83144
.9I884057
.9 I 884056

nCz

I.0I552502
r.015523I4
1.015523I3
I.0t551999
i.f)t55t685
1.0t55t3/l
1.0t551057
I.0L55l99il
I.01551684
I.0I55I370
I .0 155L682
1 . 01.55I368
I,0155I054
1.0ì55l6cil
1.0155I367
1,0155I365
I.0I55i052
t.0155i3ó4
1.0t551363
1.01551049
i.0I55I046

nCz

I t60020
| 159942
II5994l
II59BiT
tt596B0
I t59550
I I59420
I I598I ()

I t 59ó80
t159550
I 159órl0
I I 59549
II594I9
I1596/9
I I 59549
I l5954fl
L I5e4 I rJ

I I 59548
1 I 59547
IIs94L7
ÌI59416

I.0
1.0
1.0
I.0
I.0
I.0
I.0
1.0
I.0
Ì.0
I.0
I"0
I.U
I.0
I.0
I.0
I.0
I.o
I.0
1.0
L0



Table I. Data for

-rz-
the optimal Formulae (tl=z) (contlnued-)

?O POINTS

do,

.10

.10

.20

.20
'?0.20
.20
.40
.40
.40
.60
.60
.60
.80
.80

1.00
1.00
1.20
I.40
1.40
I.80

d",

.70
I.00
1.00
1.50
2.00
2.50
3.00
I.50
2.00
2.50
2.00
?.50
3.00
2.00
2.50
2.50
3.00
2.50
2.50
3.00
3.00

?4 POINTS

do 2 dt'

.I0 .70

.I0 I.00

.20 I.00

.20 I .50
,?0 ,2.00
.20 2.50
.20 3.0 0

.40 I.5o

.40 2.00

.40 2.50

.60 2.00

.60 2.50

.60 3.00

.80 2.00

.80 2.50
1.00 2¡50
1.00' 3.00
1.20 2.50
I .40 2 .5{)
1.40 3.00
I.g0 3.00

Po

.8 I 65 r477

.8I652¿57

.8L65¿257

. B I 65J556

.8I654ti56

.8I65óI55

.8IÊ,57+34

. B l.653556

. I I 65485b

.B1656I55

.8 I 654856

.81656155

.8I657454

.81.654tJ56

.uI656155

.8I656I55

.81657454

.8I656i55

.81ó56I55

.81657454

.8Ió5'1454

Po

.816509I8

.8 I 65 1457

.8 I 65 I457

.8 I 652357

.8 I 653257

.8I654156

.8I655056

. B I ó52357

.8 1 653257
,81ó54156
. fl1653257
.81654i56
.81655056
.8 1 65 3¿57
.8I654I56
.8165¿+ I56
.8I655056
.Bì654156
.8I654I56
.81655056
.8 I 655056

nCr

.916667I3

.91667070

.9I667 07 0

.9 I 667666

.9166fJ26I

.9 I Õ6885 r

.9 I 669453
"9J.667666.9I66rt¿61
.9 I 668857
.9 I 66826 I
.9I ó6U857
.9I66945?
.9 I 6ó826 I
.9 I 668857
.9 I 668856
.9 1o69452
.9 I 668856
.9I66f]856
,9l.669452
.91669451

nCr

.9I5252I0

.9152546?

.9I5?5461

.9 I 52588 0

.9I526299

.9 l.5 267 L7

.9I527I36

.9 I 525880

.915?6?99

.9I5267 I7

.91526299

.9I5?b7rl

. 9 I52 71. 36

.9 I 526299

.915267 I7

.9I5267L7

.91527I36

.915?_67l7

.915267 17

.9I527I36

.9I527I36

rl]z
1.009?.59¿I
I.009258iJ1
1..0092588t
1.00925fJI5
1.009?5'149
I.00925692
I .009256L6
I.009258I5
1.00925748
I.009256tt?.
I.009¿5148
I.009?.5682
1.009?5616
I.00925748
I.009'¿56tJ2
Ì .0 0 9?568?-
I .00925615
I .009256b I
1.009256d1
I.00925ó15

/ I .0 09?56L5

nCz

I.00770435
I.00770413
1.007104r?
I.00770374
I.00770336
1.0077029t)
I.00770?-60
1.00770374
I.00770336
I.00770298
I.00170336
I . (.r077029tj
1.00770'¿60
Ì.00770336
1.00770298
1.00 I l0¿9ð
I .0 0 77 0260
I.0077029à
I"00770?-9ts
I.00770260
1.00710260
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Table ï.(contd. )Data fon the Optimal Formulae (tt=2, ae=O)

3 POI[ITS
o.tz

.10

.20

.30

.40

.50

.60

.-70

.90

.90

.00

.I0

.20

.30

.40

.50

.60

.70

.tJ0

.90

.00

4 POINTS

dLz

.I0

.¿0

.30

.40

.50

.60

.70

.tJ0

.9(J

.00

.10
,20
.-Jü
.40
. :.;0
¿60
."1 0

.ti0
,90

Po

.8 1 ó6252 I

.8t 675376

. u 1 688224

.8I701064

.BI7T3B98

.817261?4

.8I739543

.8 1 752355

.8I765I59

.8L777956

.81790746

.8I fJ03529
,8I1Ji6304
.8I829072
. 8I 841 ti 33
. B I Éì54586
. B I 867332
.81880071
. B l, 89280 2
.8I905527

.967 4477 I

.967 47 ?t¿9
,967 49638
.96752065
.9675449r
.967569 I 5
.96759337
.967 6L758'
.967 64177
. c)67ó6595
.9ó7690 1 I
.9677 1426
.96773839
.9677 6?50
.9677iJ660
.96781068
.96783475
.967 ii5fl I0
.96788283
.967 90 685

nCr

" 95193760
.95 I 95683
.9519760b
.95 I 99528
.9520 I 450
.95? 0337 0
.c)5?0529I
.95?ù7210
.95709I3ü
.95?1 1048
.q5212966
.952I4811-J
.95216800
.952187I6
.95?20631
.95?2?546
.95?24461)
.95?¿637 4
.9527-'ó?lJ /
.95230 I 99

DCz

I . 065 10444
I .06505583
t.06500725
i.06495870
1.0649i0I9
I.0648óI7I
I.0ó481326
1.06476484
I.0ó47L645
I .064668 I 0

I.0646L977
I .06457 I 48
L.0645237?
1..06447500
I.06442680
I .06437864
I.06433'05I
I.0642824L
t.064?3434
I .064I8630

rrO r

I
I
I
I
I
i
t
t
I
i
2

I
I
I
i
i
T

I
I
I
t
,¿

Po

.8 I 656664

.8 I 663668

.81670670

.8167',167r

.8 I 684669

. ë I6cr l665

.8I69865cJ

.lõ1/ (J565I

. tl I 7I ¿64'¿

"iltTlt)o30
.8I726e,I6
.8 ì.733601
.óL740:r83
.uI741564
.uI75454¿
.18-L'l6I5I9
.8L7fi8493
.EI775466
.8I'i r12436
.8 I 7894U5

rICz

I .04U06240
I .048043 I 7
1"0480?.394
I .04rJ 0047?
I .04 79ö550
I .0479óó30
1.047 94709
I .0479¿790
L.047 90tj70
I.U478895?
].0478/034
1.047B5IL7
I.(J4TBJZO(]
I .047t1I284
1 . (t4719369
I.u471'1454
I .04775540
I.0477 36?6
I " ù477 17 13
1 .0¿+769U0 1..00
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Table I. ( eontd.. ) Data for the Optlmal Formulae ( N=Z , aç1=O )

ó PO I NITS

drz nCr

.93691312

.93692382

.9-1693452

.9369t+5'èL

.9:i69559I

.93696660

.93697729

. 9:16 9 87 99

.93699tJ67

.9370 0936

.c)3702005

.93703074

.93704I4?

.937052I0

.937 0 6?7 f)

.937 t)7 346

.937081+14

.937 094tJz

.93710550

.9371 1 6 I7

DCr

.9?.957 7 28

.92958384

.92959040

.92959696

.97960352

.9296100ÉJ

.9?-96 i 664

.929623?0

.9?9tt?c)7 6

.9296363 I

.9?964¿87

.92964943

.9?-965599

.9?.966?-54

. cr29669I 0

,9?967565
.9?968?2r
.9?-96887 6
.c)'2.969532
.92970 I 87

rICz

Ì.03I54344
I,03i53ti09
I.U3153?14
l. (J31577'39
I,03I52205
t.03151670
Ì.0:115i135
t.03150601
1.031500É,6
i.03149532
I .03 I48998
I.03I4U463
I.03L419a9
I . 0:l L4 1395
1.03146861
1.03L463?7
1.03I45793
I .03 145?59
1.03I441'¿5
1.03I44i9I

nCz

I .02347 4?4
1.02347205
I .0234691ì7
I .0234676P'
I .02346549
I .0234633t
I.0234611?
I .02345i193
I .02345675
L.0?345456
I.02345238
1.02345019
1.02344Éi00
I.0234458?
I .02344363
I .02344 I 45
I .02343926
1.0234370Éì
1.02343489
1.02343271

Po

. B I 652675

.8 I 65569 I

.8t65U707

.Bl66L7?¿

.8]664738

.[Jl(rf:7753

.8I670767

. B 167-1782

.8le'76196

.8 1 b79809

. âL687.t)',¿2

. u I6ti5tì35

. ti I6tlèì84fJ

.8r.[691860

.8I69487 2

.8 I ó97884

.81700895

.8I703906

.8I7069I7

. 8I 7 tJ99?7

Po

.8 I b5 I329

.8 i 652999

.8 I 654669

.8 I 656339
"8I658009
.816596'r9
.8I66I349
.8t6630I9
.8I6646i18
.8 I 56635ts
. tJ l.6É-'¡10 27
.r]L669697
. B l. 67 I366
.8I673035
.tJL674704
.8 I 676373
. rl I678042
.Bl6797tl
. 81. 68 I38 0

.ÉJI6B304ll

.I0

.20

.30

.40

.50

.60

.70

. B0

.90
1.00
i.l0
1.20
I .30
I.40
I .50
I.b0
I.70
I . tì0
I.90
2.00

8 POINTS

o.tz

.10

.20
' .30
.40
.50
.ó0
.70
.80
.90

1.00
l.l0
I.20
1.30
1.40
1.50
Ì.60
1.70
I.80
I .90
2.00
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Table I:(contd.) Data for the optlmal Formulae (W=2, do-O).

I.
l.
1.
I.
l.
I.
Ir
l.
I.
I.

L? PO I f\JT S

o.tz

.I0

.'¿rJ

. J0

.40

.!)0

.60

.70

. fì0

.90
00
t0
20
30
40
50
60
70
B()
e0

2.00

I6 POINTS
C.tz

.I0

.20

.30

.40

.50

.ó0

.70

.80

.90

.00

.I0

.?0

.30

.40

.50

.60

.70

.80

.90

Po

.81650389

.Bl6!itIZ0

.BlÍ,5l85l

.8 I 652582

.8Ib533t3

. iil 654043

.òL6i;4774

. Éll 655505

.8 I 656236

. u l65É,967

.ri1651697

. tJ 1658428

.8I659159

. rì I ó59U90

.|JI660c120
, [J I6(, i 351
.tJIbrr20É.t2
. ti I 6b¿B 1.2

.816tr3543

.81664'¿7 4

Po

.8I65006ó

.8I650474

.rJ1650882

.BIb5l290

.BI65l69B

.8Ib52106

.8 1 65?5I4

.8r65?922

.8 I 653330

. rl I653738

.BIó54146

.8 I b54554

.8165¿r961

.8 I t 55369
" 81 655777
.8I656I85
.81656593
.81657001
.81ó57409
.Blb57UI7

DCr

.9??.15601

.92? 359 I 5

.92236?',?-9

.92?36543

.9??:lóf157

.9?_23717I

.9??37 485

.97?37 7 99

.97.? 3Éi t I'3

.9223tJ4?7

.9?23¡J 74I

.9??39055
,9223 9 3 69
.9?-?39683
.9¿?39991
.92.?+ 0 31 t
.9224 0 6 25
.9'2¿40939
.9??4 I 253
.9??4l.5b7

nCr

.9t878764
,9I8'18946
.918791?9
.9I87931?
.91fl7 9494
.9t[ì79677
.91879860
.9 I 88 0042
.91B[J 0¿25
.91880408
.91880590
.9I880773
.9I8¡10956
.9IB¡lI138
.91 ¡iti I32I
.9IBrìI503
.9IBBI6B6
.9lBBl8€r9
.9I8f12051
. 9l 8',ò??34

DCe

I .0 I 552880
I .0 1 55 ¿Br7
L.01552754
1.01552(:¡91
I .0 I 552629
I . 01552!;66
I.01552503
I .0 I 55¿440
1.0t5523/7
I .0 I552-l I 5
t .0 I 552252
t.0I552189
1.01552I26
I .0 I 552063
Ì.0155200I
I . 0 l55I93tl
I .0 l55l 875
1.01551812
1.0I551749
1.0155i6tì7

nCa

I.01160177
I.0tI60l5l
1.0I160L24
i.01I60098
1.0t160072
I.0I160046
I.01I60020
I .0 I I59994
I.01159968
I.0II59942
I.011.59916
I.0II59tJ90
I.01I59863
I .0 1 I59837
1.01Ì5981I
I .01 l597fl5
1.01159759
I.0II59733
1.01I59707
I.0lI596flI

T

I
I
I
I
I
I
I
I
I
? .00
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Table I.(contd.. ) Data for the Optlmal Fonmulae (tt=2, aq=O)

?O POINTS

dtz

I
I
t
I
I
I
T

I
I
I
2

.I0

.¿0

.30

.40

.50

.60

.10

.tJ0

.90

.00

.10

.20

.30

.40

.50

.60

.70

.tl 0

.90

?4 PO INTS

Po

.BI6499ltì

.r1I650178

.81ó50¿+38

. ÉJ l6!'i0 698

. ll I trli0 95tl

.8 t 651?_I7

.r1165I477

.8 t 65 r73'7

. 8I 6!¡ 1997

.8 I 65225 /

.8I6525I /

.8 I 652777

.8I653037

.8 I 653297

.8 I b5i3556

. iJ I b53816

. tJ 16540 76

.8 I b54336

.8I654591¡

. tt I b54ll5t-r

Po

. u l 649838

.BIó5()OIB

.HI650I98

. B 1650 37fl
;8Iô5055r1
.8 I ó50 738
.81650918
.rJI65I098
.8I65I?77
.8I b!5 L457
.81b51637
.8t65I¿lL7
.8 I 65 L997
.f11652I77
.8 I b52357
. B I 652537
.8I652717
.81b52897
.8 I 6530 77
.8 i 653257

nCr

.9 I 665998

.9t666II7

.9 1 6ó 6?37

.9 I 666356

.9I666475

.9L 666594

.9I6667I3

.91ó66tì32

.9 i 66ó95 I

.91662070

.916(.17190
,9I6ó7309
.9166 7 4?t)
.9 I 667547
.9166766(,
.9I667785
.916ó7904
.916b8023
.91668142
.ql66tJ?.6'?"

nCr

.9I524708

.91524792

.9I524ti75
,9r524959
.9 I 525043
.915?5I27
.9I5?5?L0
.9I5?-5?94
.9 I 5¿537t
.9r5¿5462
.9 I 525545
.9 I 525629
.91525713
.915?57 96
.9t5258t]0
.9I5?5964
. 9l 52ó 0 4tì
.9I52613I
.915?6:¿I5
.91526'¿.99

rICz

I.0t)926000
1.00925987
I.00925974
I,00925c)60
t.009?.5947
t.00925934
I.009?59?r
I.00925908
1.00925rì94
I.o0925flfiI
I.00925i168
I .0()925855
I.00925841
I.00925e,?.tl'
I.00925815
l.()0925802
I.()09?5788
I .0 09257 75
I .0 0 9?57 6?
1.00t)7'¡749

nCa

I .00 77048 I
I .00770473
I .0 0 77 ()466
I .00770458
I .00770451
1.00770443
I .00770435
I .0 077 04¿B
I.007704?0
1 ,007704 1 3

L 00770405
1.00770397
I .00770390
I.0077038?.
I.00770375
I .00770367
I.00770359
I.00770352
1.00770344
I.00770336

.00

0.rz

.10

.¿0

.30

.40

.50

.60

.70

.80

.90
1.00
I.IU
1.20
I .30
I .40
1.50
1..60
1.70
l.B0
I.90
2.00
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Table II

For alL cages dz2=1 ancl the valuee of doz and'

dts at.e founct aS folIows. For the ernors of the OOI'1

ar¡d OQF2, trre correspond.lng values of ooz ancl dt' ar.e

to þe found. 1n columns 1 ancl 2 respectlvely. For tT¡e

errors of the G}.M.R' (oo=O) horruever, the correspondlng

value of Q*2 is founil ln co].umn J and colr¡mn 2 ehouLd.

be lgnored, Thus for dtz = .O1 the error of the G.M.B'

ln TabLe II.1 ls -.00074181.



1

Table II"1. Errors in the calcul-ation of e* dx.I
0

4POINTS

COL I
.01
.06
.I0
.10
.20
.?0
.¿0
.40
. ¿10

I.00
I"00
2.u0

8PO i NTS

cOL t
.0I
.06
.10
.I0
.20
.20
.2Q
.40
.80

I"00
1.00
e.00

?4PO I NTS

COL I
.0I
.06
.1[ì
.10
"20
.¿l)
.20
.40

b (\

l.u0
1.00
2"00

TRAPEZOIDAL RULE
M IDPOINT IìULË

c0L2 OoF l.

I.00 -,004555i10
.50 -"0c}500192
.70 -.00535860

I"00 -.0u535860
1.00 -"006?.4954
2.0u -.00624954
3.00 -.0062t+954
1.50 -.00802809
2.00 -.0II57I92
2"50 -"0I-ì33723
3.00 -.0I333723
3"00 -"0'¿209tì43

TRAPEZOIDAL RULE
M I DPO INT IìULE

c0L2 00F I
I.00 -.00II4052
.50 -.00I?5230
.70 -.00134I72

L00 -.00134I72
1"00 -.00156520
2"00 -.001565¿0
3.00 -.00i56520
I.50 -"00201196
2.00 -"00290464
2,50 -.00335057
3,00 -.00335057
3.00 -'0055/É'0I

TRAPEZOIDAL RULT
MIDPOINT RULE

COLZ OOE I
1"00 -.000I2678
.50 -"000139¿I
.70 -.00014915

1.00 -.000149I5
I.00 -.000I'/4(J0
2.00 -"000I7400
3.00 -"000I7400
Ì.50 -"00()2'¿37L
2.00 -"000323I2
2.50 -.00037282
3.00 -.00 037?82
3.0ù -"0006'¿L¿7

.0 1588063
-. 0 0 446655

0Qf'2
-.000756'¿7
-,000749'59
-.0007529+
-.000757211
-.00075840
-.0 0 077 ?85
-.00078'T¿5
-.0007678'ð
-. 0 0 û77e57
-.0007890I
- " 0 0 079620
-.000u0'/38

.00292I?5
-.00iII8i6

00r-2
-.00008824
-.0000878¿
-.00008803
-.0000fJ830
-.0000ÉJ836
-.00008926
-.000090i6
-"00008894
-.0000iJ964
-.00009022
-.00009067
-"00009I3I

" 000?7067
-s00012429

OQF2
-.000003I2
-.000003I2
-.000003I2
-"000003I2
-.000003i2
-.000003I3
-.000003I4
-.000003I3
-,00000314
-.0000û3I4
-"000003i5
-.000003I6

GM lì
-.000741u1
-.00074'¿53
-"000743I1
-"0007431I
-.0 0 07 4456
-.0007t+456
-. f) 0 07 44'a6
-.00074147
-. 0 0 0753¿6
-"00075616
-.00075ó16
-.0007706I

GMR

-n00008734
-"00008739
-.0000¿114?
-.00008742
-.0000u75I
-.0000875i
-.0000tJ75I
-.000087b9
-.00008805
-.00008¡123
-.00008823
-.00008913

GMR

-.000003tt
-.0000031I
-"000003I1
-.000003IÌ
-.00000311
-.000003I1
-.00000311
-.000003Ii.
-.00000.'ì12
-.00000312
-"000003I2
-.000003I3



Table IT"2" Errors in the calcul-ation of f1

I .uxdx.
ô

4PO I NTS

col I
.0I
.06
.L0
.ì.0
.20
.20
.20
"40
.80

I.00
1.00
2.00

8PO I NTS

COL I
.01
.06
.10
.I0
'?'0
.20
.20
.40
.80

1.00
1.00
2,00

24PO I NTS

,20
.?0
.40
.80

1.00
1.00
2.00

cOL I
.01
.0ó
.10
.10
.20

TRAPEZOIDAL RULF
MIDPOINT RULE

c0L2 00F I
1.00 -1"83687176
.50 -1.84406840
.70 -1"84982?-4Íl

1,00 -1.84982?-48
1.00 -I.864i9510
2"00 -1"86419510
3"00 -1.864195I0
I " 50 -1 .89288659
2"00 -l "950055472.50 -l "97 853340
3.00 -1.97853340
3.00 -?"1Ì986862

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 00Ft
I .00 -.474A?683
.50 -.475715I7
.70 -.47822564

1 .00 -.478??564
1.00 -.48200098
2.00 -.48200098
3.00 -.48200098
I.50 -"4895481L
2.0 0 -.50 46?8?5
2.50 -.5 I 216127
3.00 -.512161?7
3.00 -.54975594

TRAPEZOIDAL RIjLE
MIDPOINT RULE

c0L2 00Fl
1.00 -.05329300
.50 -.05350588
.70 -.05367618

1.00 -.053676L8
1.00 -.05410I93
2"00 -.05/+10I93
3.00 -.05410193
I,50 -"05495339
2.00 -.0566561?,
?.50 -. 05750:l4Q
3.00 "057507403.00 -.06I-167-91

6.5?B'¿-6634
-1.83543tR9
o()l?

-.5Éì928377
- . 58 67 9638
-.58'77e733
-.58930103
-.5893?.0?I
-.594.3??0\
- " 59930775
-.59I86147
- "59443b90
-"59696990
-.5994605F1
-.599ó5160

| "?tç298198
-.474449I?.

orlF 2
-.07 880751
-.07863194
- .07 87 0?84
-.07 BB0850
-.07u80959
-.07916167
-.07951357
-.07898785
-.079 I 6826
-.0793t+643
-.07952?'35
-. 0 7953333

.tl60IB57
-.053?-5042

OQF 2

-. 0 0 302087
-.00301860
-.0 030 1 95 L

-.00302088
-.00302089
-.0 0 30 2545
-.00303001
-.00302320
-.00:ì02553
-"00302783
-"003030IÌ
-.00303024

GMR

-.58¿.314.) 7

-.58456539
- .581+7 66 3tì
- "5847 6Ê¡,lA
- .385?6t\7 /+

-.585?687t+
- .5852687 4
- "536?_7798
-.5ÍlB?7954
-.58928 I 85
-.589281ÉJ5
- .5942837 6

GMR

-. 07845865
-.07f147627
-.07849036
-.07849036
-.07852560
-. 07852560
-.07852560
-.07859606
- " 07t37369rr
-.07880740
-.078tì0740
-.07915948

GMR

-"0030.l635
-.00301658
-.0030I676
-.00301676
-.003017?2
-.00301727_
-"0030t7?'¿
-"00301R13
_ 

" 
(1030I qLl5

-.()0302'0¡ì7
-.003020iì7
-.0030?\1?
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Tabl-e I-I-.3. Errors in the calculation of xs d-x.I

l
0

4PO I NTS

coL I
.01
.06
.10
.10
.20
.?o
.?0
"40
.80

1,00
I.00
2.00

BPO I NTS

c0L I
.01
.06
.10
.10
.20
.?0
.?_0
.40
.80

1"00
I.00
2.00

24PO I NTS

coL I
,01
.06
.I0
.Ì0

?n

.20

.?o

.40

.80
I.00
I.00
?.00

TRAPEZOTDAL RULE
M I DPO I NT RUI-E

coLz 00Ft
1.00 -..0078?5lI
.50 -.00788816
.70 -.00793fJ56

,1.00 -.00793856
I.00 -.00t1064t+6
2.00 -.00 806446
3.00 -.00806446
1.50 -,008315¡10
2,00 -.00881659
2.50 -.00906606
3.0 0 -.0 0906606
3.00 -.010304I5

TRAPEZOIDAL RULE
MIDPOINT RUI-E

c0L2 ooFl
I.00 -.00195635
.50 -.00 I91250
.70 -"001c8542

1.00 -.0019tr547-
1.00 -.00201770
2.00 -.007-0L770
3.00 -.00?01770
1.50 -.00?08?-24
2.00 -.00?2rlIB
2.50 -.00??7560
3.00 -"00?.?7560
3.0c -.00?59707

TRAPEZOIDAL RULE
MIDPOINT RULE

coLz 00F I
1.00 -.00021738
.50 -.00021918
.70 -.0007.2063

I.00 -"00022063
1.00 -.000?24?.4
2.00 -.00 0?2424
3.00 -.00Q2?4?4
1.50 -.000?3147
2.00 -.000?459?
2.50 -.00025315
3.00 -.000253i5
3.00 -.000?89'¿6

.0?77771 B

-.0078t250
o0F 2

-. 0 0 l?4960
-.00I7369(l .

-.0 0I?4?0fl
-. 0 0 I?4975
-.001?t+992
-. 0 0I275¿+4
-.00I30088
-.00126301.r
-.00I?-764?-
-. 0 0 I2tì948
-.001302I9
-.00130382

.00510?-04
-.00195313

00F 2
-.00014405
-, 0 0 0143?7
-.00014359
-.00014406
-"00014407
-.000i4565
-.000I477-?
-.000I4488
-.00014570
-.000I4651
-"00014730
-.000I4739

,000t¡7759
-.00021701

0aF2
-.00000506
-.00000505
-"00000505
-.00000506
-.00000506
-.00000508
-.0000050c)
-.0000050'/
-.00000508
-.000005i09
-.00000509
-.000005I0

Gf4R

-. 0 0 r?-?42\
-.00!2?-'j¡'3
-.00I-¿?655
-. 0 0I?.?65\
-.ti0I??9Ii'
-.0012?9L7
-.0 0I7?91'¿"
-.0 0 L7-34'?.t+
-"001?t+447
-. 0 0 I?4959
-.00I?4959
-.00127511

Gr.¡R

-. 0 0 0I4749
-. 0 0 014257
-.00014263
-.000I4263
-.00aI4?-7q
-.00014.2-19
-"000r47.7I
-.000i43I1
-.00014:ll4
-.000I4405
-.00014405
-.000I451:3

GMR

-.00000504
-.00000504
-.000005i.)4
-.00000504
-.0000050¿+
_.000005r)4
-.00000504
-.00000502r
-.000005{)5
-.00000506
-.00000506
-.00000507



I
Table II.4. Errors in the cal-culation of sin x d-xI

0

4PO I NTS

c0L I
.0I
.06
.I0
.I0
.?0
'?0
'?0.40
. B0

1.00
1.00
2.00

8PO I NTS

c0L I
.0I
.06
.10
.I0
.20
.?0
.20
.40
.90

1.00
1.00
2.00

?4PO I NTS

coL I
.01
.06
.10
.10
,20
.20
.20
.40
. fl0

1.00
1.00
2.0 0

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 00Fl
I.00 "00I17531.50 .00105534
.70 .6999594I

I.00 .00095941
1.00 .0007I98I
2.00 .00071981
3.00 .0007I981
1.50 , .0002415I
2.00 -.00071I5¿+
2.50 -.00l.Itl628
3.00 -.00ltBó28
3.00 -.0035¿+243

TRAPEZOIDAL RULE
MIDPOTNT RULE

c0L2 00F I
I .00 .000?9343
.50 .000?6348
.70 .00023953

1.00 .00023953
I.00 .000L7967
2.00 .00017967
3.00 .00017967
1.50 .00005999
2.00 -.000179t5
2.50 -.00029860
3.00 -.00029860
3.00 -.0 0 089476

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 ooF I
L00 .00003259
.50 .0000?9?-6
.70 .00002660

1.00 .00002660
1..00 .0000I995
2.00 .00001995
3.00 .00001995
t.50 .00000665
2.00 -.00001995
2;5Q -.00003325
3.00 -.00003325
3.00 -.00009972

-. 0 0 426436
.0011993?-

00F2
"000IB0lI
.00017798
.000I78,65
.000I7984
.000I7954
.000t8350
"000I8745.00018092
.000t8i70
.000I8308
.00018506
.00018?07

-.00078206
.00029942

00F 2

.00002048

.00002035

.00007_039

.00002046

.0 0 0 0?.045

.00002069

.00002093

.00002053

.00002059

.0 0 0 o?_067

.00002080

.00002067-

-. 0 0 007?42
.00003326

00F2
.00000071
.00000071
.00000071
.00000071.
.0000007.1
.00000071
.00000072
,00000071
"00000071
.00000071
.00000072
.0000007I

GI"lR

.00017622

.000176t+l

.00017657

.00011{:57

. 00 017 69'7

.0001.76c)7

.000176,)7

.000I7776

.00017c)35
"000180I4
.000I8014
.00018410

GMR

"0000202t+
.0000207_5
.000071026
.00002a2-6
.0000?_029
.0000?.029
.0000?_029
.0000?îJ34
.0000?_043
.00002048
.0000?.048
.0000207?

GMR

.00000071

.00000071

.0000007I

.000000'/l

.00000071

.0000007i

.00000071

.00000071

.()0000071

.00000071

.00000071

.00000072



1

Table fL5. Errors in the cal-culation of ( t +x)- 1d.xI
l
n

4PO I NTS

coL t
.01
.06
.10
.10
.20
.20
.20
.40
,80

I.00
1.00'2.00

8PO I NTS

COL I
.01
.06
.I0
.I0
.20
.20
'?0.40
.80

1.00
1.00
2.00

?4PO I N TS

coL I
.0I
.06
'I0.10
.?-0
.20
.20
.40
.80

1.00
1.00
2.00

TRAPEZOIDAL RULE
MIDPOINf RULE

c0L2 OoFl
1.00 -.00196329
.50 -.00 ?I43?I
.70 -.00228707

1.00 -.00??8707
I.00 -.00?64641
2.00 -.00764641
3.00 -.0076464I
1.50 -.00336374
2.00 -.00479304
2,50 -.00550503
3.00 -"00550503
3.0 0 -.0 0 90 3ÉJ62

TRAPEZOIDAL RULE '
MIDPOINT RULE

c0L2 00FI
I .00 -.0 0 049565
.50 -.00054074
.70 -.00057680

1.00 -.00057680
I.00 -.00066695
2.00 -.00066695
3.00 -.00066695
I.50 -.00084'7I6
2.00 -.001207?5
2.50 -.001387r?-
3.00 -.0013fJ712
3.00 -.00 ?2B4BI

TR APEZO I DAL RULF: :
M IDPOINT RULE :

c0L2 00Fl
I.00 .-.00005524
.50 -.00006025
.70 -.00006426

I .00 -.0 0 0064¿6
I .00 -- 00 007429
2.00 -.00007429
3" 00 -.00 007429
1.50 -.00009434
2.00 -.00013444
2.50 -.00015449
3.00 -.00015449
3.00 -.00075471

.0068528?
-.00L92729

00F2
-.0004t060
-.000t+0784
-. 0 0 0409?-2
-.0004110I
-. 0 0 041146
-.0004174I
-.0 0 042335
-.00041534
-.0004'¿.01?-
-.00042399
-.0004?.695
-. 0 0 043L46

.00I272?9
-. 0 0 048663

o0F2
-.00005068
-.00005051
-.00005059
-.00005071
-.00005073
-.00005Ì12
-.00005150
-.00005098
-.00005I?-7
-.00005I5I
-.00005170
-.000051c6

.00011812
-.00005423

OQF 2

-.00000186
-.00000185
-.00000186
-.00000186
-.00000186
-.00000186

lB7
i B6
l.86

-.00000187
-.00000I87
-.00000I87

GI'¡ R

-,00040t+64
-.0 0 040494
-.0004051rì
-",00040518
-.000¿+0528
-.0004Q51P'
-.00040578
-. 0 0 0tv0('97
-.0004093(r
-.0004105ó
-.00041056
-.00041651

GMR

-.00005030
-.00005()32
-,00005034
-.0000503¿+
-.00005038
-.0000503fr
-.0000503fì
-.00005()45
-.0000506i
-.00005068
-.00005068
-.00005106

GMR

-.000001tì5
-.000001e5
-.00000IU1'r
-.0000'0I85
-.00000185
-.000001,B5
-.000001ÊJ5
-.000001iì5
-"000001116
-.00000ì,'ì6
-.00000I86
-.00000186

00000
00000
00000



I

I
0

Table II.6. Errors in the calculation of loe( 1 +x) ax

4PO I NTS

col t
.01
.0ó
.10'.10
.20
.20
.20
.40
.80

1.00
I.00
?.00

BPO I NTS

coL I
.01
.0ó
.I0
.10
'?0
'?0.20

, .40
.80

1.00
1.00
2.00

24PO I NTS

cOL I
.0I
.06
.10
.10
'?0
.?_o' .20
.40
.80

I.00
I.00
2.00

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 OQFÌ
I.00 .00127376
.50 .00117287
.70 .001092?l

1.00 .0010922I
1.00 .00089072
2.00 .00089072
3.00 .00089072
I .50 .0 0 0 48849
2.00 -.00031297
2.50 -. 0 0 07 I2?O
3.00 -.000712?-0
3.00 -.00269359

TRAPEZOIDAL RULË
MIDPOINT RULE

c0L2 00Fl
1.00 .00031997
.50 .000?948a
.70 .00027467

1.00 .0007.7467
I.00 .00022435
2.00 .000??435
3.00 .00 022435
1.50 -0001?377
2.00 -.0000772?
2.50 -.00017762
3.00 -.000I7762
3.00 -.000ó78ó8

TRAPEZOIDAL RULE :

MIDPOINT RULE :

c0L2 00F I
I.00 .00003560
.50 .0000328I
.70 .00003057

1.00 .00003057
1.00 .00002498
2.00 .00002498
3.00 .0000'¿498
I.50 .0000138I
2.00 -.00000855
2.50 -.00001972
3.00 -.00001972
3.00 -.00007558

-.004600ó0
.00129395

00F2
.000?-4207
.00023989
.0002406I
.0 0 0 ?4I84
.00024159
.000?4570
.0 0 0 ?4980
"00024314
.0 0 0 ?_4419
.000?4574
.000?_4779
.0 0 0 ?4578

-.00084933
.00032500

00F 2
.0000?_897
.00002883
.0 0 0 0?BB7
.00002895
.00002894
.0000'¿9?0
.0 0 0 02946
.000029()4
.000029I1.
.00002921
.0000?_934
"00002920

-¡ 00007876
.000036I6

o1F?-
.00000104
.00000t04
.00000I04
.00000Ì04
.00000104
.00000I04
.00000I05
.000001.04
.0000rJ104
.00000I04
.00000105
.00000104

Gi\,lR

.00023802

.0r0023A'2?

.00023rì3c

.00023839

.000238¡10

.OO623Hrì0

.000238t]0

.0002396',2

.0 0 07-¿¡l27

.00 0?42t 0

.000242I0

.00 0?462I

Gl'1R

.0000?.871

.0000?.872

.00002fÀ73'

.0000?873

.00002876

.00002876

.0000?876

.0000288 I
,0000?B9I
.0000-¿997
.0000?R97
.0000?923

GMR

.00000104

.0000010(

.000001u4

.00000104

.00000104
,00000I04
.00000102+
.00000I02+
.00000104
.000001rJ4
.000001.t)¿+
.00000104



I
Table II.7 o Errors in the cal-culation of (1+xz)-t¿*I

0

4PO I NTS

c0L t
.0I
.06
.I0
.10
.?0
.20
'?0
.40
.80

I.00
l.oo
2.00

BPO I NTS

c0L I
,01
.06
.10
.I0
'?0.20
.20
.40
.80

1.00
1.00
2.00

?4PO I NTS

coL t
.01
.06
.10
.10
.20
'?0.?0
.40
.80

1.00
1.00
2.00

ÏRAPEZOTDAL RULE
M IDPOINT RULE

c0L2 00Ft
1.00 .00I2ó099
.50 .00 I 0562 I
.70 .00089249

I .00 .000 89248
1.00 .0004835I
2.00 .0002+8351
3.00 .00048351
1.50 -.00033291
2.00 -.00I95964
2.50 -.00?.76999
3.00 -.00?_76998
3.00 -.00679167

TRAPEZOIDAL RULE
MIDPOINT RULE

COLz OQFI
1.00 .00031529
.50 .00026414
.70 .0002?323

1.00 .000?23?3
I.00 .00012097
2.00 .000 l?097
3.00 .0001?097
1.50 -.00008346
2.00 -.0004919?.
2.50 -.00069596
3.00 -.00069596
3,00 -.00171426

TRAPEZOIDAL RULE
MIDPOINT RULE

coLz 00Fl
I.00 .00003503
.50 .00002935
.70 .00002481

1,00 .0000?4BI
1.00 .0000t344
2.00 .00001344
3.00 .00001344
1.50 -.00000928
2.00 -.00005473
2.50 -.00 007744
3.00 -.00007744
3.00 -.000t9102

-. 0 0 46?893
.00130197

00F 2
.00031003
.0003078I
.0 0 030839
.00030957
.00030906
.0003t299
.00031690
.0003I000
.0003099?
.00031086
.0003I?82
.0003077I

-.00085034
.00032552

00F2
.00003587
.00003573
.0 0 0 03577
.00003584
.00003582
.00003607
.00003632
.00003588
.00003589
.00003596
.00003609
.00003580

-.00007876
.000036t7

o0F 2
.00000126
.00000126
.00000t26
.00000126
.00000I2ó
.00000126
.00000127
.00000126
.00000I26
.00000I26
.00000127
.00000t26

G¡¡R
.0003061c)
.00t)306J8
.0003061:¡t+
.00030652+
f,00030Á94
.000306.t/+
.000306Q¿+
.000307 t?
.000309J0
.000:11009
.000:1I009
.00031/r0l

Gt,lR

.00003562

.00003563

.00003564

.00003564

.00003567

.00003567

.00003567

.00003572

.000035r12

.000035¡-ì7

.000035u7

.00003r',13

GMR

.00000I26

.00000126

.00000I2ó

.00000126

.00000I26

.00000126

.00000126

.00000I¿6

.00000126

.00000121¡

.00000].¿Á

.000001?'7



Table II.B. Errors in the calculation of

-.00327793
.000e?L93

o0F2
.000I7346
.00017I70
.000L7206
.000L7?94
.00017236

'.00017530
.000t78?.?_
.00017'¿6ts
.00017185
.000 I7?I7
.00017363
.00016790

-.00060143
,000?3026

OOF 7-

.00001988

.0000I977

.0000I979

.0000I985

.0000I981

.00002000

.0000201i1

.00001,984

.0000t9u0

.0000I9fì3

.0000I992

.0000I959

-.00005570
.00002558

00f-2
.00000069
.00000069
.00000069
.00000069
.0000cì069
.00000070
.00000070
.00000069
.0000006q
.00000069
.00000070
.00000069

1-2dx.

Gf'1R

.00017061

.00017076

.00017087

.000I70FJ7

.000171L7

.00017I17

.00()I7lt7

.0001717,-

.00017793

.0001735t,

.000I7.35?

.000I7644

GMR

.00001970

.00001cì71

.0000Ic71

.0000197I

.00001973

.00001973

.0000I973

.0000I9'17

.0000ic)84

.000019r1Éì

.000019tJ8

.00002006

Gr"rR

.0000006c,

.000000ô9

.000000(rQ

.00000069

.00000069

.00000069

.00000069

.0000006s

.0000006c)

.00000070

.00000070

.000000/0

,1

/ (t+xB)
J

0

4PO I NTS

coL I
.01
.06
.I0
.10
.20
.20
.20
.40
.80

1.00
I.00
2.00

8PO I NTS

coL I
.0I
.06
.10
.10
.20
'?0.20
.40
.80

1.00
1.00
2.00

?4PQ I NTS

col I
.0I
.06
.10
.I0
.20
.20
'?0.40
.80

1.00
I.00
2.0 0

TRAPEZOTDAL RULE
MIDPOINT RULE

c0L2 00Ft
I.00 ..00087598
.50 .0006463I
.70 .00046268

1.00 .000¿¡6?-68'I.00 .0000040?
2.00 .00000402
3.00 .00000407-
I.50 -.0009Ii61
2.00 -.00?7360?_
2.50 -.00364482
3.00 -.00364482
3.00 -.00815520

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 oQFr
I.00 .00021878
.50 .00016I39
.70 .000It548

1.00 .0001I548
I.00 .00000074
2,00 .00000074
3.00 .00000074
1.50 -.000??863
2.00 -.0006f1693
2-50 -.000c1587
3.00 -.0009I587
3.00 -.00205844

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 00F I
1.00 .00002430
.50 .00001793
.70 .0000128?

I.00 .00001282
1.00 .00000007
2.00 .00000007
3.00 .00000007
I.50 -.00002543
2.00 -.0000764?
u.50 -.00010192
3.00 -.00010192
3.00 -.0002?937



Table II.9. Errors in the calculation of
1, ,1
l*-'51 "a*.I

o

4PO I NTS

c0L I
.01
¡06
.10
.10
.20
.20
.20
.40
.80

1.00
1.00
2.00

8PO I NTS

COL I
.0I
.06
.I0
.I0
.20
.20
.20
.40
.80

1.00
1.00
2.00

24PO I NTS

coL r
.01
.06
.I0
.10
.20
.20
'?0
.40
.80

1.00
1.00
2.00

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 00FI
1.00 "011533'¿4.50 .01140752
.70 .01130701

1.00 .01130701
1 .00 .0 I I 05593
2.00 0I105593
3.00 .01105593
I.50 .0 I 055473
2.00 .0095560ó
2.50 .00905858
3.00 .00905858
3.00 .00658963

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 00F l.
,1.00 .00445616

.50 .0 0 4425 I I

.70 , .0044004I
1.00 .00¿+40041
1.00 ,00433848
2.00 .00433¡l4B
3.00 .00433848
I.50 , o 004?1461
2.00 .003967¿B
2.50 .00384371
3.00 .00384371
3.00 .0032?698

TRAPEZOIDAL RULE
MIDPOINT RULE

c0L2 00Fl
1.00 .00093276
.50 .0009?q35
.70 .0009'¿-661

1.00 .0009?661
ì..00 .0009I978
2.00 .00091978
3.00 .00091978
1.50 .000906I?-
2,00 .00087879
?.50 .00086512
3.00 .000865L2
3.00 .00079682

.036463?7

.01155839
o0F 2

.0 I 664354

.0 I 66530 I

.01664903

.0 I ó64325

.0 I 664293

. 0 I 662370

.0I66045?

.0 I 663?67

.0I662I78

.0I661155

.016ó0I97

.0 I 659879

.00897805

.00446236
00F 2

.00560741

.0 0560789

.005607ó9

.0 0560 739

.00560737

.0 0560638

.00560539

.00560684

.00560628

.00560575

.005605?5

.005ó0507

.0013?677

.00093345
oaF2

.00104893

.00104894

.0 0 I 04893

.0010489:l

.0 0 L 04ti93

.0010489?

.0010¿r891

.00104tì93

.00I04892

.00104891

.0010489I

.00104891

GI.4R

.0I666266

.01É.i66170

.0 I 666092

.0 I 661:)0'i2

.¡¡6gg8()9

.0 1 665899

.01665i1'19

.016655i3

.a1b6474¿.

.0 I 664357
,0 I 664357
.0 | 662t+ 34

Gt.,tR

.00560839

.00560834

.0 0560 830

.00560830

.00560820
"00560820
.0 0560 820
.00560800
.0056076 1

.0 056071+ I

.00560'/41

.00560642

GI"tR

,00104894
. 0 0I0¿+ß94
.00104894
.00104892+
.00104A94
.00104t\9/+
.0 0I0 4\9t+
.00104a94
.00104893
. 0 0l04Bc)3
.0 0 I 04893
.0010489?



Talo1e II.1O. Errors in the cal-culation of X
12dx.

I
o

4PO I NTS

COL I
.01
.0ó
.10
.10
'?-0
'?0
.20
.40
.80

1.00
1.00
2.00

BPO I NTS

coL t
.01
.0ó
.10
.10
.20
.20
.20
.40
.80

1.00
1.00
2.00

24PO I NTS

col I
.0I
.06
.10
.I0
.20
.20
.20
.40
.80' 1.00

I.00
2.00

TRAPEZOIDAL RIJLE
MIDPOINT RULË

c0L2 00FI
ì..00 .00627568
.50 .006I0050
.70 .00596044

1.00 .00596Q44
I .00 ,00561 059
2.00 .00561 059
3.00 .00561059
1.50 .0049I219
2.00 .0035206I
2.50 .0 0 28 27 4l
3.00 .0028?741
3.00 -.00061292

TRAPEZOIDAL RULE
MIDPOINÏ RULE

c0L2 oaFt
1.00 .00235679
.50 .0 0 23 I 324
.70 ' .002?7\4L

I.00 .00227841
1.00 .00219133
2.00 .00?19t33
3.00 .00219I33
I .50 .0 0 20 1727
2.00 .00 I66947
2.50 ,00lz+9573
3.00 .00149573
3.00 .00062866

TRAPEZOIDAL RIJLE
MIDPOINT RULE

c0L2 ooF I
I .00 .00048073
.50 ,00047591
.70 .00047205

1.00 .00047205
1.00 .00046?40
2.00 .000462¿+0
3.00 .00046240
I .50 .0 0 0 44309
2.00 .00040t+49
2.50 .00038520
3.00 .00038520
3.00 .00028873

-.0 3538438
.0063I 073

OQF 2
.003372t\5
.00336657
. 0 0 336882
.00337?46
. 0 0 337?07_
.0033¡1410
.003396I5
.003377I9
. 0 0 3381¿+9
. 0 0 338665
.00339?67
.0 0338832

-.0103746t1
.0023ó55I

00F2
.001t3526
.001I3467
.00I13489
.00113524
.00II352t
.001I3637
.00II3752
,00II3574
.001.13622
.00II3675
.0011373?-
.00113708

-.00180590
.00048170

00F2
.000?l?32
.000?L?30
.0 0 0 2123I
.0002r?37
,0002I?3¿
,0 0 0 ?l?-34
.000?l?37
.00071?33
.0002r?34
.0 0 0 ?I?35
.000?t237
.0 0 0 ?l?36

Gr"4iì

.003360,f19

.003361 50

.0033ó198

.00336I9f1

. l) 0 3363¿0

.0033ó320

.0033€r320

. 0 0 31656?_

.00337(t41

.00337?.89

.00337?,8e

.00338498

GMR

.001134L?

.0 0l I 341rÌ

.00113427-

.00It34'¿?.

.00113434

.00113432+

.001I3434

.00II3t+57

.00t13503

.0011352ó

.00113526

.0011364?

GMR
.0002t229
.0002r2?9
.000212?_e
.000217?-9
.00021230
.0002I2:10
.00021230
.00021230
.00021231
. 0 0 0 2l?_,t?
.00021?37
.0002r?_34



.-ßr -

1o, ,The sequence 
["rÏ="

So f,ar we have been concerned with tTre properbies

of the optimal formrla over H¡ when the sequence 
["tÏ="

d.eflning the metric in H1¡ ïÍas given. Fof the practical

use of the formula however this sequence must be chosen

accord-ing to the lnformaiion that is available about the

functions 1n Ht.

Asane]tampléS'uppÖSèthatthefr¡nctiorrsfeH'
eatlsfy the cond.itiorls

¡
a l¿a

I - r' (x)¿x ( Mo,
I
tL
I. l¿o

I-t,"(*)ilx ( Mr.
I
t1

Then vrlttr this lnf,ormatlon we can improve the bound' on

[n*(r) | ror we can write

ln*(r) lz < llsoll"llrli'
.to "tr-= [-' e* (x) ax I - 

"r't' 
(*)+f tz (x) ¿x,J" t

tr- tr.
¿.l

J

tL

= l,rlo"(ån, - ltanrrårh¡)(r"Mo+M") ' 
.1



n
Ò

-tq -

(ueir¡g 3 = cx¡,.)

[t -tanh . (rPMo+M¿ ):.
É

Let us d.enote í,1 (r) = r- 3 ($rh5.tanh $rh¡ )'
lhen tl has the followlng properties;

(r) i-im út(r) = /r(o) = hJs/2t+t
f'--O

n
>,,

J=o

(

(z)

(¡)

If we clenote

B(r) = z

\¡fe can see that

tim ú¡t (r) = Pl'(o) =' O ancl
rt+o 

h. ó

rrm r/{,(r) = f/f(o) - - ä .
rqo Ù

3" 
"-s 

(århl -tar¡h århl ) (râtrlo+u, )
J=o

M, h.6
2l+B(o) = 2

n
>r

J=o
and.

B, (o) = lln 2 3,'-'tøi (r) (rzMo+M" )+2rMeÚ¡ (r) )
nrO J=o

= Mr.'/f (O) = 0.

Further

B¿(o) = tJä 2l":WI(n) (rÊMq+M1)+l¡rMoüí (r)*2frror/r (r) )

2
Ç

= z \,, Mrúl(o)+2Moúr (o)
J=o
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L,lo h, e

= ¿,åín," (Mo - k hr')'

n

= z>tt -
l=o

s(r)

+ 12

rr B"(o) >

mlnimizes g(r). Ho'rever lvhen this sum is negatlve we can

choose ro > O such that the eslimate

3
J

If for example we use the optinal mesh (1'e'

B(ro) < e(o) = #

^!ar^ - aJ'

hJ = #, i=or. . . erl) then whenever

/t,-t'Y t l.%-
\ 

"-/ 
' Mi'

n
>/rh

J=o
a

the sun

B,(o) =|,ti e*i (-" - % ftti)
<

and. sueh an pe exists. clearly then thls best choice

rq w111 lre tÏre solution of the equation B'(r) = O'

r .)
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For the case N=2 the situation ls much ]-ess clea'r" If

we suppose that, âs well as Mo and- M' there exists Mp

such that
L

| 't,o (x)¿x ( Mu

J

tL

then there couLcl well exist (for a certain r arrge of

Mo ,M'MB ) , do ,dt I o generali zj.ng the result oþtalned- for

N=1 . However vre d.ic[ not fincL this generalization' The

manipulations invol-ved clearly make this a difficuLt task'

As an alternatÍve appnoach the errors of the fornulae vÍere

examined in the hope that they might shed. some light on

the questlon of how to choose cto and dt, þut once again

the values of cto and. qL leading to the smallest eProrB

could. not þe Ilnked. wlth any of the propertles of the

integrand. ("'g' the values of Mo ,Mr ancl M, )' Tfhlle 1t

ls clear that in some cases cr'o anil a'L should' be set to

zero, and. the Mid.point Rule or the Krylov formula shoul-d'

þe useÖ, (e.g. Tables lr1 .2, II.3) ln other cases (u'g'

Table II.7) non-zero values of do ancl ql lead- to the

smalLest error of the oQFl and. oQF'2. Inileeil in Table II'B

the OQFI with do2 = O.2 d'oes consid'erably better than

OQF2 and. in turn the oQF2 with do2 = 2, dt'= J d'oes

better than the G.M.R. 0f course Ïr¡e should' it'istinguish

between a formula that gives the smallest error for a

particular function and a formula that gives the snallest

.lt
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error bouncL for a class of functlons. Ïl|e only use the

e:çer.lmental evld.ence aS a possible grld-e to chooglng

the latten. Seemingly the only valid. conclusion we can

d.raw is that in the absence of any lcnowled.ge about how to

choose do rüt and. qa we shoulil use the Krylov formu]-a'

However there @ exlst do rdl and' q2 which are non zero

anl which lead. to results which are better than those

obtaineiL bY the KrYlov formufa,

,5
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11 . Concluiling Remarks

I\fe nay summarlze the contents of this theels as

follows.
liVe have shown that any exponentlal spllne is d-efined.

completely by the iurnps R¡* 1n its d.erivatives. TVe have

establlshed. the one-to-one relation between the class

GN-r, of splines in H¡ and. the class SU of erron

functionals and. then shown that the spJ.ine realizing the

error wlth srnallest norm can be found by ninimLzing ttgll

lnd.epend-er-rtl-v on each sublnterval (1emma 2).

For N=1 and. 2 we have erplicit]-y Oerived. the

weights and mesh which d.efine the quad.nature formula that

has least estinate of error ln(f) [ wlth resBect to the norm

llftl for functions 1n HN. For N=2 we have obtalneil as

intermed.iate resuJts the optimal formulae tühen

(") the mesh is prescribed', and-

(¡) only the two e nd. lntervals ho and' ih of the

mesh are Prescribeit'

Further we have shown that the optimal formula for N=2

d.oes not use iterlvative vafues. It turns out that the

conilitlons d.efinlng the d.erivative welghts to be zeto give

the optimal mesh (c.f . Gaussian quadrature clerlved' uslng

Henmlte formula). .lflle have cterlved. two expressions

(lernmas 3 and. 4) for ll$*ll: the f irst was used. to deter-

mine the optirnal nesh and. the second. to d.erlve the Gor1-

,1
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vergence prroperties of the formulae. The second- ercpfe$9-

ion 1s also useful for the practical computation of [ln*[['

ÏìIe have lntroduced. the GeneralÍzett Midpoint Rule

and. shown that, when do vanlshes the optimal formula is

the G.M.R. Tl|e have shoWn al-SO that as the mesh slze

d.ecreases the optimal formula tend.s rapldly to the G'M.R'

lhus we have characterlzecl. alL the remalnlng formulae

that are of lnterest fon N < 2.

Theoptinalclosed.forrnulahasbeend.erlved.

\nle have shown that all the furrctlon welghts to the

fornula optirnal on any nesh are posltlve (and" oo the

optirnal formulae are well sirlted. to autornatic computatlon

from the point of vlew of rouncl.-off error) ' In ad'd'ition

we have shown that the optlrnal mesh can þe easily ileterm-

1neil. nurnerlcally by stand.ard- lterative procedur€sc

F1na1]y, for N=1 we have incLlcateiL the ÏYay that lve mAy

choose co, if we have quantitative estlmates of the

smoothnees of f , so that the þoundl on In*(f) I f 
"

minimlzed..

.2
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