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ABSTRACT

Recently there has been growing interest in
quadratures with the so called "least estimate of the
remainder" or "opiimal" quadratures. Sometimes these
formulae are preferable to the classical formulae because
they provide error bounds in which the dependences of the
formula ard those of the function are separated.

In this thesis we consider certain Hilbert spaces
of functions with known smoothness and develop optimal
formulae for these spaces using the techniques of
Functional Analysis. It is shown that these results
extend similar results obtained elsewhere for the optimal
formulae over the spaces Lér). The convergence proper-

ties of the formulae are derived and certain numerical

considerations concerning their use are discussed.
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1.1 Introduction

In the problem of gquadrature we are concerned with
the approximation of the integral

1(f) = L “£(x)ax, (1.1)

by the sum
n N
W(2) = B 3 A () (1.2)

In all that follows we shall consider the interval (ty,t2)

to be finite and A;4y,x; real, X; & [ty,t2]e

The accuracy of the quadrature depends on n, Ay
and the Xxj. For simplicity let us for a moment consider
that only function values will be used in the sum (1.2) and
so N=1. Then there are 2n parameters to choose in
order that the guadrature be completely defined: n para-
meters Ay j called weights, and n parameters X called

Within very Breas liwa ke
mesh points or nodes. @ieariy, the larger is n the more
accurate can our guadrature be made, for then we have more

parameters to choose. So we shall consider n ‘to be

arbitrarily chosen but fixed throughout this discussione.

The accuracy of a gquadrature is measured in terms
of the error E(f) = I(f) - Qu(f) and the choice of the
parameters A;j, and Xy is directed to reduce this

eError. gometimes some of the parameters may be specified
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by the particular problem; for example if the values of
the integrand are given at prescribed points then the XJ
are no longer free parameters and we have only to choose
the Agy. Alternatively since the roundoff error
committed in computing guadrature sums is reduced the
more nearly are the weights equal, we may want to cons-
train the weights to all be equal. Once again we are
restricted, this time to choosing only the xj. So that
in practice, once we have determined the type of
guadrature that we seek (i.e. equal weights or, equal
mesh or perhaps some other type), we can turn our atten—~
tion to choosing the remaining parameters so that the

error B(f) is reduced.

For example, (1) in the earliest type of quadrat-
ure formulae the mesh distribution was the so called
"equally-spaced" mesh:

tz'ti . 4
Xj=Xy_4 = constant = =TT J=2ysee =l

X 0= b, X = ta.

\

The remaining n parameters A;;,.se,Apn WEre then
chosen to satisfy certain conditions imposed on E(f).
In another case (2) the set & of all quadrature formu-
lae considered consisted of those formulae with all

weights equal to some constant, say A. The remaining

2
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n+1 parameters X,,...,%X, and the constant A were then
chosen to satisfy conditions imposed on E(f). Ina
third case (3) there were no restrictions on the
Ajgsrese,A)py Or on the Xy,eee,%p and the 2n conditions
on E were used to completely define Qn.

The important guestion in all of these cases was.
however "what are the conditions to be ;mgosgd_onm E(f) 2"
The following theorem, due to Weierstragéfh;;;; tﬁekbasis,
for thESe cenditions.
Theorem: Let f(x) be any function which is continuous

on the interval [t,,tz]s Then for every &>0

there exists a polynomial p(x) such that

|£(x) - p(x)| < e forall xe [t,tz].

(For proof see, e.g. [1] chapter 15, p L81.)

Thus any function continuous on a closed finite interval
could be approximated to an arbitrary order of precision by

- QHHhough, et medigply o ol pric theinof x;
a polynomial of some degree. | The theorem' gave no indica—kwk

tion of the degree required for a particular order of Lule
approximation but ieﬁ%ggﬁgﬁ%owerful tool, none~the~1ess.
Accordingly quadratures were constructed which were exact

for polynomials of as high degree as possible. For case

(1) the resulting formulae are called Newton~Cotes formuiae
and are exact for polynomials of degree less than or equal

‘.9{‘7{,} ; !_-,L;_.e}n.,-‘:_ ’V\/_b\i% % \._n i\?(i\ .
to n-1,” They are therefore said to have grder of

3
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precision n-1. They include such well known rules as
the Trapezoidal rule and Simpson's rules. They are
amongst the most widely used quadrature formalae -~ in
former years because of their simplicity (when used with
desk calculators, for example) and more recently, with the
advent of computing machinery, for their generality.

For case (2) the formulae developed were called
the Chebyshev Quadrature Formulae and the n+1 "free'
parameters were chosen to give the formulae a degree of
precision of n. In 1937 Bernstein [L] showed that these
formulae exist only for the values of n = 1,2,3,4,5,6,759.

Lokl Qo e A
In spite of this restriction the formulae ! 3
because most gquadratures used in practice are of low
degree.

For case (3) the conditions that the formulae be
exact for polynomials of degree less than or equal to
on-1 1led to what are now called the Gauss-Legendre Quad-
rature Formulae. And oncé again these formulae are widely
used.

A guadrature formula is said to be interpolatory

if it can be derived by the integration of an interpola-
tion formula. All the quadratures mentioned so far are
interpolatory in nature and each has the same degree of
precision as the interpolation formula from which it

derives. The generality of these interpolatory quadrat-

L



ure formulae,which one could say derives from the general-
ity of the theorem on which they are based, severely limits
the precision of any analy31s of thelr errors. Krylov

[7] shows, for example, “that 1f the derivative f£(n)(x) is
continuous on the interval (ti,tz) then for any inter—
&./tw ,

pedabory quadrature formula there exists E € (ti,tg)

such that the error of the formula satisfies

m(r) = £E) ftaw(x)dx, (1.3)

w(x) = (x-%x, ) (x=%z)eoe(x-%1),
and this-will thereféfe-apply t;ﬂfﬁé Newtoﬁ:botes?formulae.
Tor the Gauss-Legendre formulae there is a better form if
£(zn) (x) is continuous on [t,,t;] for then there exists

n € (ti,tz) such that remainder satisfies

E(f) = ii%:l§ﬂl f a? (x)dx.

Ty
But it is often difficult to use these estimates because,
in the first place, the order of derivative on which the
error depends varies as n or 2n and, in the second
place, we do not, in general, know where E and 7 lie
in the interval [t,,tz]. If, however, we know that
£(n)  is bounded in absolute value on [t,,tz] Dby some

number M,:!

»5
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|f(“>(x)] <M, xe€ [t ,t:] (4e3.1)
then we can obtain the estimate

T2
5(0) ] < = [*la(x)]ax (1.3.2)

Ty
i ot oles et dhanar aim on L., 627,

b + 29

for the Newton-cotes formulae, and’ this estimate cannot be
improved; that is to say there will always exist functions
satisfying (1.3.1) which will attain the bound (1.3.2) %
In fact, for an arbltrary set of nodes we can obtain the
precise estimate for E(f) (for any function satisfying
(1.3.1))
t2
IE(£)| < M, f |K(t)|at

ty
where X(t), the kernel function, is
t r-1
1!

K(t) = ftz[J(x-t)—J(ti-t)] ﬁ: ax

t,

= B [ ()Tt - - RE—

and J(x) is the familiar jump function

1 x> 0,
3(x) = { {1 x=o0,
0 x < 0.

/wwxyi £

Clearly then these guadratures epe poor when the

.6
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bound M, on the derivative of £ 1is large. In fact
these rules of highest degree of precision sometimes give
worse results than the simpler rules such as the Mid-point
rule, the Trapezoidal or Simpson's rule. This occurs
usudlly when they atre applied to functions of low order of
differentiability or functions with singularities near the
interval of integration.

Thus whenever we try to improve the accuracy of a
guadrature formula of this type by increasing the number of
points and so the degree of precision of the formula, we
may introduce a coarser estimate of the error because then
the error depends on a higher derivative of the integrand.
To avoid this situation composite or compound integration
rules were devised. These formulae are applied in the
following way: the interval (t,,ts) dis divided up into
say m subsegments and on each of these subsegments a
formula of low degree of precision is applied. Consequent-
1y more points have been used, the formula is more accur-
ate and the error depends on a derivative of the integrand
which is of a low order.

These composite formulae, while they offer a
simple solution to the problem of increasing the accuracy
of a formula without increasing the order of the formula,
use in-formation of a local nature and not a global one.
That is to say the information used on any subsegment of

o7
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the interval of integration comes from that subsegment
only. For example the compound rules take no account

of any smoothness properties that the integrand may
possess at the end-points of the subsegment. Therefore
more accurate rules can be devised which do take account
of all the information that is available about the
integrand. Such formulae are the "quadratures with least
estimate of error" but before discussing them we need

certain notions from the functional analysis.

8
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Normed Linear Spaces

The set F = {f} of elements f 1is called linear

if the operations of addition f+g Dbetween elements of F

and multiplication oaf by 2 real or complex scalar oeS,

a scalar field, define a new element of Te These opera-—

tions must satisfy:

(a)
(b)
(c)

(a)

(e)
(£)

(&)
(n)
(1)

We say

f+g = g+f (commutivity of addition)
(f+g)+h = £+(g+h) (associativity of addition)
There exists a zero element ¢ such that
f+08 =1%F

There exists an inverse =-f to each feF such
that

f + (-f) =8
a(pf) = (ap)f (associativity of multiplica~-

tion)
(a+B)f = of + Bf and a(f+g) = af + og
(distribution)
1.f = T
Of =0

if of =¢ and f #¢ then o = 0.

that the linear space F 1is normed if for
each feF there exists a norm, denoted el ,
that is a real non-negative number satisfying
(a) lifll = 0 with equality iff £ = @

(p) le+gll < llgll + Nl

(c) lagll = faf.lizl

o
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Associated with a Normed Linear Space are the notions of

convergence and completeness.

A sequence {fy¥.;, fn€F 1is said to be a "Cauchy Sequ-—

ence" if

1im ||, ~fall = O
N, Moo

A sequence {fpi%.,, 1is said to be convergent if there

exists feF such that

1im [|£,-fll = 0.

A Normed Linear Space is said to be complete if every
Cauchy Sequence of 1ts elements is convergent. A complete
Normed Linear Space is called a Banach space.
An Inner Produict Space is a Linear Space. F in which to every
pair of elements £ and g there exists a bilinear funct-
ion (f,g) defining a scalar value and satisfying

(a) (of,g) = «(f,g), a scalar

(p) (£,£) > 0 with equality iff f=¢

(¢) (f+g,n) = (£,h) + (g,h) B |

(@) (£,8) = (B1),(=(g:e) if £,8 aroveal

valued functions).

{4

A complete Inner Product Space with the norm ll£]l defined

1
vy (f,f)2 is called & Hilbert Space.

The properties of orthogonality and distance associated with
Hilbert Spaces give rise to the following important result

known as the Decomposition Theorem.

o2
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Theor em: Let M Ybe any closed subspace of a Hilbert
space He Then every element feH can be
uniquely expressed in the form f = g+h where
geit and  (h,k) = O for any kell.
In this case g is called the projection of £
in M and

inl = li£-gll < ll£-xl for each keM.

(for proof see e.g. [13], Chapter IIL §1)

Functionals over Linear Spaces

An operator (¢ which maps F into the scalar field S 1is
called a linear functiopal if it is linear and additive i.e.
t(ar + Bg) = at(r) + Be(e)

The following theorem will be used later.

A linear functional is continuous if it is bounded.
(proof: Refer to [13], Chapter I &6 )

. : //MM%J
We denote F# the set of all continuous functionals

defined on F and we define the norm Nell of te¥F* by

lellgy = Wit 1|g(f)|

—-

P =

F# is called the duagl of Fe.

One of the most important results relating to Hilbert
spaces which we will use is the so called Riesz Rupresent-
ation Theorem which states:

For every linear functional (feH¥ defined on a Hilbert
space H there exists a unique element geeH  such that

3
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1.3 Quadratures with Least Estimate of the Remainder
Suppose we are given a closed and bounded set B,
of functions f and that we characterize the accuracy of a

quadrature formula Q € 8 = {all quadrature formulae of the

type (1.2)} by the real number

(4

fog, 1 T(0) - @ (D)1,

i

fen, [B(O) ] (1.4)

We can then reasonably call "optimal for the class B," the
guadrature formula which has least estimate of the remainder
i.e. the one which has the A;; and the X, chosen so that
% is smallest for the class Bje.

Now if B, is the unit ball of a normed linear
space B and Q € @ is such that E(f) forms a linear
and continuous functional over B then Z = “EHB* and we

immediately have the bound
lB(£)| < NElllell.

The dependence of E on the x; and the A;y occurs only
in the multiplier NEH and so we can aim to select these
to minimize ||Ell. In 1949 Sard [9] presented the first
discussion on the theory of, and the philosophy behind the
use of, "best" quadrature formulae and best approximation
formulae. In the same paper he indicated the method by

o
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which these could be determined and he tabled, for certain
cases, the optimal quadrature formulae themselves.

It should be noted here that quadratures with least
estimate of the remainder have been closely linked, in
their short history, with spline functions.

A polynomial spline of order 2n-1, with knots
B, = Xo < Xy < Xg <eee< Xy < Xpyy = t, and interpolating
the values of f£(xy), is the function # such that

(i) @ is a polynomial of degree 2n-1 in each

interval (Xq_4,%X1), 1 =2,00e,n
(i1) @ is a polynomial of degree n=1 in each
interval [t,,x,] and [x,,tz],
(iii) @(=2r-2) is continuous at =Xy ,Xg,eeesXny
(iv) #(xy) = £(x3) each J = 1,2,..s,0.
These were introduced in 1946 by Schoenberg [11] and since
then a substantial body of theory has evolved about them
[2]. In 1965 Schoenberg [12] established the relation
between best quadrature and polynomial spline functiogé.
He also showed that certain classical formulae, namely the
Hermite Formulae and the Euler-Maclaurin Summation Formulae,
are best in the least squares sense. Subsequently gener-—
alized splines, that is functions which are linear combina-
tions of some basis functions (rather than the powers of x)
and which satisfy certain continuity conditions similar to
those for polynomial splines, were investigated [3] and as

o2
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a result Karlin and Ziegler [5] established the relation
between generalized splines and best quadrature formulae.
The relation of generalized splines to present work is
discussed in Chapter 3 part (3).

In [7] Krylov considers the set of all guadratures
of the type (1.2) (with N=1) for the class L{7) (0,1) 21,
of functions with derivative £(r-1) that is absolutely
contimious on (0,1) and derivative £(r) that is qth
power summable on (0,1)+ Prom the Taylor series expans—

ion with integral form of the remainder for f € L&P)(O;1)

he derives the expression

1 e 1
E(f) = f f(x)dx - kgiAik fxx) = f £ ($)K(t)at

0 0 (1.5)
where
1-t)T n (xg~t)T-2
K(t) = .L_I:.'_L - 2 A T(0et) TRy

and then using the Hglder inequality he derives the bound

1] < U1|f<r>|th}%‘{f|mt)|vat}%, %+ }! =1,

0 0
(ice. |E(£)] < llelllEl).

For the two cases r=1 and r=2 he finds the A;x and
1 _
xx Wwhich minimize [ lK(t)|pdt. Clearly these will also
0 3
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minimize HE“,

For the case r=1 the optimal formula he derives
is the well known midpoint rule (see chapter 7) and for
r=2 he shows that the optimal formula has, denoting

hy = 3(xy,,-%;) and h = n-1 + JI=(7]"2,

(1) hy., =hy =h J = 2,3,0ee,n-1,
(2) 1 - x, = n/i-t=, }(1.6)

(3) = = h/1-L%,
where ¢ 1is defined by

£ 1
f (e2-x?)P-24ax = [ (x2-£3)P-tax (1.7)
0 L

and has weights
Aij =2h j =2,..0,n“1, }
(1.8)

Aij =A1n= h (1 +JT:T§)o

He then derives the value of HEH at its minimum point:

sl = UHK(t)lpdt}%
0

= $h?(1-£?) 1 jF . (1.9)

2p+1

Kautsky [6] generalizes the results of Krylov by

considering the set of quadratures of the type (1.2) with

4
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N=r on the class Lér)(ti,tg) (i.e. the formula may use
values of the derivatives up to order r-1 at the mesh
points). He shows that the optimal formula for
1{™) (t,,t,) has
(1) hy., = hy =ih(constant) J=2,.i.,0n~1;
(2) h = (tz-ti)/(n+p=-1)

(3) =xy=tis = (3 + zp-1)b, J=1,...,n

{1.10)

J ?

ta £ 8
where, denoting M(r,q) = {[ |p(x)|qu~zq

’ (1.11)

.
1\Fa
o = 1 (r,q) <2%i->

(L U ) W S

and p(x) is the polynomial with minimum Lgr) norm.

The corresponding minimum value of HEll is
A
r+
2 =Ty 4 M(r

2 Io+n_1 r [} (1.12)
For gq = 2,0,1 the minimum polynomials can be written
explicitly and they are the Legendre, Chebyshev first and
Chebyshev second kind polynomials respectively. Fur ther
he shows for general r, as Krylov does for r=1 and 2,
that the optimal formula does not use the r-1st derivative
if r 1is even.

(r)

The spaces ILg considered by Kautsky amd Krylov

are Banach spaces and except for the case q=2, when they

are Hilbert spaces, they lack certain properties of symmetry

5
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between the dual space and the primal spaces.

"Tn a Hilbert space minimizations are related to
perpendicularity. Bases may be constructed and projections
calculated. Linear continuous functionals are inner
products. Linear continuous operators may be studied
closely. It is, therefore, advantageous to use Hilvert
spaces in the formulation of problems wherever the
preproblem allows such use". (Sard [10]).

We consider the Hilbert spaces Hy in which the
norm ||£ll involves the function £, the derivative (™)
and may involve the derivatives f£(%) up to £IN-2)
Using the techniques of functional analysis we find some
properties of the quadrature which minimizes Z and
explicitly derive the formulae for the cases N = 1,2.

In Chapter 2 we introduce the set Gﬁ of general-
ized splines and show that each spline g with continuous
N-1st derivative is uniquely determined by the jumps in g
and its derivatives at the mesh points Xy, J=1y0ee e

In Chapter 3 the properties relating the Hilbert
space to its dual are recalled and the method by which these
properties are used is discussed. Certain lemmas are
established which essentially simplify the optimization
procedure. By these lemmas we show that it is possible
to find the optimal formula in two stages. In the first:
stage we find the formula that is best for a prescribed

06
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mesh distribution and in the second stage we find the best
mesh distribution. Two simple expressions (which are
later used to find the optimal mesh and to investigate the
convergence properties of the formula) are derived for the
norm of the error, ||Ell, of the optimal formula on an
arbitrary meshe.

In Chapter i we solve the case N=1 and in
Chapter 5, the case N=2. We then show that the optimal
formula does not use the derivative values when used on the
optimal mesh. This is the extension to the spaces H
’and H, of the properties derived by Krylov and Kautsky
for the spaces L$? .

Next we discuss the convergence of the optimal
formulae and show that the rate of convergence is as the
Nth power of the largest-mesh lengthe.

The Generalized Midpoint Rule (G.M.R.) is intro=-
duced in Chapter 7 and there we show that as the largest
mesh length tends to zero, the optimal formula tends to the
G.M«Re. As a consequence of this we find the optimal form-
ulae for the case oy = 0 (N = 1,2).

In Chapter 8 we determine the optimal closed
formula and in Chapter 9 we discuss certain nunmerical
considerations in the use of the optimal formula. We then
show, for the case N=1 that if the integrand possesses

the quantitative properties of smoothness,

o7
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tz
f f2(x)dx < Mo,

£y

ta

[ £12(x)dx < M, ,

Ty
M, and M, some constants, then we can minimige the
whole error bound ||Elll£ll (instead of just [El) vy
choosing the appropriate metrice. The optimal formulae
are then applied to a wide range of functions and their
errors are compared between themselves and with those of
standard formulae.

The material presented in chapters 2-5 and 8 has

been publishedT in slightly different form.

Yy, mLHAY, Optimal Quadrature, Bull.Austral.Math.Soc., 1
(1969) 81-108.

o8
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5, Definltions and Notation
(1) Let P be the set of all partitions p = (X4 yXgpeeesXn)
which divide the finite interval (t,,tz) 1into n + 1
subintervals Ij = (%Xy5%X441) for J = 0se00,n and
where

b, = Xo < X € Xp < ees < Xn € Xnyg = to (241)

(2) Let N be a positive integer and let Olo, 0 sz, e eesON
all > 0 be a real sequence such that Qo A0, oy £ 0.
We shall then deal with the following Hilbert spacesi-

(1) For each fixed partition, peP, let My be the
space of real functions f(x) such that the Nth
derivative £(¥)(x) has bounded norm in
To(tysta)s £(N-1) (x) is absolutely continuous on
each subinterval Iy of (ty,tz), end the inner
product is

N t2
(£,8)n = Jw,% £09) (x) gt ) (x)ax.
=0

1
(11) Let My be the subspace of My, independent of

p, defined by
Hy = {£;feMy, and £(N-2) (x) is absolutely
continuous on the whole interval

(tyst2)]e



(3)

()

(5)

(6)

._’Z_Z_.

We shell call Q(n,N) the set of all n-point gquadrat-
ure formulae Q, of the type (1.2) with the Ay real
and the x; gilven by - pePe
For peP we define SY as the collectlon of all error
functionals of the type

E(f) = I(f) =~ Q. (£),
where Q, € &(n,N) and has its mesh points Xy given
by D
Let &' ©be a subset of &(n,N)s The quadrature
formula Q: e § will ve said to be optimal in &’
over H; when |II - el <l - @ll for ana
QueR’ ,feHy
We will call the function g defined on (t,,t2) en
exponential spline or e-spline of degree N with n

knots if for some partition peP, & satisfiles

N
Jz(()-)iadzg(zﬂ(x) =1 for =x=Ii, 1=o’°'°9n’
(2.2)
and

. _
(1) Jgm(-)d-maﬁg(?i-m)(xz) = 0, for m=1,se0,N; }

for £=0 if x4 # t . }
and for £ = n+l if Xy £ ta }
or

N
(11) dEé.)i-ma;’zg(ad—m)(xt) = 8, ,,, for m=1,ee0,N;
(=1 and n if x,=t, and Xp=Tz for some }

given constants 8p,s,

(2.3)
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I+t is convenient to denote

gl®) (xy=) = gl(¥) (xy+) = Ry, d=tseaesn, (2.1)
k:O,-.-,2N—1-

We will say the e-spline, g, has order of
continuity m when Ryx =0 for J=1,eee,n, and all
k=0,1,e00,ms Let GN TDe the set of all e~splines of
degree N defined on the partition pEP. We define

Gy = fgs gsGN and g has order M}

Suppose for a moment that t, A%, amd  tpAx%,. In general

the solution of (2.2) can be written

2N r, X .
g(X) - 1/&02 + ’:2.18.1 je 1 9 )EIj, J=O,-.o,n.

(where the r; are the 2N solutions of the auxiliary
equation to (2.2) and are assumed to be distinct).

Thus g(x) depends on 2N(n+1) unknowns called spline
coefficients. These spline coefficients are uniquely

determined by the 2N(n+1) conditions (2.3) (i) which

become

N 21
 (=)i-Poy® T rz(Zj‘m)aljerix =0, m=l,eee,N
=0

J i=1

at x=1t, anl x = tp and (2.4) which become.

2N . :
?fik(ai,j—ieri(xa - ay j eli(x3+)) = Ryx

1=1

j=1,.-o,n and. k:O,...,ZN-'l

o5
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for given Ryge These conditions are linear equations
with the spline coefficients as unknowns. To show that
the spline is uniquely determined by this system we must
show that the system of equations is non-singulars.
Setting Ryx = 0 for J =1,009,n and k = Ogoeey2N=1
yields the corresponding system of homogeneous equations.
Then it is sufficient to show that the trivial solution
g(x) = 1/0,®, is the unigue solution to this system.

Let g* be any solution of (2.2). Then

(£,8*)n

]
Y

ta
Oajalfwux)gﬂv(x)ax, rety  (2.5)
1

n

N 1+4
= D oy?® 3 lx "R (x) g D) (x)ax

J=£o0 i=0
1

n

N 1+1
= 12 32 oy ix £03) (x)g*( ) (x)ax
=0 =0

1

and integrating N times Dby parts

x+
= 2 '5a.f{[£<->“+1f<n—m(x)gﬂw-ﬂ<x> " (25.1)
i=0 j=0 k=1 Xy
i1+4
+(-)’[ f(X)g*""”(X)dx},.
> J
Now

n

N 1+1
3 3 ayr(-) [ £(x) g* (21 (x)ax
i

1=0 }=0

- 3 [‘ [‘z’soaﬁ(—)ngmv<x>:\f<x>dx
i

sl



and imposing condition (2.2)

n -1 .
P Lx f(x)dx
1i=0
t

I(f).

Considering the other term in (2¢5.1)

Xisa

=1

2 2 oy E{%( )k+1f(.‘) k) (x)gv(dﬂc 17(x)]

n N Xye1

s s 2 o® ( )k"‘if(l)(x)g*(z"'zk"’-)(x) .
{=0|k=1 £=0 £+ -
1

N-1 n N
> 3 [f(”(xui)k 3

g_)k-t-iakzgg(zk—z~1)(xi+1_)

L=0 1=0 +

N
20 () b () rgr (R (xy4) |
k=8 +1
N-1( N .
= J?Oi_f(Z)(Xn'”') E‘ (‘)k-t-iakz(g*(zk £-1) (xn+1""))

k=£+1

N
+ 2 £(8) (x‘)k ? 1(_)x-z-1akz(g#(2k~t-1) (xl..)_g#(zk—t—i) (xg+))
i=1 +

N
-£(4) (%) 2

k=

(-)k'l'iakzg*(zk't'i)(x°+)},
+1

2 [f(m *) (xn+:|.) 2 (")k-mo‘kzg’g(zk—m)(xn+1')

m=1

s 3 e (x) 3 (=) may? (ga(Peom) (% =) -g# (7 ™ (xg+))
1=1 k=

-£(m-1) (x,) 2 (_)k-makzg#gzk-m)(xo4:};
k=m



2

By setting the required conditions of the homogeneous
system on g*, we have

(£,8%)y = I(£).
Directly expanding the immer product (£f,8)y with
g = 1/%,2 gives

(£,1/052)y = I(£). (2.6)
Now by the HSlder Inequality

| (£,1/22) | < 17002l . ll£ll,
or !

|z(e)| < ullzll,
where M = ||1/2,2lle Thus the functional I(f) 1is bounded
with respect to l£ll in Hy and so by Riesz' theorem the
function which realizes I(f) is unique; but Ryx =0
implies that g*€Hpy., C Hy, so that

g#(x) = 1/%%.
Then the system is non-singular whenever ty Ax, and
t, £ Xpe If ty =% and t; = X, then the solution of
(2.2) depends on 2N(n-1) spline coefficients and these are
uniquely determined by the oN(n~1) conditions (2.3) (ii)
and (2.4) for given &y, and Ry respectively. The
corresponding system of homogeneous equations is obtained
by setting the Ry, and Sme to zero and by the same
procedure as before it can be shown that the trivial solu-
tion g = 1/02 is the unique solution to this system.

Thus any spline of degree N is uniquely determined by the

o6
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jumps RJk j=1,¢o-,n, an.d. k=o,'il,2N—1.

The transformation to the new variable h given by

X4+X
{x - —1—5113, for zxely, j=1,00e,n=1,

3(x~%,), for xel, 1if X £ tq,

oy
H
(St
nj
Dy
™
}
ct
[y
S
i

1(x-%n,,)s for =xel, if X, # ta,

Sl
Nj=
-~

v
t
ct

20
S?
H

is useful as it transforms the subintervals, I1;, as foll-
ows

I, = (X09x1) ~+ (0, "'2"'),
h

Iy = (XJ’X:IM.) - (- —219 ’5")’ 1< 3 <01,
I
2

I, (xn!xn+1) - ("'

I

where hy = Xj,4 — Xje
We will consider e-splines to be functions of x or h as

is necessary7 AL Mpﬁm i a,//\.ﬂ.o/k/u‘q/q’ AR/ el ,[,-‘WL,MJM.,»W/mh/LL ).

For convenience we shall denote

n
Q,(f) = JE C4f(xy), for the case N=1,
=1

and

n
Qn (£) 2 c,f(xy) + Dyf!(xy), for N=2.
=1

o7
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%, Discussion and Method

(1) From the absolute continuity of the functions in Hy
and their derivatives of order N-1 1t can be seen that
I(f) - Qu(f) forms a linear and bounded functional over
Hy e Then if we choose the set, B, as the subset of Hy
which contains functions with norm lell = 1, the definit-

jon (1.4) becomes

y = e |I(£) - @ (D]
PeHy , | £ll=1
|2(£) |,
feHN, fll_

and this supremum exists and is just “E“H§ . Then
|e()| < Nzl . llell,

and so, by minimizing & Wwe are reducing the size of the

bound on |E(f)| in the sense of the norm for functionals

defined on Hye

(2) 1In practical cases the choice of the metric for our
set of functions and so in a sense the definition of Hy
will be left open. This choice should seek to give the
best measure of the particular properties of interest of

the functions in the space. Tor our case we have chosen
an inner product which measures the smoothness of f and

its derivatives by integrating them in the square and
summing their integrals. The integrals in the sumn are

weighted by the sequence of ay's so that for a particular

o
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problem this sequence can be chosen to minimize the product
Wzl . el The choice of these oy's is independent of the
topology of Hy ani.only affects our estimates of error.
A more detailed discussion of this question will be found
in section §41 of chapteriO.

Here we will consider only those sequences of a's

such that the polynomial,

N
 (=)lay?m2d = 0
=0

in m, which is the auxiliary equation to (2.2), has 2N

real and distinct roots
tm, ,im, sy yeee e

(3) For every bounded functional, F, defined on a
Hilbert space, H, there exists a unigque element, g, in

that space which realigzes F by the relation

(f,g) = F(f) for any feH, (3.1)
and
el = limile (3.2)

Consequently for every error functional, E, on Iy there
is a_function, g, Wwhich lies in Hy &nd which satisfies
(3.1) and (3.2). This relation between a Hilbert space
and its dual enables us to find a particular elemeat of the
dual without dealing directly with the functionals. By

finding the set of functions in Hy which realize the

o2
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errors, E, ‘defined on some partition peP and isolating
that one, (g*), which has smallest norm we can construct
the error which defines the optimal formula on that partit-
jon. This set is in fact Gf., and the following lemma
cummarises the relation between GY_, and the set, Sf,
of error functionals on a given partition.
LEMMA 1. Suppose p 1is a partition from Po

There exists a one-~to-one corres-—

pondence between the Qlements BE

of ¥ and g of G, such

that

(f,g)y = E(f) for any fehHys (343)

PROOF: (i) We note first that Gf§., C Hy. Let g De

from GY_, and f from Hye

(fy8)n

N ts
2 aﬁl £(1 (x) gD (x)ax,
{=0

1

n

N
3 a,2[ £01) (x) gt ¥ (x)dx.
3

j=0 =0

Integrating by parts N times amd using the
conditions (2.2), (2.3), and
Ryx = 0, j=1,000,n and k=0,«.s,N=1, (3.14)
gives

[(fsg)n = 1(£) -

n N=-1 N
[ 3oz (D (x) = (=1)E" 1o ®Ry px-1-1 8s before. (3.5)
j=1 i=0 K=1+141

«3
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Therefore if we choose

(=) 1oy Ry pket-a (3.6)

N
Al 3= k:.?

+1
for all 1 = O,eée,N=1, and J = 1,..s,n, then we have

I(g) - Qn(f) ’

= B(f) asg required.

(fig)N

(ii) Suppose now that E 1s from SN, With the Ayy's
givenby E and nN of the Ryx given by (3.4), the
relations (3.6) considered as a system of equations in the
remaining Rak's ig in fact a triangular system. Then
the 2nN real numbers Ryyx defined by (3.4) and (3.6)
uniquely define a spline ge. By (3.4) g Delongs to

The elements of SY are bounded linear functionals

and so by Riesz' theorem, g is the unique element in Hy

which realizes Ee This completes the proof of the lemma.

Consider the set @Y defined on the partition
pePe A1l the elements of @Y realize gquadrature formulae
and of the subcollection in @& which realize one gquadrat-
ure formula, the single spline with smallest norm has a

continuous derivative of order N=1s This subcollection is

JQ: = {g; 8= such that for Qneq(n,N)
defined on peP, the Ry satisfy (3.6)
where the A,; are given as the weights
of Qn}
ol
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and the continuity property of the spline, in JQ:, with
smallest norm derives from the following lemmao

LEMMA 2. Let goeJQﬁ be such that
n

goll ¥ < lell ¥ for sny geJQ:a
Then g EHN e

FPROOF: Since Jqf is the set of all splines in GN which
n

realize the single guadrature formula Q,(f), the set
J.N N Hy contains only one element. This 1s because any
fu;ction in this intersection will satisfy (3.6) from the
definition of J.¥ and further it will have order of
continuity N-1 %ecause it belongs to Hye Thus it will

satisfy Ryx = O for j=lyeee,n and k=0,000,N=10 As
in the proof of LEMMA 1. this uniquely defines a set of
2nN  jumps Ry which in turn define a single spline.
Let us call this spline gpe. Then if g 1is any element
of JQ: we may write

g = 8o + 4o

But because g and g, are both from JQ“ they both
n

realize the same quadrature formula, and thus the inner

product (g - 8o ,f) vanishes for any feHy. Then
(£,2) = 0 for any feHy and g 1is the projection of g

in Hye By applying Pythagoras' theorem
gz = llgilz + llzllz, (346)

we see that

5
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lleoll < ilel

for all geJ.N. Now let geJN be such that llg.ll < lell
n n

qQ
for any gEqu. Then “giu = “goH. Further if we write
|
g, as the sum
g, = 8o + &y
we see by relation (3.6) that llzll = 0« Whence

lgo - gl =0 and so g, = g and the lemma is proved.

COROLLARY: Let g*%*eG" ©be such that

lg#ll ¥ < llgll, ¥ for sny ge=@¥. Then
g#cHy
The proof follows immediately from the fact that

N = U JQN.
QnGQ(n,N) "

This result leads to an essential saving in the minimizat-
ion processe. It means that we can minimize HS“ over @GN
with respect to the spline coefficients indevendently on
each subinterval and the resulting function will indeed
have the properties of continuity which ensure that it
lies in GF.,. Using this technique we will find this
spline g* and use it to construct the optimal quadrature
formula for the mesh Do
It is interesting that for both of the cas's N =1
and N = 2 the spline with minimal norm has the property
g*(®) (x3) =0, J=1,¢00,n and k=0, 00 ,N=1,
| .6
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independently of the partition P This leads to the

simple form

tz R
sl = zi g#(x) axl?,

i

for the error bound of the approximation. The result

comes from the following lemmasi-

LEMMA 3. Suppose goeGl., has the property
g0 (xy) =0 J=t,eee,n, ond k=0, 00 sN=1,
then lgoll? = T(go)-
PROOF: For all feHy, ge@.,, we have by (3.5)
(£,8)y = I(£) +

n N-1% N
s £ (x 3 (=)%-1g, 2R e

Putting £ =8 = & yields
(g ,80) = lleoll?z = T(g) +

N
% (=)E-1R i
=1+1( ) jJ,ek-1-12?

= I(8)»
since go(1)(xy) =0 for each 1 and e
This error bound will apply to any mesh distribut-
ion and, in particular, it will apply to the optimal mesh.
Now Hg*H is a function only of the mesh intervals
hg,hy seseshpe Tn order to find the optimal values of

these intervals we must minimize llg*ll with respect to

of
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hg shy yeeoshpe For the case N=1 this is done in one step
but when N=2 we first consider hg and h, to be fixed
and minimize Ilg*ll with respect to hy shpseeeshnoas there=-
by getting as an intermediate result the optimal formula

for the case that h, anmd h; are prescribed. The best
values of h, anmi h, can then be found. The following
1emma will be useful latere.

LEMMA it Let g be as in Lemna 3 and let E°(f£)=(f,g)

be the error of the formula

Q) = 3 B AS e(1-1) (8
n = 12, joa 13f (XJ)
Then
n
lollz = Lol (te-ts) - 2 421
(o] =1

prooF: IEC|Z = llgoll? = T(g) = <£§,go> by relation (2.6).

But (f,g ) = E°(f) and so

‘molle _ wo 1 - 1 - Q9 o
||zol] —E<a—°'5>—1'&07 R(Z?z
B o‘oz 2 1 = 13 aO
. (o]
= -_g (tz-ti) -J__z.“iAiJ

and the lemma is proved.

8
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I}« The Case N=i

The elements of G! and G defined on the
partition peP have the form

g(x) = 1/0o® = (ay cosh rx + by sinh rx),
for all xely, (j=0,1,¢.0,n) where 1r = 0,/x; 1is the
solution of the quadratic

a2 - a,%m® = 0,

and a; and by are the spline coefficientse. The results
for the optimal formula on a fixed me sh and the description
of the optimal mesh can be summarized as follows.

THEOREM I

(1) Let QP be the subset of &(n,1)
1 .
containing all the quadrature form-
ulae defined on the partition p,;€P.
The optimal quadrature formula
.
Q,(f) in QP over H, has its
1
weights given by
.
CJ = _a1 RJi’ j=1’0.f’n’

where the e-spline g* is defined by

% 1 #
ay = by =0 =0,000,N0
3 &, 2cosh r}zli’ 3 ’ J=0, s1ly

and satisfies

g*(xj) S 0’ j=1,...,n.

ol
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(2) The optimel formula in §(n,1)
has the weights C; as in (1)

and has its mesh defined by
I 2 i-t,:
hj = ge j'—"o,o‘oo’no

PROOF: (1) We shall minimize

“8“2 = 3%"[ 052 g2 (x) + 0‘128'2(3() dx
h|

with respect to the spline coefficients ay; and by.
Denote My = [ ,2g?(x) + a,2g/?(x) dx
b

In 1< j s n-1,
b

A
o B La rh
My =2‘§+"f‘%‘ (242 + by2) sinh rhy --—r-*'- sinh-El )

is a quadratic function of ay, by which has a total

differential of second order

rh
20t° 2ginh —?-

= —((day)® + (apy)2)

¢ (day,dby)=

that is strictly positive whenever ha is positive.

The normal equations

% %° 2 rhy

ay —o sinh rh, = 37 sin.h-—z— »
and

& X 2 I'h.j

by —5— sinh —% = 0,

o2
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therefore define a minimum at the point

a‘ 1 b# 0
3= sy Dy = Ve
&y2cosh Egl

Now in the interval I, We have only one free spline
coefficlent because the end point condition (2.3) with
N=1 has the form [g& (h)]hzo = O implying b: = O.
Then

ho g ® 22, rho
— 2 - Smssee ——
Mo = 2a°2 + op 8o sinh rh.o T sinh > ’

and the normal equation rho

#062 SinhT
8o —%r-sinh rhy =

T ’

defines

* 1
ao = °
aozcoshzgg

From the symmetry of the situation we can see that

» s % #
8, = 8gs bp = =Do, and SO

cosh rh
rh
aozcosh—§1

g¥(h) = 1/0p2 =

From this we have immedlately

g*(x;) = 0, J=t,eee,n (4.0)
(2) To £ind the optimal mesh distribution we use the
method of the Lagrange multipliers. Let us construct a

function
w = w(hovha."'tihn)’

gl - o(F + P e by - (e %))s

o3
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= llg¥ll2 - 6<;%” hy - (t; = t1)>, 6 real
=0
where 34

denotes that the first and last terms in the sum

are halved. Recall that “g*“z is a function of the mesh

intervals hg,h, seie,Hpe If the quadratic form

i(ahosdh1b--°9dhn) .

n
n o [ o8| w2 92 (zﬂh-(t-t)>thahm
6 1 270 ]
120 mEOEFEEL%HE_ 7 Onyoh, \3=°

is strictly positive whenever hgh,s.ish, are positive

theh the normal eguations

%mh-;'=0 j=0,1,oo-,n

define a minimum turning point for the function « under
the constraints

n
JEZ hj = to=ty, hj > 0 each J=1,2,ssen=1s (u-1)

From the result (L.O0) we may apply Lemma 3 to g% and we

arrive at
n n
w= 3 [g*(hj;x)ax - 60 37 ny=(t5 = ), (4e2)

1
where we have written g*(hj;x) to denote the dependence of

g#é on hy when Xx € Iye Since g* is an even function

of hy in Iy we may write

/2
fg*(h,;x)dx = 2[ " "g#(n,3x)ax.

I 0

ol
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Now

/2 | /2
_5%3.]: 2/'h’ ga(hj;x)ax:|= g*(hj;ha/2)+2]rhj ﬁ;g*(h,;x)ax
0 0o

and since g*(hy;hy/2) =0 each

2

32 ]:/“1/ 2 |
=2 g*(hy3;x)ax | = 5—e*(hy;x)
6h3 h I ahj o ‘xzhj/z

0
/2 e
+fh Wg*(hﬁX)dx
0

Thus by substituting for the spline coefficients in this

expression we have
. h
r sinh Tl

2
° [ 20,2 coph Lg—‘-

i’(dh()s‘")d-hn) = 3

L

. . rh rh rh
r 31nh.—§l osh? —Ei -2 sinh-—gi
( ) (ang )2

- rh
20,2%cosh -Iig-l cosh? —-2-1
rh
n r tanh? "‘?l
= Eo l: Th :](dhj)zy
Ch 0,2 cosh -El

and this expression is positive for all positive r and hye
* »
By substituting for a; and by in (4.2) and integrating,

we see that

t,-t 2 n rh n
w == - (150 tanh —5 ) a<j=2° hy - (tg t1)>

*5
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Then 4% = 0 implies
ah,
cosh® 5%4- = fgg for each J=0,.¢s,N
(o]
But for each interval the equation for hy is independent
of j and, since all the equations have the same form, we
may say that all the hy are equal and, by relation (4.1),

tg -t’_

n ’ OSjénc (“--3)

hjg

This completes the proof of THEOREM I.

06
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f. The Case N=2

The elements of G2 and G defined on the
partition peP have the form
g(x) = 1/2® =
(a, cosh rx + by cosh 8x + ¢4 sinh rx + d; sinh BX),
for all =xeI; (j=0,1,es0,n) where the roots ty, *3 (r,s>0)
of
0p? = @ %m? + ap%m* = 0,
are assumed to be distinct ermd real, amd &y, by, ¢; and

d; are the spline coefficientsi

In each subinterval I; we denote

h
where wy = -53-, 0<J<n=1, and @ == -1-1"2—, and similarly

for C, and Sg.

5,1 The Optimal Formula for a Fixed Mesh
THEOREM II
Let p; bve a partition from P. Denote
by ﬁpz the subset of &(n,2) containing all the
guadrature formulae defined on the partition Da.
The optimal guadrature formula Q:(f) in sz
over H, 1is gilven by the weights
Cy = + %3®Rys, Dy = = a2*R3z

where the spline g¥ is defined by

1
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() 2y = goemys Py = G
T, = 8C.S; - r8.Cy,
# #
cj '-"'-d.J =:0, (j=1,oo.,n‘1)=
. % r°Cp - 8°Cy =% r? g
(2) aj = raogTz s bj = - ‘é‘ﬂ aj,
r o
¢ = %o Tp » &3 = =3 %4
‘ 2 , ; _
where T, = -11-;(0r - %g Ce ) (r2C, - 82Cg)
S r
-r(Sp - ;Ss)(sr =~ s Ss)’
(j=0 and n).

Further g*(x;) = g*'(xy) =0,

PROOF: We will minimize

™Me

lell? =
j=0

with respect to the spline coefficients

Denote

M

and consider first that 1 < J € n-1. By expanding
2

directly using the relations r?s® =

and integrating, we find that

[aozgz(x) + aizgrz(x) + O‘zzg"z(x) dx,
J

prte

j=1’noo,nt

(5.0)

aj, bj’ CJ and djo

[ %202 (x) + 4, 2g'2(x) + ax*g"?(x) ax,
3

oy ®
and r?+s® = T E
2

2
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My = 20,2 fr(a;2 + c4?)S8,Cr + s(by® + d;z)sscs;

+ Loga, {(ragby + scydy)Cr8s + (sa;by + reyd; )S:Cq )

Sy Sg h,
- Liay — Fog 24 =

3 o

The system of normal equations

ra; o, 25.Cp + 0o 0D (rCrSs + 85,0 ) = =
Ss
rcicxlzsrCr + aoazd:](scrss &4 rs!‘cs) - O

has a determinant 4,4, where

A, = r8a;*8,8,C:Cs - %520, (rCnSs + 89,C4)%
T8
= oTgg, (10-ef) (vt - Sts)

S, Se
(tl"—'-c.:, ts=cs

and

A, = P80, *8p0p8gCs = KoPaz®(sCrBs + rSrCq)?

8_a3) (L - 2,
"TETTTT’(r °) (37 - %)
Now since r and s are distinct the product 4,4, never

vanishes and so the unique solution is

03
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0 855 & =rSy }

8 = TrL,r 3 TGP, (541)
" #

cy =4y = 0, where T, = (8CpSg = rSrGS).]

As for the case N=1, My is a quadratic function of ay,

by, Cygy 4 which has a total differential of second order

(day,dhy,dcy,ddy)
= Lfra,28.Cr(day)2 + 0o Olg (PC S +88,Cg ) da dby

+ 80, ?8,Cg (dby)? ]
+ Ufra,25.Cp(dcy)2 + 0t Ot ( 8Cp S +181 Oy ) de a4

+ 80, 28,Cg(ady)? }4
This quedratic form is positive definite whenever A, and
A, are strictly positive and since X tanh x and x/tanh x
are both monotonic increasing functions for x > 0, The
solutions (5.1) will define a minimum whenever I apd S
are distinct and h 1s positive. Thus the extremal
defined by the normal equations is a minimum.
From (5.1) we see that, in the inside intervals, the spline
defined by the normal equations is & symmetric function of

its argument h. By substitution using (5.1) we have

= Z
g*l<%} -) = - (raS, + sbySs),

%, 2 1 1
- {;g-(ssrcs-rcrss).— ATy | 5 + TF },

e

Hi

2 2

a, 2oy Ty o, 2o, Ty

- - . - . ,
%o Qo

Il

O. "



Y b

Similarly

(%)

= *

‘ # #
Qo0 Ty Ay . aj

e Krs,. 55, >’

= O,

Then from the symmetry of g% and the anti-symmetxy of g#/,
it follows that

g¥(xy) = g#' (%) =0 each J=1,e00 0
This calculation verifies the continuity of g* and g#!
for the points Xp,XssseesXp.g but, more than that, it
gives an alternative system for the spline coefficients in
the intervals I, and Ije Of the four coefficients in
I,, two are determined by the end point condition (243)
with N=2 and the other two may now be found explicitly
from the two rlations just derived. Clearly from the
symmetry considerations the situation is the same for Ine.

The system in I, and I, is, in fact,

I ¢, o Sp Sg " ay | EVENa
rSr 854 rCp sCg by = 0
P2 82 0 0 cy 0

| O 0 s r _ Ldy_| | 0 _]

for j=0 and n and this system has solution

*5



b r20 . szcs _b* Ilz %
aj = o 2T v § = - -~z aJ ’ }
otz 8 (
5¢3)
™ r(S, - s Ss) g ® }
03 - 010 Ta ? dj = - -I: Cj ’

wheré

1 ¢ r?
Te = % (Cr ~ 2 Cs) (r2cy - s%Cg )

- I‘(Sr = _f.' Ss)(sr - Ss)'

13

Now because g# is determined in I, and I, by the
contimiity conditions and the normal equations for the
intervals I, up to I,_,, &and since these normal
equations define a minimum on each interval, we know that
g* does indeed minimize (5.0)%

This completes the proof of THEOREM II.

5.2 The Optimal Mesh Distribution

We are now in a position to determine the distribu-
tion of mesh points which will minimize the error of approx-
smation. In part (1) of THEOREM III the mesh is described
for the case that h, and h, are prescribed and in part
(2) the system for the optimal values of hy, and h, 1is

givene

6
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THEOREM IIT

#

The quadrature formula Q,(f) which
is optimal in &(n,2) over Hy has its
weights C; and Dy given by

THEOREM II and its mesh given by

hy
(1) hy =T1;T1_1_y [(tg - ti) . &"‘?)]9
= constant, 1 < J <€ n=1.
(2) hy = hp,

d ) d
and [ T g*(x) dx = [ oo g*(x) ax,
[e]

1

where g* is the spline defined in

THEOREM II.

PROOF : As for N=1 we define a function

w(hos*hi-""shn)s
lg#llz - o <J%g hy - (tz - ti)), 6 real.

e
1l

1l

In THEOREM II it was shown that

g;k(xj) = gl (xj) = 0, (j=1,--o,n),

and, applying lemma 3 to g#, we have
it

w=L

Once again from the form of w over each subinterval

the normal equations %%F = 0 for each j define a
3

2 n
g*(x)ax - 0 (jgg hy - (tg - t1)>.

o/
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minimum point for lg#l|2 under the constraints

(1) Suppose first that h, and h, are prescribed. Then

in 1 < j € h~1 the normal equations are
5 h
TN [2 g*(x) ax = 0. (5.4)
J
.|
2

Now g#, for xel;, i a function of the mesh
interval h;y onlye. Therefore all the eguations
(5.4) have exactly the same form and each one is

independent of Jj and we can say

T—T [(tz - t,) - M] (545)

hy

H

constant for all j=1,...,n~1.

(2) Suppose then that h, and h, are no longer fixed.
As when N=1 w2 will write g%#(hy;x) = g*(x} to
indicate that the coefficients of g¥ are

functions of hy when XEIJ.

Setting %%; g;;

- 2 * . d 0 2% g
s g¥(hy3x) dx = an [ . g#(-h, ;x) dx = 5
2

0 yields

Differentiating we get

8
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h,
%g:‘s(ho ,%-) + f—z éh_o" g*(ho 1x) dx
0

h 0 g
=...1 B - I Y . _Q
$e* (-hp s 2>+f dhng( n3x) dx =3 o

» s
But in I, and I,,ay and b; areeven functions of
153 s
their arguments and ¢y and d; are odd functionse.

Then as

/ v Ny
g*(hoé%>~g*<hh- 2 >=o,

we may replace the above relatlon by

‘2 dho (ho X) ax = I_ 3he g*(hn:x) ax = "g ’
0
and, immediately,
ho = hn. (596)

Differentiating in (5.4), and noting again that

h
g*(: %) - 0, we find that the relation
ho h
g’.'—-— 5 o > 21 Q——- 5 .
ahg g% (h ;x) dx = ’ dh, g*(h, ;x) dx, (5.7)

0

which along with (5.5) and (5.6) gives us a complete
characterization of the optimal meshe This completes

the proof of THECREM IIT.
SoEErTsTTEaea

«9
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5.3 The Weights to the Derivative Values

COROLLARY 1: For the optimal formula

in §(n,2) over H, the derivative
weights vanish,

i.es Dy =0, d=1,000,n,

and an alternative system for the mesh
distribution is given by (5.5), (5.6)
and R:z = b; where g#* is the spline

defined in THEOREM II.

PROOF: From relation (3.6) with N

Il
no

il

a3 (g#(xy =) - g*"(x; +)).

But in £ j € n-1

h % [
g*"(+ 5 —) = g*”(— ?3 +> = - (I‘Ba;Cr + szbﬁCs).

3 #
Substituting for a; and by from (5.1) with all
the h; equal, shows that g%*? is continuous at all the
POintS x?’toi,J{n_l, Whence D2 = Da = e 00 = Dn_l = Oﬂ

Because of symmetry it will suffice to show that

FromAgg§g§§g=;;
aCp + bCz = 1/0%, (548)
raS, + sb3s =0 ., (549)
where a = az, b = br and, eliminating b: and df by

«10
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the conditions (2.3) with N=2,

, 2 o , k] -
a°<brd s Céo> +<g%<éro =T Sso) = /%%, (5.10)
Co
) @? i |
| r Za Ny | »
rao<éro - 3 Ssd> + 5 ?2Cr° b sacs°>= 0, (5.11)

!
® o r .
where a8y = 8y, Go = d: and C, = cosh —23, etc. ((5.8)and
[»}

(5:9) result from g*#(x, + ) = g#'(x, + ) =0 and (5.10),
(5.11) from g#*(x, - ) = g*'(x, - ) = 0). We will use the
above equations to show that for the optimal values of hy

and h,, R, = Oe

The minimum condition (5.7) when integrated becomes

S (br - Cs )
Sr da S: dp da, o P2 g ) . de, o o)
s So

T dn, ¥ s an; T dho\ T ? dho T
(5412)
If we differentiate (5.8) with respect to h; we get
da db
and since g*’(%%) = 0,
da db_ _
Cr dhi + Cs dhi = O (5'13)
Similarly, differentiating (5.9) with respect to h,, we
have
$(r2aC, + 8°bCg) + T %%: Sr + 8 %%: 8, =0,
or

e 11
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d d .
r 3-%—-1' S + 8 -d%- Sy = 2g*"<h‘> (5.14)
da_ o
Solving (5.13) amd (5.14) for T ---'i] we find

da_ _ =1 _sufbs db 1 s/
ah, ~ oT, © (Z * ) Ce» am, =27, 8 (2 7 )GP’

where T, = 8CpSg - rS5:Cgs

By differentiating (5.10) and (5.11) with respect to Io
and solving the resulting system we get

Gao _ 1. _sufo _ S

dh, = 2T, g* (?‘20 )(Sro T Sso>’
Y _ _ 1 gsnu - _

dhg or, B (2 ><Cro 8% Cso>’

where 2 _ a2
2 (r Gro B OSO)

Equation (5.12) then becomes

SC,. SS = I‘Sr (ls

= _) [( c,,) o = %)
. (81’0 -2 Sso><:~£9" - I3 sS°>]- (5.15)

g"‘"(l‘lz"")[rcs - sSC]

12
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By elementary algebra it can be seen that

(br - Cs_) To
r2 _ \ To o) _ i _r®
{(Cro - Cso) r (Sro T Sso>( r 5 Sso>}
N 2 2 /3 3 .. £
- rzs [r‘(Gro CSo><r Cro 8 CS°> <r Sro 5 SSO>(SI’O SSSO

(5.16)

and so we can replace the term in square brackets on the

right hand side of (5.15) by the whole of the right hand
side of (5+16)s But by substitution of the spline
coefficients we see that

rCp8, - 8S.C4
el B o =L (5.17)
g < 2 *) 0g® | 8Cp8; - rS,.Cs]’

and

e -1
Bl D e\ = - - gl
g (2 ) O‘osz JJZr(CrO CSo)(rzcro = CSQ)
- (25, - 95, )(on, - 5 8 >:] (5.18)
o 8¢ Yo S 8p

and so (5.15) becomes

Fo -3 )] @) e

Jsing the relation o2/0z? = r?g2 we can rewrite (5.17) as
L

h, 1
sifa 24\ = R Y
g ( 2 +> g2 st; - vt |’

13
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Sr Ss
where we have denoted tr = oo and t; = T
r ]

From the properties of tanh X it follows that
gialt (= %% +Y>0 for all h, >0 and r,s>0 and

distinct. ~ Similarly we can rewrite (5.18) as

Sr
_4
(5+20)

-1 , 1 ; I s
=T8RG, T, (r245%) + 573 Cr+5((rL*BL)‘r5(f”+sz))

“ E%E Cp_s((r‘+s‘)+rs(r9+sz)2}
_ __;1T_[(rz+sz)
T racogy<Ty

2rs

R jjo i%%%?;ii(r+s)23(ra—sa)(r-S)-(r-S)aj(r3+Sa)(r+s)z}

Further we can write

rs2T, = 2r?s? + rs(r2+sz)SrSB - (r*+8%)CrCq

2r2s? + %Cr+s(rs(r2+82)-(r‘+s‘))
= %Cr_s(rs(r2+sz)+(r‘+s‘))
= 2r2g®

%[:% L%EQ%——((r+s)23(p3-sa)(r-s)+(ris)23(r3+sa)(r+s);\

(5.21)
Now since, for Jj= 1,2:.¢,
(f+s)23(ra-sa)(r-s)—(r—s)23(r3+sa)(r+s)

=:(rz-sz)z[(r+s)23“2(r2+sz+rs)-(r—s)23'2(r2+sz-rs)]

.114-
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is always positive (r,s > 0, and distinct)it follows that

rs?®T, < O and hence that g*"(-— -hé-o- +> > O.

%
Thus (5.19) implies that Ry, = O and the

result is proved.

15
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6. Convergence of the Optimal Formulae

Definition: (1) Let {ni}?=1 be an increasing sequence
of positive numbers and let = = {pg}?=1 be a sequence of
partitions each from P, and such that pg; has Iy
points.s

Let {Q (£)]7=1,

R N (L) (1-1), (2)
Q(f) = 2 BAyf (x5

),

be a sequence of gquadrature formulae such that Q(f) is
defined on pz» We say that Qs (£)} converges to
I(f) if
1im |I - Qll.#* = 0.
-l

L0

(2) Let p be from P. We define the norm

of p, denoted |p| by

Ipl = max hj.
0<jsn

THEOREM IV: Suppose that # = {p;}g-1 satisfies

lim|p;| = 0. Let Q_ C Q(n,,N) be the set of all

J Pe %

quadrature formulae defined on P and let sz be the

optimal formula in ﬁpz over Hye Then for N=1 and 2

(1) EQPL} converges to I(f) as f-co

(2) There exists a comstant K, independent
of ¢ such that for ¢ sufficiently

1aiigé nmgin = nxquln < K|p |¥

ol



53

Proof's For N=1

and 2 the form of the coefficients of
g# 1is such that we may write

. y I o K -~
Isole = ol & (G oo )

From the definition of HfH we can also put

| o Ong
anz Oy Ez a; a;!""a;—£>9

and so the bound |[E¥llf]] on |E#(£)| can be considered

as a function only of the N ratios

ao/alN’ai/alN,Q.ﬂ,(ycN_i/aNO
We theréfore lose no generality Dby setting oy

= 10
(1) Consider first the case N=l.
From lemma L we may write for Dyem
# | R eS
HEmHz = ag?[(ta-ty) = 2 Cy 1s (6.0)

(¢ JA (l)
where Cj ) o -( "(zh( : ~)~g®! (=th +)),

are the optimal weights for the partition p; and where

the index ¢ denotes the dependence of the mesh intervals

(and hence the weights ng)) on Dyge

Let us define

£ (¢ £
of® (n{") = 1m§" rgr' (=i ')

(6.1)

() 1 1.,.08)

where =0, Since we now have oy =14

02
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Thus
£ £ Z £ Z £
o{®) = ~[§4) (n{41)+eft) (nf"))-5(nyZ] +n{??)] each 3.

(6.2)
We may write

2% e = 237 3%f" (n§)

by collecting the terms in (6.0).
Tt is clear from the properties of tanh X that for ¢

sufficiently large

(5) (L) L
(n§*)) < 3 %®(ny )% (6.3)

Therefore

15,1 < 35 [z oo

< '.'llé(tz"tj_)|13£ lz

. %
and so setting K = J-{%(tz—ti) we have HEmH < K|z

as required for N=1.

(ii) Consider now the case N=2. Once again

27 l1e = 5?1 (tamts) = 2, 05 ]

but in this case

)
cg . g*”’(zhj 1-) g*”’(——hj+) for each J. (6.U)
From the symmetry of g* amd the antisymmetry of its odd

derivatives we have

)



Lo

ng
#* | :
Iz 17 = 052 [(taty) - 23?§g*"'(*§h§"-)]°

Let us define as before
/ £y L . JA .
@S )(hg )) = %hg )-g%”'(%hg )—) cach =0, eee,nge (625)
Then since T, (theorem II) does not vanish if r and s

are distinct we may say that for each J g*”’(%hgt)—) is

(&)

an analytic function of hy in the neighbourhood of the

point hgl) = O The first terms of the Maclaurin series

£ ‘ .
in hg > for g*”’(%hgz}) are

2 4
s, z i . ( z z
g*”’(%hgl)—)zéhg ){1 + O.hy . Kjaozhg ) +eei}, (646)

6 8 i
Where Ko = Kn = 5!2 ’ KJ = 3.5!2L 1 < J s 1’1—1, and.
s0 X, is ihdependent of [ Then

£ (¢ (2)
93" (1 ) < Kyoe2(ny 0 )® (647)

Re (&)

if ¢ 1is sufficiently large. Now Z"hy = tp,~-t, for
i=0

any ¢ and so

n
» Loy, (&)
Iz, 17 = 205 Sloy " (ny

)

_, L (£)
< 2052 K052 (hy
j=o

)5
< 2Kmax(t2-t1)‘P£l‘

where Kpgx = m?x Ky and ¢ 1is sufficiently large.

Then putting X = /2Kpax (tz-t,) we have

ol
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llE;tH < Klpg Iz as required for N=2, and the theorem is
proveds

Thus we are assured that given any sequence @ Of
partitions whose largest mesh intervals tend to zero, the
sequence of optimal formulae defined on these partitions
will converge to the integral dt least as quickly as the

Nth power of the largest mesh lengthy when nz/ oA 2,

«5
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7. The Optimal Formulae and
The Midpoint Rule.

Let us construct quadrature formulae

n )
= Uit £(x,)

M) (£)
i=1

1l

and

n
W () = 3 u$® p(x;) + Vi 27 (xyg)
=1

which are defined on an arbitrary mesh and which are exact
for the constant function f£(x) = c. Further let M=)
be exact for the line f(x) = x. M(1) and M(2)  can
each be considered as a composite rule arising from a one
point formula in which the point, Xy, is used as the
gampling point for the function in the sub-interval

Sy = (3(xy-1+%y) T(xy+%X5,4)) j=2,eee,0~-1, and X, and

X, are used as the sampling points for the intervals
S, = (ty s’%(xa_"'xz)) and B, = (%(xn-1+xn)9t2)

respectively.
Denoting the errors of m{t) ana M(® by

B(1)  gna E(?) then on each subinterval S; the require-

ment

E(1) (¢) = E(®) (¢) = 0 (7.1)

is satisfied if
£ cdx = cUgi) = cng)
b]



whence #c(Xy,4-%Xj-4) = $c(hy_y+hy) = Uj
or Ugi) = ng) = 12-(113_1+hj) each Je

Let us therefore denote the weights

(=)
UJ = Uj = UJ’ Vj = Vj'

Clearly (7.1) is satisfied on the whole interval (bystz)e
Similarly the requirement

B2 (x) = 0 (7.2)

on each subinterval leads to

T(xy+%544)
xdx = Uyxy + Vje

T(xy.4+xy)
Thus Vy = &#(hy® - hy%,) = 1((%h;)2~(3hy-,)?) for each j.
Once again (7.2) holds on the whole of (tysta)e
Since these guadrature formulae, for the case that all the

hj are equal, collapse to the well-known midpoint rule

M(f) = h Jg:if(xj),

q tz"t1
xy and h defined by h = i .

XJ ] tl + (j-%)h, j=1,...,n,

we will call them the Generalized Midpoint Rules (GeMoRa)e
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» s
THEOREM V:  Let {th} be defined as in theorem IV and
L=1

let [M;j)} be the sequenceé of G.d.R.'s each defined on
L=
the partition pj.
Then (1) for N=1 and 2 there exist constants
k1’ and x§2), independent of £,

such that for ( sufficiently large

(&)
C
0L 4 = ﬁ%TT < KéN)lpg|2N- (7.3)
J

(2) TFurther, for the case N=2 there
exists a constant «f{2), independent

of ¢, such that for J=2yeee g=1,

L £)
(a) If V§ 20 then Dy =0, and

() £ Vi 4o

Dj(i)

0oL 1 - gv:?zy

< kP pe ™. (7.4)

roof: Consider first the case N=1.

+J

From (6.2) we may write

£y , (L) £y, (2)
c, (& ) @j—1(h3-1) + @5 (hy )
me— = ] - Y - j .
() BN Sl
Uj ‘é'(hj-i + hj )

Then using (6.3), if ¢ 1is sufficiently large ve

can say



- LS -

() (3) (l) (L), ) (£)
@gq (Dy_1) + (hy ") & (hj 1) + (hy )°®
< .
; I} (¢ ()
1(n§ll + ng")) 3,29 3(njil + b))
(1)
< K lpllzN,
o 2
where Ké ) = 10 ) Thus (7.3) holds if ¢ is sufficient=

2
1y large and C{!) tends to ng) from below with the
rate of |p;|3N ar reguired.

Consider now if N=2. With ¢4 defined by (6.5) we can

write
(2) (L) (&) £) (t) (L), (&)
Cy ° = 2(hy_y+hy ) - ( ~i(hyoq)+ @J (h;" "))
Then
(¢) (¢) (Z) (&)
c, 6 2(pg-1 (hg_g)+ey  (hy "))
= - ) )
U, (4 (n§2) + h§ ")

and using (6.6) and (6.7) we may say that if £ 1s suffic-

iently large

(z) <z) <z> (2) (£) (2)
)+ey (hy ") % (hy_3)%+(ny ")° (7.5)
—— o .5
L) () R £y () !
(hy_4+hy ) hy.3+hy

N

KmaxaezlptlL

(2)

|pl|zN

(2) )
where ko, = Kpax%?%, as required.



2 (a)

(b)

ﬁéém

)/ ; : : J
We note first thet V.°' =0 implies that hy. =hy.

Then by using the argument of the proof to Corollary
1 in section (5.3) we have immediately V;=0

implies Dy=0.

The spline g*”(%hgl)—) is an even function of hy
which is an analytic function of hy in the neigh~-
bourhood of the point hy=0. The first terms of the

Maclaurin series for g¥/(%hy(¢)-~) are

(£) (%) Ba (£)
g””(%hj -) = %(%hj )2 - 3, 5|( zh; Yeteos

‘.ﬂ!e defil’le fOI‘ j='1,2,.-.,1’l£-‘1,

Then

and

(l) (l) (&) ) (£)
(n5"1) = £(ang" )2~ grn(any 4.
(4) (£)
Dy = =(g#(% hj 1“)' #1(=fhy +))
" (¢) B (&)
= -(g#"(3hy_3~)-g*"(dn; " -))

i

{ (20882 (anl*)2)
~i8 @{i)- wﬁ"(hE"))],

(L), (£) (£) , (L)
Eﬁ(l) B [1 Py-a(hy 3 )=yy " (hy ) }
§v, () #3212 (img)?)
&) (2 .o : )
But (3n521)7-(4n§"0)% atvides ¢ Sitn{iD)-o(" (mi")

«5
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exactly and so we may say, using the property
8o, *
P38 (ny(8)) < 3har (ny¢0))*,

for ¢ sufficiently large, that

(£) ,. (&) (&)

()
$y-1(hy_y) =9y (hy °) Ba, 2 .
; - - Ipel
( (
H(sngE)=-(3ng"7)2) s
(2)
= Ky lPt‘N
(ey _ %a® (£ 2 (2)
where iy =y7g7 and Dy tends to 3V with the

rate of |pg|¥ as required.

Let us denote the optimal quadrature formula for
the case N = 1(2) by the mnemonic 0QF1(2), and let us
denote the corresponding optimal mesh by oM1(2)»

We may note here that if we use the OQF2 and the
¢.M.R. each on the mesh OM1 then the G.M.R. reduces to
the midpoint rule and does not use derivative values at X,
end =x, while the O0QF2 does use the derivative values at
these points. If however we use the G.M.R. and OQF2 each
on OM2, the OQF2 uses no derivatives at X, and X,
and the G.M.R. does. These weights, when they do not
vanish, will be seen to be small. However it is clear
thet each rule, used on a seml equidistant mesh (i.e.
defined by (5.5), (5.6) und he = constant) which is not
optimal for that rule, uses derivative values to overcome
the so called boundary effect. That is to overcome what
may be considered as a jump discontinuity in the integrand

.6
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at the endpoints t, and tz. It would seem that on its
own optimal mesh each formula can take account of this jump
without the use of derivative values.

But there are two points about the weights D; and
V; which remain unclear. Firstly, the author could not
see what relation these weights bear to each other at the
end points x, and X, and secondly the author did not
discover the reason for the multiplier % in the relatioﬁ
(7l4).

7.1 The case 05 = 0

We can find the weights to the optimal formula
when o, = O as a simple consequence of theorem IV.
Wle note first that relation (7.3) applies to both cases
N=1 and 2.

az
From section (7.0) we have Koll) = ;; and

Ko(2) = KpazGo? wWhence taking the limit as Go = 0 in
(7.3) shows that for o, = O the optimal formula has
Cy =Uyy, J = Tyeee,ne

The weights to the derivative values are defined as
before by the jumps R?z in the second derivative at the
mesh points.

Now ‘since *r,*s are the roots of Og? =0ty 2m24+m* =0
we see that when oy » O, r - O and s - &, 80 that

letting r—- 0 and s - q; 1in (5.17) gives

o/
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lim g*/(¥h;-) = %hy (o, tanh foyhy)-t - 1/, ®
CXO-bO
j = 1,..0,1’1""1-
For I, end I, we have, using (5.21), that

1im rs®T, = -o,%cosh fo,hy, j =0 and n,
o,—0

and so from (5.20)

.

; 20y 1 1

FH(in. o) = = i
a¥ig g#"(3hy-) = Tg# tanh z0 hy = FF * 5 Fcosh 1o, hy

G
j =0 and n.
#

Then Dy = -Ryp = ~(g*"(¥hy_4=) - g#(thy)) as before

and the optimal mesh is given Dby (5.5), (5.6) and

&
R12 = D1 = O: ioeo

20 o oy h !
o, vanh 2% flo* o Fcosh 704 ho

(SIS

th, (o, tanh to,hy )"t =

or

.
1 ; tanh Lo h 30 Ny
cosh Zo,hy 2% Do tanh 2%%8e = %ann oy hy

Thus all the cases of interest for N<2 have been

considered: viz.

(a) G0ty £O (N=1) OQF4

(b) ctg=0,0% £O (N=1) Midpoint Formula

(c) g,y ,0A0 (N=2) OQF2

(d) og=0,0, ,05£0 (N=2) G.M.R.

(e) ao=0,=0,05£0 (N=2) Krylov Formula with 3=2.

For completeness we include here the weights and mesh of the
Krylov formula (corresponding to case (e)) for the interval

8
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(0,1). This formula is easily obtained by setting p=2

in (1.6), (1.7) and (1.8). In the present notation these

|2
hn . \/-3"

hy = h=(n+ ’.% - 1)-2 = constant, j=1seee,n-1,

are

h,

CJ = h, j=2,..-,n—1

Cy

Cn=%h(1+\/%o

It is interesting that a second order approximation to the
solution of sz =0 (i.e. equating the Maclaurin series
in hgy,h, for g#”(thy-) and g##(th,-) respectively,
and ignoring fourth and higher order terms) also yields
h§ = h, %, independently of @y and ;. Thus this
seprves as a starting value for the numerical (iterative)

solution of R¥, =0 (see chapter 9).

«9
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8. The Optimal Closed Formula

A quadrature formula in which the values of the
function and its derivatives at the end points of the
interval of integration are used 1is called a closed formula.
The optimal n-point closed formula is easily obtained from
THEOREM IIT where it was shown that if h, and h, are
prescribed, the remaining intervals hy; ,hgpseceshn_y have
equal length. The closed formula then is the case for
which hg = h, = Oe

COROLLARY 2: Let ﬁps be the subset of &(n,2)

containing those guadrature formulae whose

partitions have x, = t; amd Xy = B Then

the quadrature formula Qﬁ(f) which is

optimal in Qp over H, 1is characterized by
3

2(1‘2-52) tr ts
= rs(rte-stg) °’

(1) 2¢, = 20, = Cy =2, 000 y0=1,

(2) Dy =0, J=2,..4,0-1,
D, =Dn =735 (gts-rtr>’ e
ty ~ ti i
(3) hj - n_1 L] J=O,...,n

where we have denoted

SI‘ SS
= =a‘ and tg =E°

o1



PROOY &
[
ho = h, =0

hy
As before Dy =
and Cj =

-T2~

From THEOREM III part (1) we have, putting

ty, = t -
zn_1 2, 1< 3§ < n-1,
%3 ®Ryg s
Loa,?(rPay Sy + 8%1,8:), 2 < § < w1,
(r7-s?) tr ts

= ps(rte.-sts) )

From THEOREM II

part (2) we can see that, since the spline

coefficients in I, anmd I, are continuous functions of
the mesh lengths h, aml hy,
) h
1im g#l” (%O. - > = 1im _g:}ll! (_ _..22. +> = 0,

he—0 h,-0

whence
Cn = Gi = azzR;‘:a
L/
= —'agzg:"(" 5 +>!

since all the hy are equal.

Similarly

lim g* "(%
he—0

and so

hy
lim —g*”(—- = +> =0,
h,-0

_>=

02
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wtif . E.L +>
_azzg?.‘ ( 5

Cr + 8%1,Cq),
0‘22(1'23-1 r

rts—st,.> .
= Y:Ls' (sts-rt,.

3
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9. Numerical Considerations

941  Round off Properties of the Optimal Formula

In section 7 we showed that the weights Cy of the
optimal formula on an arbitrary mesh tend to the weights Uy

of the G.M:R. M(1) from below. In this section we show

that these weights are also positive.

For N=1 we have
Cy = +(tanh jrhy_, + tanh rhy)

and the result is immediate since tanh x > 0 if x > O.

Tor the case N=2 we can write

. 2_al 2 r2 .
g*'" ($hy=) = isagz (% CeSr = < Crss>’ j=0 and n.

and

(r2-g2) SrSs _
- ']'_‘1 rs J=1,2,o-c,n"1,

Il

g#!"" ($hy-)
and since
sign<§2038r - gzcrss> - sign(s-r);
and T, < O we have
g#t! ($hy~) > 0, J=0 =and n.
Similarly sign (T,) = sign(s-r) and so

g#i! ($hy-) > 0, J=1,...,n=1.

o
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Using (6.4) we can write
C? = g#’“(Jéhj—f')*'gf"“(%hj‘) and so
the weights C; satisfy
0 < Cy < 3(hy_,+hy) all J.

Thus if the optimal Formula is used with the optimal
mesh (i.e. all Dy's = 0) then we may say that the optimal
formula, while best in the sense of the norm for E, or
H, 1is well suited to automatic computation because 1t keeps
the roundoff error from accumulating unduly. By comparison
the high order Newton-Cotes formulae, which have the highest
possible order of precision on a fixed ("equally spaced")
mesh are of little practical use because they have both

positive and negative coefficients.
92 The numerical computation of the optimal mesh.

The system of equations (5.5), (5.6) and sz =0,
given in Corollary I to theorem III is non-linear and affords
no easy explicit solution. However for given n, t,, and
t, we can set ho+(n-1)h; = tp-t, and consider the equa-
tion, Re, = g #(3h,-)-g (ih,-) = O, defining h, and
h,, as an equation in the single variable p = ho/hi. By
differentiating (5.17) and (5.20) with respect to hy it
can be seen that for all j, %E;g*”(%hj)> 0, whence

g#"(th;) 1is a monotone increasing function of hy. Then

while hg+(n-1)h, = tp-t,, g%7(Lh,) will be a monotone

2
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increasing function of p and g#"(4n,) will be a monotone
decreasing function of po. The equation therefore lends
itself to solution by any of the standard iterative proced-
ures.

In our calculations of po, the optimal ratio
ho/hl, the secant method provéd to be the simplest and
converged rapidly for all values of o,%,x,% chosen.

For the purposes of comparison the function g*(x)
and its first two derivatives are shown in Fig.I. FigeIled
shows the optimal spline for p < Po, Fig.I.2 shows p=Py
and Fig.l.3 shows p > pPo- Only the first two intervals
I,,I, are shown. For p £ po the weights Dy are given
by the magnitude of the difference gl (1h, =)=g#" ($h,=) «

In Figs.II.1 up to II.$ the optimal spline and its
derivatives are shown on the first two intervels, of the
optimal 3 point mesh for varying Oo®, 04%. In all cases
a,2 = 1 and t,=0, tp=1. The most striking feature of
the graphs is the difference between the function's deviation
from the axis and the deviation of the two derivatives.'
This difference is large even Wwhen 0o°=1 and a,?=100
when o?e might expect, since the weights to f g*z(x)dx
and f g#?(x)dx are equal, that the areas 0

0 under the curves g%/ and g+ might Dbe

comparable. They are not comparable however because the

optimal spline satisfies

3
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1 1.
[ 02 g*? (x)+a, 2 gt B (x)+g*#% (x)dx = f g(x)ax (9.1)

0 0]
and so g* represents, in a sense, the function defining
a point of equilibrium between the L.H.S. and the R.H.S. of
(9.1). Within this limitation however, the effect of
weighting one of the integrals in the norm more heavily
than the other two can be seen to affect the corresponding
function by allowing it to "deviate less'" from the axis.
To better illustrate the function g% itself we show, in
Figs.II.4 and, II.5, the functions g# and g#' on a
magnified scale. In both Fig. I and Fig. II the X scale

has been spproximately normalized.
9.3 Data for the Optimal Formulae (N=2)

In table I we give, for various values of n, Qo ?
and @,%, the value of p, and the products nC, and
nG, for the interval (0,1). From this table the
corresponding value of HE*H can easily be computed from

the formula

llE*|| = {;:?[1-201-@-2)02}} :

(M

9.y Numerical Comparison of the Optimal Formulae

To demonstrate the formulae developed above, the
OQF1, OQF2 and G.M.R. were applied to functions whose

integrals could be computed exactly and they were compared

ol



-8 -

with the Trapezoidal Rule and the Midpoint Rule (itself an
optimal formula). Table II shows the errors of the form=-
ulae for varying values of n and 0%, 0% (such that
r and s are distinct and positive)., Tables II.9 and
II.10 show the optimal formulae applied to two functions

not in H,.

«5
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Table I. Data for

3 POINTS
Qg ® o, ?
.10 «70
.10 1.00
.20 1.00
.20 1.50
.20 2,00
20 2.50
20 3.00
« 40 1.50
o 40 2.00
o 40 2.50
.60 2.00
.60 2.50
.60 3.00
.80 2,00
.80 2.50
1.00 2.50
1.00 3.00
1.20 2.50
1.40 2.50
1.40 3.00
1.80 3.00
4 POINTS
Oy 2 o, 2
.10 o 70
.10 1.00
.20 1.00
.20 , 150
.20 2.00
.20 2.50
.20 3.00
« 40 1.50
40 2,00
40 2450
.60 2.00
.60 2450
«60 3.00
.80 2.00
.80 2450
1.00 2.50
1.00 3.00
1.20 2.50
1.40 2.50
1.40 3.00

1.80 3.00

-79 -

the Optimal Formulae (N=2).

Po

« 81739557
81777971
81777985
.818418672
«B1905556
. 81969067
.82032396
.81841891
81905585
«81969097
« 81905614
«81969126
82032455
«81905644
«81969156
.81969185
.B2032514
«B81966214
«81969244
.82032573
. 82032632

Po

.81698663
.81719634
81719639
2« 81754551
.81789413
.81824227
81858990
.81754559
.81789422
.81824235
«81789431
.81824244
81859007
.81789439
.81824252
«B1824261
.81859025
«81824270
«81824278
. 81859042
.81859059

nC,

.96759127
.96766385
L96766175
96778241
.96790267
$96802252
.96814198
£96777822
.96789848
.96801835
c96789430
c96801417
.96813365
.96789012
.96801000
.96800582
.96812531
.96800165
.96799747
.96811698
.96810865

nC,

« 95205230
.95210987
« 95210926
.95220509
«95230077
295239630
095249167
.95220387
95229955
«55239508
.952298334
« 95239386
95248924
095229712
«95239264
«95239143
. 95248680
95239021
95238899
«95248437
.95248194

~.

nCy

1.06481086
1.06466570
1.06466331
1.06442203
1.0AG1H154
1.06394185
1.06370296
1.06441725
1.06417674
1.06393710
1.06417201
1.06393235
1.06369348
1.06416725
1,06392760
1.063922485
1.06368400
1.06391809
1.06391334
1.06367452
1.06366504

nCy

1.04794640
1.04788882
1.04788813
1.04779230
1.04769662
1.04760110
1.04750573
1.04779091
1.04769523
1.04759971
104769384
1.04759832
1.04750296
1.04769246
1.04759694
1.04759555
1.04750019
1.04759416
1.04759278
le04749742
1.04749465



Table I. Data for

6 POINTS
o, ? o,
«10 o 70
nlo 1000
« 20 1.00
020 1.50
.20 2,00
.20 2.50
o 20 3,00
40 1,50
.40 8000
o 40 2.50
.60 2,00
<60 2,50
o 60 3,00
« 80 2.00
o B0 2650
1.00 2.50
1,00 3.00
1.20 2.50
l.40 250
1.40 3.00
1.80 3.00
8 POINTS
Mo 2,2
«10 «70
.10 1.00
.20 1.00
.20 1.50
o 20 2.00
0«20 2.50
e 20 *3.00
<40 1.50
40 2.00
o 40 2.50
«60 2.00
« 60 2.50
«60 3.00
+H0 2.00
.80 2.50
1.00 2.50
1.00 3.00
1.20 2450
1,40 250
1.40 3,00

1.80

— 90~

the Optimal Formulae (N=2) (continued)

Po

«81670768
«81679810
«81679811
.81694874
«B81709929
.81724975
281740013
. 81694875
«81709930
«81724977
«81709932
.81724978
.81740016
. 81709933
« 81724980
«81724981
«81740019
«81724983
81724985

.81740023

.81740026

Po

«81661349
« 81666358
.81666358
« 81674705
« 81683049
»81691390
«81699729
«B81674705
.81683049
.81691391
81683050
«816913951
« 81699730
«81683050
«81691392
«B81691392
«81699731
81691393
.81691393
.81699732
«81699733

nC,

«93697718
« 93700925
93700914
« 93706256
«93711595
.93716931
. 93722263
.93706234
«93711573
«93716909
«93711551
.93716887
.93722219
.93711529
«93716865
.93716842
.93722175
93716820
«93716798
93722131
.93722086

nC,

« 92961661
.92963628
092963625
« 92966903
«92970180
92973457
.92976732
« 92966896
«92970174
« 92973450
092970167
92973443
« 92976719
«92970160
e 92373437
e 92973430
.92976705
e 92973423
0« 92973416
.92976692
«92976678

nCo,

1.03151123
1.03149519
1.03149507
1.03146835
1.03144166
1.0314140594
1.03138832
1.03146810
1.03144141
1.03141473
1.,03144116
1,03141448
1.03138782
1.03144090
1.03141422
1.03141397
1.03138731
1,03141372
1.03141347
1.03138681
1.,03138630

nCy,

1.02346108
1.02345452
1.02345449
1.02344356
1.02343263
1.02342171
1.02341079
1.02344348
1.02343256
1.02342163
1.02343248
1.02342156
1.02341064
1.02343240
1.02342148
1.02342140
1.02341049
1.02342133
1.02342125
1.02341033
1.02341018



Table I, Data for

12 POINTS
Qg ®
.10
.10
.20
.20
20
.20
20
« 40
.40
<40
.60
« 60
.60
.30
.80

1.00
1,00
1.20
1.40
1,40
1,80

16 POINTS
oo %
.10
«10
.20
.20
20
.20 !
.20
o 40
o 40
40
.60
«60
.60
«80
.80

1.00
1.00
1,20
1.40
1.40
1.80

70
1.00
1.00
1.50
2.00
2450
3,00
1.50
2.00
2450
2.00
2450
3.00
2.00
2450
2+50
3.00
2450
2.50
3.00
3.00

70
1.00
1.00
1,50
2.00
2.50
3.00
1.50
2,00
2450
2400
2450
3.00
2.00
250
2450
J.00
2.50
250
3.00
3.00

-~ g -

the Optimal Formulae (N=2) (continued)

Po

« 81654774
«81656967
«81656967
.81660620
.81664274
«81667926
«81671579
«81660621
81664274
81667927
e 81664274
«81667927
«81671579
.81664274
. 81667927
81667927
81671579
«81667927
« 81667927
«81671579
«81671579

Po

«81652514
81653738
«81653738
81655777
.81657817
.81659856
.81661895
81655777
«81657817
81659856
81657817
«81659856
«81661895
«81657817
. 81659856
« 81659856
£ 81661895
«B81659856

81659856

81661895
.B1661895

nC,

.92237484
.92238427
.92238426
592239996
e 922415066
«92243135
. 92244705
« 92239995
» 92241564
.92243134
092241563
»92243133
« 92244702
.92241562
«92243131
«922643130
e 92244699
92243129
.92243128
e 92244697
e 92244694

nC,

.91879860
«91880407
.91880407
«91881320
.91882233
.91883146
291884059
.91881320
.91882233
.91883146
.91882233
. 91883146
« 91884059
.9188223¢2
291883145
«91883145
«91884058
«91883144
.91883144
«91884057

.91884056

nC,

1.01552502
1.01552314
1,01552313
1.01551999
1.01551685
1.01551371
1.01551057
1.,015519948
1.01551684
1.01551370
1.01551682
1.01551368
1,01551054
1,015516481
1.01551367
1,01551365
1.01551052
1.,01551364
1.01551363
1.01551049

1.01551046

nCy

1,01160020
1,01159942
1.01159941]
1.01159811
1.01159680
1.01159550
1.01159420
1.01159810
1.01159680
1.01159550
1.01159680
1.01159549
1.01159419
1.01159679
1.01159549
1.01159548
1.01159418
1.01159548
1.,01159547
1.01159417

1.,01159416



Table I. Data for

20 POINTS
aoz

.10
.10
.20
.20
.20
.20
.20
40
s 40
<40
.60
.60
.60
.80
.80
1.00
1.00
1.20
1.40
1.40
1.80

24 POINTS

o
.10

.10

20

.20

20 T
.20
20
<40
<40
« 40
«60
«60
.60
s 80
.80
1.00
1.00°
1.20
1.40
1.40
1.80

o, R

.70
1.00
1.00
1050
2.00
250
3.00
1.50
2400
250
2.00
2450
3.00
2.00
2450
2450
3.00
2450
2450
3.00
3.00

.70
1,00
1.00
1.50
2.00
2,50
3.00
150
2.00
2450
2.00
2450
3.00
2,00
2.50
2450
3.00
2.50

. 2450

3.00
3.00

259

the Optimal Formulae (N=2) (continued)

Po

81651477
81652257
. 81652257
.81653556
. 81654856
LH81656155
81657454
« 81653556
«81654856
81656155
.81654856
. 81656155
.81657454
. 81654856
81656155
«81656155
81657454
.81656155
.81656155
«81657454
.81657454

Po

.81650918
«81651457
81651457
.81652357
.81653257
.81654156
81655056
.81652357
«81653257
L81654156
81653257
81654156
.81655056
.81653257
81654156
.81654156
«81655056
81654156
.81654156
. 81655056
.81655056

nC,

91666713
«91667070
« 91667070
. 91667666
.91668261
.91668857
« 91669453
291667666
« 91668261
91668857
.91668261
.91668857
«91669452
. 91668261
0« 91668857
» 91668856
«916694572
«91668856
.91668856
.91669452
«91669451

nC,

«91525210
.91525462
.91525461
.91525880
«91526299
«91526717
.91527136
«91525880
91526299
91526717
91526299
«91526717
91527136
.91526299
91526717
.91526717
.91527136
£91526717
L91526717
n91527136
.91527136

nCgy

1.00925921)
1.00925881
1.00925881
1.00925815
1.00925749
100925682
1.00925616
1.00925815
1.00925748
1,00925682
1.00925748
1.00925682
1.00925616
1.00925748
1.00925682
1.00925682
1.00925615
1.009256481
1.00925681
1.00925615

/100925615

nC,

1.00770435
1.00770413
1.00770412
1.00770374
1.00770336
1.00770298
1.00770260
1.,00770374
1.00770336
1.00770298
1.00770336
1.00770298
1.00770260
1.00770336
1.00770298
1.00770298
1.00770260
1.00770298
1.00770298
1.00770260
1.00770260



Table I.(contd.)Data for the Optimal Formulae (N=2, ao=0)

3 POINTS
0(12

10
20
.30
.40
.50
.60
« 70
.80
90
1.00
1.10
1.20
1.30
1.40
1.50
1.60
1.70
1.80
1,90
2.00

4 POINTS
0612
.10
.20
«30
<40
«50
.50
.70
B0
.90

1,00

1.10

1,20

1,30

1.40

1.50

1.60

1.70

1,80

1.90

2,00

Po

81662521
.81675376
.81688224
81701064
LB81713898
.81726724
«81739543
«81752355
81765159
«BLT7TT956
«81790746
.81803529
L81816304
81829072
.81841833
.81854586
.81867332
81880071
.81892802
81905527

Po

. 81656664
81663668
81670670
.Bl677671
.B1684669
LB1691665
81698659
LB81 705651
B8l712642
81719630
B1726616
£81733601
SBLT740583
«BLT47564
CB1754542
81761519
LB817684973
fBLTT5466
.81782436
81789405

-83-

nC,

96744778
96747209
96749638
96752065
. 96754491
96756915
.96759337

.96761758

96764177
96766595
« 96769011
«96771426
96773839
96776250
« 96778660
.56781068
96783475
.96785880
.96788283

96790685

nCy

95193760
.95195683
. 95197606
«95199528
.95201450
.95203370
. 95205291
95207210
«95209130
95211044
.95212966
95214883
.95216800
.95218716
95220631
«95222546
95224460
95226374
95228287
.95230199

nCo

1.06510444
1.06505583
1.06500725
1.06495870
1.06491016
1.06486171
1.06481326
1.06476484
1.06471645
1.06466810
1.06461977
1.06457148
1.06452322
1.06447500
1.06442680
1.06437864
1.06433051
1.06428241
1.06423434
1.06418630

nCsp

1.04806240
1.04804317
1.048023594.
1.04800472
1,04798550
1.04796630
1.04794709
1.04792750
1.04790870
1.04788952
1.04787034
1.04785117
1.04783200
1.04781284
1.04779369
1.04777454
1.04775540
1.04773626
1.04771713
1.04769801



;%q-

Table I.(contd,) Data for

6 POINTS
aiz

o 10
.20
«30
« 40
.50
.60
.70
.80
«90
1-00
1.10
1.20
1.30-
1.40
1.50
1.60
1.70
1.80
1.90
2,00

8 POINTS
aiz

.10
.20
" 230
L40
.90
.60
« 70
.80
.90
1.00
1.10
1.20
1.30
1,40
1.50
1.60
1.70
1.80
1.90
2,00

Po

81652675
. 81655691
.B81658707
.Bl66l722
LBl1664738
«81667753
LH16T0767
81673782
.B1l676796
281679809
JHl682822
81685835
.81688848
«81691860
B1694872
.81697884
81700895
.81703906
«81706917
81709927

Po

.81651329
«81652999
« 81654669
.81656339
.81658009
.81659679
.81661349
81663019
.81664688
.81666358
081668027
LBLlOEARYEIT
.81671366
.81673035
SB10674704
«B1676373
81678042
81679711
.81681380
L81683048

the Optimal Formulae (N=2, ag=0)

nC,

. 93691312
.93692382
« 93693452
»93694521
093695591
93696660
93697729
. 93698799
93699867
.93700936
»93702005
«93703074
93704142
93705210
«93706278
«93707346
.93708414
«93709482
«93710550
93711617

nCy

92957728
.92958384
92959040
.92959696
.92960352
92961008
.92961664
92962320
92962976
.92963631
.92964287
. 92964943
.92965599
« 92966254
92966910
.92967565
.92968221
.92968876
92969532
92970187

nCop

1.03154344
1,03153809
1.03153274
1.03152739
1,03152205
1.03151670
1.03151135
1.03150601
1.03150066
1.03149532
1.03148998
1.03148463
1.03147926
1.03147395
1.03146861
1.03146327
1.03145793
1.03145259
1.03144725
1.03144191

nCy

1.02347424
1.02347205
1.,02346987
1.02346768
1.02346549
1.02346331
1.02346112
1.02345893
1.02345675
1.02345456
1.02345P3R
1.02345019
1.02344800
1.02344582
1.02344363
1.02344145
1.02343926
1.02343708
1.02343489
1.02343271



Table I:;(contd.) Data for the Optimal Formulae (N=2, op=0),

12 POINTS
aiz

.10
.20
.30
o 40
«H0
.60
A
« B0
.90
1,00
1.10
1,20
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2,00

16 POINTS
C(iz

10
.20
« 30
40
50
.60
.70
.80
.90
1.00
1.10
1.20
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00

-8

Po

81650389
. 81651120
.81651851
Bleb2bH2
.81653313
«B8160h4043
«Blobavry
«B1655505
. 81656236
281656967
CBLES5T697
. 81658428
81659159
81659890
. 81660620
L81661351
81662082
Bleeeslz
«B1663543
.B8l664274

Po

«81650066
«81650474
.81650882
81651290
81651698

«8l652106.

«81652514
81652922
. 81653330
.81653738
281654146
81654554
.B1654961
. 81655369
« 81655777
.81656185
.81656593
. 81657001
. 81657409
81657817

S -

nCy

«92235601
«92235915
. 92236229
« 92236543
92236857
«92237171
92237485
£9P237799
.92238113
92238427
92238741
92239055
092239369
92239683
92239997
. 92240311
92240625
« 92240939
92241253
.92241567

nCy

91878764
.91878946
.91879129
.91879312
.91879494
O1RTO6T7T
«91879860
91880042
91880225
.91880408
91880590
.91880773
.91880956
.91881138
.91881321
91881503
91881686
.91881869
91882051
91882234

nCsp

1.01552880
1.01552817
1.01552754
1.01552691
1.01552629
1.01552566
1.01552503
1,01552440
1.01552377
1.01552315
1.01552252
1.015521869
1.01552126
1.01552063
1.01552001
1.01551938
1.0155187%
1.,01551812
1,01551749
1.01551687

an

1.01160177
1.01160151
1.01160124
1.01160098
1.01160072
1.01160046
1.01160020
1.01159994
1.01159968
1.01159942
1.01159916
1.01159890
1.01159863
1.01159837
1.01159811
1.01159785
1.01159759
1.01159733
1,01159707
1.01159681



Table I.(contd,) Data for

20 POINTS
ociz
o 10
.20
30
o 40
.90
.60
o 10
.80
.90

1.00

1.10

1,20

1.30

1,40

1,50

1,60

1.70

1.80

1.90

2,00

24 POINTS
aiz

«10
o 20
e 30
40
50
.60
70
.80
«90
1.00
1,10
1.20
1,30
1.40
1.50
1.60
1.70
1.80
1,90
2.00

_@é;

Po

81649918
81650178
81650438
81650698
LB165%095%8
LBl651217
.B1651477
.B1651737
.81651997
. 81652257
.Blbb2b17
«BLEL2TTT
LB1653037
,81653297
LHBL653556
81653816
. 81l654076
81654336
«B16H4596
21654856

Po

.81649838
.81650018
L81650198
81650378
. 81650558
.81650738

.81650918°

.B1651098
81651277
81651457
.81651637
.81651817
81651997
81652177
81652357
81652537
.81652717
.81652897
81653077
.81653257

the Optimal Formulae (N=2, ap=0)

nC1

91665994
91666117
.91666237
n 91666356
91666475
.91666594
.91666713
91666832
«91666951
91667070
.91667190
.91667309
. 91667428
« 91667547
91667666
.91667785
91667904
91668023
91668142
2916068267

nCi

.91524708
91524792
«91524875
091524959
»91525043
91525127
.91525210
. 91525294
91525378
«91525462
. 91525545
. 91525629
.91525713
91525796
91525880
«91525964
«91526048
91526131
91526215
51526299

nCy

1.00926000
1.00925987
1.00925974
1,00925960
1.00925947
1,00925934
1.00925921
1.00925908
1,00925894
1.00925881
1.00925868
1.00925855
1.00925841:
1.00925828°
1.00925815
1.,00925802
1.00925788
1.00925775
1.00925767
1.00925749

nCsy

1.00770481
1.00770473
1.00770466
1,00770458
1.00770451
1.00770443
1.,00770435
1.00770428
1.00770420
1,00770413
1,00770405
1.00770397
1.00770390
1.00770382
1.00770375
1.00770367
1.00770359
1.00770352
1.00770344
1.,00770336



Table II

For all cases 0g52=1 and the values of 0p°® and
a,3 are found as follows. TFor the errors of the OQF1
and OQF2, the corresponding values of %% and o,® are
to be found in columns 1 and 2 respectively. For the
errors of the G.M.R. (0,=0) however, the corresponding
value of ©,2 is found in Column } and Column 2 should
be ignored. Thus for o,® = .01 the error of the G.M.R.

in Table II.1 is -.00074181.



Table IT.1. Errors in

4FOINTS TRAPEZOIDAL RULE
MIDPOINT RULE
coLl coLz 0QF1
01 1.00 -,00455580
.06 « 50 -.00500192
.10 o 70 -.00535860
«10 1.00 ~.00535860
20 1.00 -, 00624954
.20 2.00 -. 00624954
+ 20 3.00 -. 00624954
40 1.50 -, 00802809
.80 2.00 -.01157192
1.00 2650 -.01333723
1.00 3,00 -.01333723
2,00 3.00 =.02209843
8POINTS TRAPEZOIDAL RULE
MIOPOINT RULE
coLl coLe 0QF1
.01 1.00 -.00114052
U6 50 -.00125230
.10 e 70 -,00134172
.10 1,00 -.00134172
.20 1,00 -.00156520
.20 2,00 -.00156520
.20 3.00 -.00156520
40 1.50 -.00201196
.80 2,00 -.00290464
1.00 2,50 -.00335057
1.00 3,00 -.00335057
2.00 3.00 -.00557601
24POINTS TRAPEZOIDAL RULE
MIDPOINT RULE
COoL1 coLe 0QF1
.01 1.00 -,00012678
.06 «50 -,00013921
«10 s 10 -.00014915
.10 1.00 -.00014915
.20 1,00 -,00017400
.20 2.00 -.,00017400
.20 3.00 ~.00017400
o 40 150 - 00022371
.80 2.00 -.00032312
1.00 2.50 -.00037282
1.00 3.00 -.00037282
2.00 3.00 -.00062127

the calculation of f

.01588063
-+ 00446655
oQfre
-. 00075627
-, 00074959
~. 00075294
-,00075728
-.00075840
~.00077285
-. 00078725
-.00076788
-~ 00077957
-.00078501
-,00079620
-.00080738

. 00292125

-.00111816

0QF2
-.0000882%
-.00008782
-.00008803
-.00008830
-.00008836
~-.000089¢26
-.00009016
-.00008894
-.00008964
-,00009022
-,00009067
-.00009131

LT

.00027067
-,00012429
0GF2
.00000312
.00000312
.00000312
.00000312
.00000312
.00000313
.00000314
.00000313
L00000314
.00000314
.00000315
~.00000316

o8 an

[ J TR T TR N T N B B |

1
e¥dx.

0

GMR
-,00074181
-~ 000742953
200074311
200074311
00074456
00074456
200074456
00074747
00075326
00075616
«00075516
.00077061

GMR
00008734
.00008739
00008742
-.00008742
-.00008751
-.00008751
-.00008751
-.00008769
-,00008805
-.00008823
-.00008823
-.00008913

GMR
-.00000311
-.00000311
-,00000311
-.00000311
~,00000311
-.00000311
-.00000311
-,00000311
-,00000312
-.00000312
-,00000312
-.00000313



Table II.2.

4POINTS TRAPEZOIDAL RULFE
MIDPOINT RULE
CcoL1 coLe 0QF1
.06 .50 -1.84406840
.10 » 70 -1.84682248
.10 1.00 -1.84982248
20 1,00 -1.86419510
.20 2,00 -1.86419510
.20 3.00 -1.86419510
20 1,50 -1.,8%288659
80 2.00 -1.,95005547
1.00 2.50 ~1.97853340
1.00 3.00 -1.,97853340
2.00 3.00 -2.11986862
BPOINTS TRAPEZOIDAL RULE
MIDPOINT RULE
coLl coLe 0QF1
.01 1,00 - 47482683
.06 «50 - 47671517
.10 70 - 47822564
.10 1.00 -, 47822564
.20 1,00 -.48200098
.20 2,00 -.482000098
.20 3.00 -.48200098
.40 1,50 -. 48954811
.80 2,00 -.,50462825
1,00 2450 -.51216127
1.00 3.00 -.51216127
2,00 3.00 -. 54975594
24P0OINTS TRAPEZOIDAL RULE
MIDPOINT RULE
coLl coLz 0QF1
.01 1.00 -.05329300
.06 <50 -.05350588
10 70 -.05367618
.10 1.00 ~.05367618
.20 1.00 -,05410193
.20 2,00 ~.05410193
.20 3.00 -.05410193
.40 1.50 -,05495339
.80 2.00 -, 05665612
1.00 2,50 -.05750740
1.00 3,00 -.05750740
2.00 3.00 -, 06176291

Errors in

. i 1
the calculation of / 65X dx.

0
: 6.52826634
: -1.83543189
NDQF?2 GMR
-.5RG28377 -.5843141°7
-.5R678638 -.58456539
-.58779733 ~. 58476638
-.58930103 -.9B476H3R
~.58932021 - 38526874
-.59432205 -.58526874
-.59930775 -.58526874
-.59186147 -.DR627298
-.59443690 -.58827954
-.596969G0 -.5R8928185
-.593946058 -.5R928185
-.5996%160 -.59428376
: 1.24298198
: -e474449]12
0NF2 GMR
-.07880751 -. 07845865
-, 07863194 -, 07847627
-.07870284 -.07849036
-.07880850" -.07849036
-.07880959 -.07852560
-, 07916167 -. 07852560
-,07951357 -.07852560
-,07898785 -.N7859606
-, 07916826 ~. 07873696
-, 07934643 -.078R0740
~. 07952235 -.07880740
-.07953333 -. 07915948
: «11601857
: -.05325042
0QF2 GMR
~.003020R7 -.0030163%
-.00301860 -.00301658
-.00301951 -.00301676
-.00302088 -. 00301675
-.00302089 -.00301722
-.00302545 -.00301722
-.00303001 -.00301727
~-,00302320 -.00301813
-.00302553 ~. 00301995
-.00302783 -.,003020R7
-.,00303011 -.00302087

-.00303024 . 00302547



4POINTS

coLl
.01
.06
.10
.10
.20
.20
.20
40
.80
1,00
1,00
2,00

8POINTS

COoL1
.01
.06
«10
.10
.20
20
.20
40
.30

1.00
1.00
2.00

24POINTS

coLl
.01
.06
.10
.10
.20
.20
.20
.40
80
1,00
1,00
2.00

1
Table IL.3. Errors in the calculation of f x3dx.

TRAPEZOTIDAL RULE
MIDPOINT RULE

coL?
1,00
.50
.70
.1.00
1.00
2,00
3.00
1,50
2.00
2,50
3.00
3.00

00F1
-,00782511
-, 00788816
-,00793856
-.00793856
-. 00806446
~.00806446
-. 00806446
-,00831580
-.,00881659
-. 00906606
-.00906606
-.01030415

TRAPEZOIDAL RULE
MIDPOINT RULE

coL?

1.00

.50

.70
1.00
1.00
2.00
3.00
1.50
2.00
2.50
3.00
3.00

0QF1
-.00195635
-,00197250
-.00168542
-, 00198542
-.00201770
-.00201770
-.00201770
-.00208224
-.00221118
-.00227560
-.00227560
-,00259707

TRAPEZOIDAL RULE
MIDPOINT RULE

coLz

1.00

«50

70
1.00
1,00
2.00
3.00
1.50
2,00
2.50
3,00
3.00

0QF1
00021738
.00021918
.00022063
,00022063
.00022424
00022424
00022424
.00023147
.00024592
.00025315
.00025315
-.00028926

(1]

02777778
-.00781250
0QF?2
-, 00124960
-.00123690
-.00124208
-.00124975
-.00124992
-.00127544
-.00130088
-.00126301
-.00127642
-.00128948
-.,00130219
~,00130382

.00510204
-,00195313
OQF?2
-. 00014405
~. 00014327
-.00014359
-.00014406
-.00014407
-.00014565
-.00014722
-.00014488
-.00014570
-, 00014651
-,00014730
-.00014739

00047259
-.00021701
0QF2
-.00000506
-.,00000505
-,00000505
-.00000506
-, 00000806
-,00000508
-.,00000500
-.00000507
-.00000508
~.00000509
-.00000509
-.00000510

1

1

¥

o

GMR
00122425
00122553
00122655
00122665
00122917
.0012291°7
.00122912
00123424
L 00124447
.00124959
.130124959
200127511

GMR
000147246
L00014257
00014263
+O0N014263
~00014279
00014279
200014279
000147311
00014374
.00014405
00014405
200014563

GMR
.00000504
.00000504
L00000504
.00000504
.00000504
L00000504
L00000504
L00000504
L00000505
.00000506
.00000506
L00000507



Table II.lL.

4POINTS TRAPEZOIDAL RULE
MIDPOINT RULE
cotl coLe 0QF1
.01 1.00 000117531
.06 «50 00105534
e10 « 70 00095941
«10 1.00 .0009594]
.20 1,00 ,00071981
.20 2,00 .00071581
20 3.00 .00071981
40 1.50 00024151
.80 2.00 -.00071154
1,00 2450 -.00118628
1.00 3.00 -.00118628
2.00 3.00 -.00354243
BPOINTS TRAPEZOIDAL RULE
MIDPOINT RULE
coLl coL2 0QF1
.01 1.00 .00029343
.06 50 .00026348
.10 .70 00023953
.10 1,00 .00023953
.20 1,00 00017967
.20 2,00 .00017967
20 3.00 .00017967
o 40 1.50 «00005999
.80 2.00 -.,00017915
1.00 2.50 -.00029860
1,00 3,00 -.00029860
2,00 3.00 ~-.,00089476
24POINTS TRAPEZOIDAL RULE
MIDPOINT RULE
CcoLl coLz 0QF1
.01 1.00 .00003259
06 .50 00002926
.10 o 70 .00002660
.10 1.00 .00002660
«20 1.00 00001995
20 2.00 .00001995
.20 3.00 .00001995
40 1.50 .00000665
.80 2,00 -.0000199%
1.00 2450 -.00003325
1.00 3.00 -.00003325
2,00 3.00 -.00009972

Errors in

s w8

-.00426436
.00119932

0QF2
.00018011
.00017798
00017865
00017984
«00017954
.00018350
.00018745
.00018062
.00018170
.00018308
00018506
.00018207

-.00078206
00029942

0QF2
.00002048
.00002035
.00002039
.00002046
.00002045
.00002069
.000020093
.00002053
,00002059
.00002067
.00002080
,00002062

-.00007242
«00003326

0QF2
00000071
00000071
00000071
00000071
0000007
00000071
00000072
00000071
00000071
00000071
00000072
00000071

1
the calculation of f sin x dx

0

GMR
00017622
00017641
00017657
200017657
200017697
00017697
00017697
L00017776
«00017935
200018014
.00018014
200018410

GMR
00002024
00002025
.00002026
00002026
L00002029
.00002029
00002029
.00002034
.00002043
200002048
.00002048
.00002072

GMR
00000071
00000071
L00000071
.00000071 .
00000071
00000071
00000071
00000071
.00000071
.00000071
.00000071
00000072
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Table II.5. Errors in the calculation of f (1+x)-1dx

o)
4POINTS TRAPEZOIDAL RULE ¢ .0068528%2
MIDPOINT RULE : -.00192729
coLl coLe 0QF1 0QF2 GMR
.01 1.00 -.00196329 © =,00041060 -.00040464
.06 «50 -,00214321 -.00040784 =.00040494
«10 « 70 -.00228707 -.000400922 -.00040518
.10 1.00 -.00228707 -.00041101 -.0004051A
20 1.00 -.00264641 -. 00041146 -. 00040578
.20 2.00 -. 00264641 -.0004174] -.00040579
.20 3.00 -.0026464] -.00042335 -. 00040578
« 40 1.50 -.00336374 ~.00041534 - 00040697
.80 2,00 -.00479304 -.00042012 -.00040936
1.00 2,50 -,00550503 -.00042399 -.00041056
1.00 3.00 -.00550503 -.000472695 -.00041056
2.00 3.00 -.00903862 -.00043146 -. 00041651
8POINTS TRAPEZOIDAL RULE + ¢ 00127229
MIDPOINT RULE : -.00048663
coLl coLz 0QF1 0QfF2 GMR
.01 1.00 -.00049565 -.00005068 -.,00005030
.06 «50 -.00054074 -.00005051 -.00005032
.10 .70 -.00057680 -.00005059 -.00005034
«10 1.00 -.,00057680 -, 00005071 -.00005034
.20 1.00 -.00066695 -.00005073 -.00005034
.20 2.00 -.00066695 -.00005112 =. 00005038
.20 3.00 ~-.00066695 -,00005150 -.00005038
40 1,50 -. 00084716 -.00005098 -. 00005045
80 2.00 -.00120725 -.00005127 -.00005061
1.00 2.50 -.00138712 -.00005151 -.00005068
1.00 3.00 -.00138712 -.00005170 - 00005068
2,00 3.00 -.00228481 -.00005196 -.00005106
24POINTS TRAPEZOIDAL RULE : .00011812
MIDPOINT RULE : -~.00005423
coLl coL2 OGF1 0QF2 GMR
.01 1.00 . =.00005524 -,00000186 -.00000185
.06 «50 -.00006025 ~-.00000185 -.00000185
.10 70 -.00006426 -.00000186 -.00000185
.10 1.00 -.00006426 -.00000186 -.00000185
20 1.00 -.00007429 -.00000186 -,00000185%
.20 2.00 -.00007429 -.00000186 -.00000185
.20 3.00 -.00007429 -~ 00000187 -.00000185%
040 1.50 -.00009434 -.00000186 -. 00000185
<80 2,00 -.00013444 -.00000186 -.00000186
1.00 2.50 -.00015449 -.00000187 =.00000186
1.00 3.00 -.00015449 -.00000187 -.00000186

2,00 3.00 -.00025471 -,00000187 -.00000186
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Table IT.6. Errors in the calculation of / log(1+x)dx

4POINTS

coLl
.01
06
.10
.10
.20
.20
.20
o 40
«80
1.00
1.00
2,00

8POINTS

coLl
.01
.06
.10
.10
.20
.20
.20
40
.80
1.00
1.00
2.00

24POINTS

coLl
.01
.06
.10
10
.20
.20
.20
40
.80
1,00
1.00
2.00

TRAPEZOIDAL RULE
MIDPOINT RULE

coLe

1.00
<50
10

1,00

1.00

2.00

3.00

1.50

2.00

2.50

3.00

3.00

0QF1
.00127376
00117287
.00109221
.00109221
.00089072
.00089072
.00083072
.00048849
-.00031297
-.00071220
-.00071220
-.00269359

TRAPEZOIDAL RULE
MIDPOINT RULE

coL2

1.00
«50
70

1.00

1.00

2.00

3.00

1.50

2,00

2.50

3.00

3.00

0QF1
.00031997
.00029480
« 00027467
00027467
00022435
.00022435
00022435
.00012377
-.00007722
-.00017762
-.00017762
-.00067868

TRAPEZOIDAL RULE
MIDPOINT RULE

coLe

1.00
«50
70

1.00

1.00

2,00

3.00

1.50

2,00

2.50

3.00

3.00

00F)
.00003560
00003281
00003057
.00003057
.00002498
.00002498
00002498
.00001381
-.00000855
-. 00001972
-.00001972
-.00007558

-.00460060
00129395

0QF2

.00024207
.00023989
«N0024061
.00024184
«00024159
.00024570
.00024980
.00024314
200024419
200024574
.00024779
. 00024528

-.00084933
«00032500

0QFZ2
00002897
.00002883
.00002887
.00002895
.00002894
.00002920
.00002946
00002904
.00002911
00002921
.00002934
200002920

- 00007876
.00003616

0QF2
00000104
00000104
00000104
.0000010¢4
00000104
00000104
.00000105
00000104
00000104
.00000104
.00000105
.00000104

GMR
00023802
20N023R22
«00023839
00023839
00023880
.00023880
.00023880
00023962
.00024127
00024210
«00024210
00024621

GMR
200002871
00002872
00002873
00002873
.00002876
00002876
.00002876
.00002881
.00002891
00002897
.N0002R97
.00002923

GMR
.00000104
.00000104
00000104
.00000104
00000104
.00000104
.00000104
200000104
00000104
L00000104
L00000104
00000104
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Table IT.7. Errors in the calculation of f (1+x2)-1dx

TRAPEZOIDAL RULE

MIDPOINT RULE

0QF1
00126099
.00105621
. 00089248
.00089248
«00048351
. 00048351
. 00048351
=-.00033291
-.00195964
-.00276998
-.00276998
~-.00679167

TRAPEZOIDAL RULE

MIDPOINT RULE

0QF1
.00031529
«00026414
.00022323
00022323
«00012067
.00012097
.00012097
~-.00008346
~=.00049192
-.00069596
-~.00069596
-.00171426

TRAPEZOIDAL RULE

MIDPOINT RULE

4POINTS
coLl coLz2
.01 1.00
.06 50
.10 70
«10 1.00
.20 1.00
.20 2.00
.20 3.00
.40 1.50
.80 2,00
1.00 2.50
1.00 3.00
2,00 3.00
8POINTS
CcoLl coL2
.01 1.00
.06 50
10 70
.10 1.00
20 1.00
.20 2,00
.20 3.00
e 40 1.50
.80 2.00
1.00 2.50
1.00 3.00
2,00 3.00
24POINTS
coLl coLz
.01 1,00
.06 «50
.10 70
.10 1.00
.80 l.OO
«20 2.00
.20 3.00
40 1.50
.80 2.00
1.00 2+50
1,00 3.00
2.00 3.00

0QF1
00003503
.00002935
00002481
.0000248]
.00001344
.00001344
«00001344
-.,00000928
-.00005473
=.00007744
-.00007744
-.00015102

o ww

e e

- aw

-.00462893
+00130197

00F2
00031003
00030781
.00030839
.00030957
.00030906
00031299
00031690
.00031000
.00030992
00031086
.00031282
.00030771

-.00085034
«00032552

0QF2

« 00003587
«00003573
.00003577
.00003584
.00003582
«00003607
.00003632
.00003588
.00003589
. 00003596
.00003609
.00003580

=.00007876
« 00003617

0QF2
.00000126
.00000126
00000126
.00000126
.00000126
.00000126
00000127
.00000126
.00000126
00000126
00000127
00000126

0

GMR
.00030610
.00030638
.00030654

L 00030654
400030A94
L00030694
.00030694
.00030772
L00030930
«00031009
L00031009
.0003140]

GMR
«00003562
«00003563
00003564
«00003564
00003567
.00003567
00003567
«00003572
«000N3542
00003587
00003587
«00003A13

GMR
.00000126
.00000126
00000126
00000126
00000126
.00000126
00000126
200000126
00000126
00000126
00000126
200000127
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Table II.8. Errors in the calculation of f (1+x®) " 2ax.
0

4POINTS TRAPEZOIDAL RULE -.00327793
MIDPOINT RULE : .00002193
coLl coLe2 00F1 0QF 2 GMR
.01 1.00 .00087598 00017346 00017061
.06 .50 00064631 00017170 00017076
.10 .70 00046268 .00017206 00017087
.10 1,00 00046268 00017294 00017087
.20 "1.00 L00000402 L00017236 O0017117
.20 2.00 .00000402 ',00017530 00017117
.20 3.00 .00000402 .00017822 L00017117
40 1.50 -.00091161 00017268 L0001717%
.80 2.00 -.00273602 .00017185 00017293
1.00 2.50 -.00364482 00017217 00017352
1.00 3.00 -.00364482 .00017363 00017352
2.00 3.00 -.00815520 .00016790 00017644
BPOINTS TRAPEZOIDAL RULE @ -.00060143
MIDPOINT RULE : 00023026
coLl coL2 0QF1 NQF2 GMR
.01 1.00 .00021878 .00001988 L.00001970
.06 .50 .00016139 .00001977 .00001971
.10 .70 .00011548 00001979 L00001971
.10 1.00 00011548 .00001985 L00001971
.20 1.00 00000074 .00001981 .00001973
.20 2,00 .00000074 .00002000 00001973
.20 3.00 .00000074 .00002018 L00001973
W40 1.50 -.00022863 .00001984 L00001977
.80 2.00 -.,00068693 L00001980 .00001984
1.00 2.50 -.00091587 .00001983 .00001988
1.00 3.00 -.00091587 .00001992 .00001988
2.00 3.00 -,00205844 .00001959 00002006
24POINTS TRAPEZOIDAL RULE @ ~.00005570
MIDPOINT RULE ¢ .0000255R8
coLl coL2 0QF1 0QF2 GMR
.01 1.00 .00002430 .00000069 L.00000069
.06 «50 .00001793 00000069 00000069
.10 .70 .00001282 .00000069 L00000069
.10 1.00 .00001282 .00000069 .00000069
.20 1.00 .00000007 00000069 L00000069
.20 2.00 .00000007 .00000070 00000069
.20 3.00 00000007 .00000070 00000069
.40 1.50 -.00002543 .00000069 00000069
.80 2.00 -.00007642 L00000069 L00000069
1.00 2.50 -.00010192 .00000069 .00000070
1,00 3.00 -.00010192 00000070 00000070
2.00 3,00 -,00022937 00000069 .00000070
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Table II.9. Errors in the calculation of / | x-*5|Zax.

4POINTS TRAPEZOIDAL RULE
MIDPOINT RULE
coul coLe 0QF1
.01 1.00 .01153324
w06 «50 01140752
10 o 70 .01130701
<10 1.00 .01130701
.20 1.00 .01105593
.20 2.00 .01105593
.20 3.00 .01105593
.40 1.50 .01055473
.80 2.00 «00955606
1.00 2.50 .00905858
1,00 3.00 .00905858
2.00 3.00 .00658963
B8POINTS TRAPEZOIDAL RULE
MIDPOINT RULE
cotl coLz 0QF1
.01 <100 . 00445616
.06 «50 .00442519
.10 70 . 00440041
.10 1.00 00440041
.20 1.00 .00433848
.20 2.00 .00433848
«20 3.00 .00433848
.40 1.50 « 00421467
.80 2.00 .00396728
1.00 2.50 .00384371
1,00 3.00 .00384371
2.00 3.00 .00322698
24POINTS TRAPEZOIDAL RULE
MIDPOINT RULE
coLl coL? 0QF1
.01 1.00 .00093276
.06 50 .00092935
«10 70 . 00002661
«10 1.00 .00092661
.20 1.00 .00091978
20 2.00 .00091978
.20 3.00 .00091978
240 1.50 .00090612
.80 2.00 .00087879
1.00 2.50 .00086512
1.00 3,00 .000R6512
2.00 3.00 00079682

8 w0

0
« 03646327
«01155839
0QF2 GMR
01664354 .01666266
.01665301 01666170
01664503 01666092
.01664325 01666092
01664293 . 1665899
01662370 01665899
,01660452 01665899
01663267 L01665513
L01662178 01664742
.01661155 .01664357
01660197 01664357
.01659879 01662434
.00897805
. 00446236
0Qfe GMR
00560741 00560839
. 00560789 . 00560834
. 00560769 .00560830
. 00560739 200560830
« 00560737 00560820
. 00560638 00560820
.00560539 .00560820
00560684 00560800
.00560628 .0056076]
. 00560575 « 00560741
00560525 «00560741
.00560507 .00560642
«00132677
«00093345
0QF2 GMR
,00104893 +00104894
.00104894 001048394
.00104893 «N0104894
00104893 200104894
.00104893 «00104R94
.00104892 200104894
.00104891 . 00104894
.00104893 ,00104894
.00104892 00104893
.00104R891 ,00104893
.00104891 L00104R93
.00104891 .00104892



4POINTS

coL1l
.01
.06
.10
210
20
.20
.20
.40
.80
1,00
1.00
2,00

BPOINTS

coLl
.01
.06
.10
.10
.20
20
.20
<40
.80
1.00
1.00
2.00

24POINTS

coLl
.01
.06
.10
.lo
.20
20
.20
.40
.80
1.00
1.00
2.00

TRAPEZOIDAL RULE
MIDPOINT RULE

coLz

1.00
«50
« 710

1.00

1.00

2,00

3.00

1.50

2.00

2.50

3,00

3.00

0QF1
. 00627568
.00610050
« 00596044
. 00596044
. 00561059
. 005610596
.00561059
.00491219
00352061
.00282741
00282741
-.00061292

TRAPEZOIDAL RULE
MIDPOINT RULE

coLe

1,00
50
70

1.00

1.00

2.00

3.00

1.50

2,00

2.50

3.00

3.00

0QF1

.00235679
.00231324
.00227841
.00227841
.00219133
.00219133
.00219133
.00201727
.00166947
.00149573
.00149573
.00062866

TRAPEZOIDAL RULE
MIDPOINT RULE

coL?

1.00
.SO
o 70

1.00

1.00

2.00

3,00

1.50

2,00

2.50

3,00

3.00

0QF1

.00048073
»00047591
. 00047205
«00047205
« 00046240
L00046240
. 00046240
. 00044306
. 00040449
.00038520
.00038520
.00028873

(T

Table IT.10. Errors in the calculation of / x2dx.

-.03538438
«00631073

0QF 2
.00337285
.00336657
.0033688¢2
.00337246
.00337202
00338410
., 00339615
.00337719
.,00338149
.00338665
.00339267
.00338832

-~.01037468
. 00236551

0QF2
.00113526
.00113467
.00113489
.00113524
.00113521
00113637
00113752
L00113574
00113622
200113675
.00113732
.00113708

-.00180590
.00048170

0QF2
.00021232
.00021230
.00021231
.00021232
.00021232
00021234
00021237
.00021233
.00021234
.00021235
.00021237
.00021236

1

0]

GMR
.00336089
00336150
.00336198
003361048
.00336320
00336320
L00336320
200336562
L00337047
.00337289
.00337289
.00338498

GMR
200113412
.00113418
«00113422
.00113422
« 00113434
.N0113434
00113434
200113457
200113503
00113526
00113526
.00113642

GMR
00021225
00021229
00021229
00021229
.00021230
,00021230
.00021230
00021230
00021231
.00021232
00021732
00021234
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N
10. The Sequence {GJ}
j=0

So far we have been concerned with the properties
of the optimal formila over Iy when the sequence {aJ}N
defining the metric in Hy was given. For tﬁe_practicgio
use of the formula however this sequence mast be chosen
according to the information that is available about the
functions in Hy.

As an examplé suppose that the functions f € Hy

patisfy the conditions

tz
[ f2(x)dx < Mg,

Ty
t

1

tz
£12(x)dx < My

Then with this information we can improve the bound on

lE*(f)l for we can write

llE=li2 (| £ll®

2 ta
f g#(x)dx [ 0o 2 £2 (x)+£! 2 (x)ax,

Ty Ty

AN

|B#(r) |2
t

= ftzg*(x)dx- (a02M0+M1)!
. A

2
I'nj

" M

“#(ihy - %tanh%rhj)(r2Mo+M1),
o

o1
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(using r = Ope)

1 1
., (4rh,-tanh 4rhy)
i=o ) o

o (r2Mo+M, ).

Let us denote ¢;(r) = r~2(4rhy~tanh irhy).

Then ¢; has the following properties;

(1) 1im $4(r) = ¢;(0) = hy®/2L,

-0
(2) 1im ¢;7(r) = ¢3'(0) = 0 and
-0
h 6
(3) 1im ¢2(r) = ¢4(0) = - 755 .
r~0 '

If we denote

. n
B(r) = 2 32” r’a(%rhj—tanhA%rhj)(r2M0+M1)
=0

we can see that

n M, h,®
B(0) = 2 j?g '§E+‘ and

B/ (0)= 1lim 2 %g(wﬁ(r)(r2M0+M1)+2rMo¢J(r))

~0 I=

= M1¢3(0) = 0.

Further

Bu(o)

lin 2 3#(gY(r) (£2Me+M, ) +Lrio ) () +2Mo ¢y (7))
r~0 =0

23%3 M1¢f(0)+2M°¢;(0)



-2 nzu _ Mihj Mo hja
o 120 12
1 My
=% ,20my° (Mo = 75 Ba?)e

If B“(0) » O then we should set a,=0 since this
minimizes B(r). However when this sum is negative we can

choose 1o > O such that the estimate

B(r,) < B(O) = %% 3

n Mo

"y 3.
oj

If for example we use the optimal mesh (i.e.

t,-t

hy :,TEE-L, j=0,.+.,n) then whenever
M, ?
n
the sum
1 n -1, \3 M =1, \°
n 1S " | et MY s~ R
B0 =g % C= ) <ﬁ° 10 <ﬁt n > >
< 0O

and such an ro exists. Clearly then this best choice

r, Wwill be the solution of the equation B! (r) = O.

g =ty 2 10Mo
n | 1

2=t,\2  10M,
= T
n o

/

B(r) ////

o
‘\* \_//
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Tor the case N=2 the situation is much less clear. Ir
we suppose that, as well as M, and M,, there exists Mg

such that

T2

f 712 (x)dx < My

ty
then there could well exist (for a certain range of
Mg M, ,Mg), O ,% # O generalizing the result obtained for
N=1. However we did not find this generalization. The
manipulations involved clearly make this a difficult task.
As an alternative approach the errors of the formulae were
examined in the hope that they might shed some light on
the gquestion of how to choose @, and &4, but once again
the values of o, and o, leading to the smallest errors
could not be linked with any of the properties of the
integrand (e.g. the values of My,M; and Mg)s While it
is clear that in some cases o, and o, should be set to
zero, and the Midpoint Rule or the Krylov formula should
be used, (e.g. Tables II.2, II.3) in other cases (eege
Table IT.7) non-zero values of &, and 0o, lead to the
smallest error of the OQF1 and OQF2. Indeed in Table II.8
the OQF1 with ou2 = 0.2 does considerably better than
OQF2 and in turn the OQF2 with 0% = 2, a,® = 3 does
better than the G.M.R. Of course we should distinguish
between a formula that gives the smallest error for a
particular function and a formula that gives the smallest

ol
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error bound for a class of functions. We only use the
experimental evidence as a possible guide to choosing

the latter. Seemingly the only valid conclusion we can
draw is that in the absence of any knowledge about how to
choose 04,8, and &y Wwe should use the Krylov formula.
However there do exist og,%; and O which are non zero
and which lead to results which are better than those

obtained by the Krylov formula.

»5
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11. Concluding Remarks

We may summarize the contents of this thesis as
follows.

We have shown that any exponential spline is defined
completely by the jumps Ryx in its derivatives. We have
established the one-to-one relation between the class
GN_,, of splines in Hy and the class B8j of error
functionals and then shown that the spline realizing the
error with smallest norm can be found by minimizing Hg“
independently on each subinterval (lemma 2).

For N=1 and 2 we have explicitly derived the
weights and mesh which define the quadrature formula that
has least estimate of error |E(f)l with respect to the norm
llfll for functions in Hye. For N=2 we have obtained as
intermediate results the optimal formulae when

(a) the mesh is prescribed, and

(b) only the two end intervals hy and h, of the

mesh are prescribed.
Further we have shown that the optimal formula for N=2
does not use derivative values. It turns out that the
conditions defining the derivative weights to be zero give
the optimal mesh (c.f. Gaussian quadrature derived using

Hermite formula). We have derived two expressions

(lemmas 3 and 4) for ||E#||: the first was used to deter-
mine the optimal mesh and the second to derive the con-

o1
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vergence properties of the formulae. The second express-
jon is also useful for the practical computation of HE*H.

We have introduced the Generalized Midpoint Rule
and shown that, when o, vanishes the optimal formula is
the G.M.R. We have shown also that as the mesh size
decreases the optimal formula tends rapidly to the G.M.R.
Thus we have characterized all the remalning formulae
that are of interest for N < 2.

The optimal closed formula has been derived.

We have shown that all the function weights to the
formula optimel on any mesh are positive (and so the
optimal formulae are well suited to automatic computation
from the point of view of round-off error). In addition
we have shown that the optimal mesh can be easily determ-
ined numerically by standard iterative procedures.
Finally, for N=1 we have indicated the way that we may
choose 0o,, if we have quantitative estimates of the
smoothness of f, so that the bound on |E#(£)| 4is

minimized.

o2
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