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ABSTRACT

In this work I aim to introduce neutrino physics from its fairly mundane beginnings all
the way up to the discovery of neutrino oscillations, the latest detectors and theoretical
extensions to current models. When viewed individually, many of the detector
methods and theories for oscillation seem to make overly specific and somewhat
arbitrary assumptions. However, upon knowing the full picture of oscillations, such
assumptions become better motivated and a fuller understanding of the modern field
can be gained. On the way to understanding the modern field of neutrino oscillations
I will make several asides, notably on the specifics of detector types and the concept
of neutrino mass. Finally I will introduce GLoBES simulation and present examples of
my published work on simulations of oscillation with one light sterile neutrino. These
analyses study the effect of adding one light (~1 eV) sterile neutrino to the current
3-flavour neutrino scenario and the theoretical change in predictive power of certain
experiments in this new 4-flavour regime. The main focus for experiment sensitivity
is the hierarchy, octant and CP violation detection power of these detectors. Finally,
once I have summarised the history, theory and current state of neutrino studies I
will comment on the future outlook for neutrino physics in general.
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CHAPTER 1

INTRODUCTION AND HISTORY OF NEUTRINOS

This thesis is aimed to be an introduction to neutrino oscillations in a very general
sense. We start with some basic history of neutrino physics and work toward a full
understanding of oscillations with short asides discussing other relevant areas. It
would be impossible to cover every single extension to basic neutrino theory as the
field is indeed broad but I will attempt to outline all of the pieces relevant to my
work.

Introducing neutrino physics and later, oscillation phenomena, is most straight-
forward when we talk about historical experiments. These theories are built from
initially simple observations such as observation of deficits in solar neutrinos. Because
many other factors could be responsible for a lack of detection, other evidence that
neutrinos were changing between active flavours was important. Deficits in rates
could also be caused by neutrinos disappearing (e.g. via decay) or otherwise not
interacting (e.g. via becoming sterile or flipping to non-interacting helicities). These
have been ruled out as at least the primary means of explaining these phenomena by
the combined efforts of many highly varied experiments.

Once we've outlined the early history of neutrino experiments we cover the logic of
oscillation solutions and derive associated probabilities. Parametrisation of oscillation
and matter effects are also covered. Such steps are often glossed over or assumed
knowledge in the literature. Most assumptions turn out to be straightforward, but for
clarity we present our work in more detail, especially for those new to the field. The
sterile neutrino anomalies and corresponding oscillation extensions with an extra
mass eigenstate are also introduced. We briefly touch on other extended theories and
their relation to oscillations.



2 Introduction and History of Neutrinos

We outline the GLoBES software used to simulate oscillations at Long BaseLine
(LBL) experiments and how different hypothesis tests are applied. We simulate
oscillation probability for various experiments and parameter settings to directly
show the idea of degeneracies via overlapping curves. Several example plots are
analysed to show how allowed regions change as the best fits are varied and to
explain the use of such plots in analyses.

After the theories of oscillation physics and simulation have been discussed we
demonstrate our published studies in this field as examples of current areas of
research. These studies are intended to evaluate the response of the NOvA, T2K
and DUNE detectors to the additional mass splitting introduced to explain neutrino
anomalies. We base the core of the analysis on published results and global fits,
then vary the parameters which are less certain to see how this affects degeneracy
resolution.

My publications:

* Monojit Ghosh, Shivani Gupta, Zachary M. Matthews, Pankaj Sharma, and
Anthony G. Williams. Study of parameter degeneracy and hierarchy sensitivity
of NOvA in presence of sterile neutrino. Phys. Rev. D, 96:075018, Oct 2017

* Shivani Gupta, Zachary M. Matthews, Pankaj Sharma, and Anthony G. Willi-
ams. The Effect of a Light Sterile Neutrino at NOvA and DUNE. Phys. Rev.,
D98(3):035042, 2018

1.1 History of Neutrinos in Physics

Neutrinos have been part of physics for a relatively long time, first postulated (as
the neutron) by Wolfgang Pauli in 1930 as the “missing” part of beta decay reactions
(required to conserve energy, momentum and spin) and later verified by inverse beta
decay

Ve+p—n+et (1.1)

in 1956 by several scientists (Clyde Cowan, Frederick Reines, F. B. Harrison, H. W.
Kruse, and A. D. McGuire) of whom Frederick Reines was later awarded half of
the 1995 Nobel Prize in Physics! [3]. Reines et al. performed an initial experiment

IThe other half of this award was for Martin L. Perl for the discovery of the heavy (3500 times
electron mass) tau lepton in experiments at the Stanford Linear Accelerator Center (SLAC) between
1974 and 1977.
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at Hanford in 1953 intending to view antineutrinos from a nuclear reactor. The
antineutrino-proton inverse decay can be detected because the emitted positron will
almost immediately annihilate with a nearby electron to produce two back to back
photons

ef+e —7+7y (1.2)

and a couple of microseconds later neutron capture on a nucleus of the detector
material (which was Cadmium in this case) will produce an intermediate excited

state that decays, emitting a further photon
n+1%Cd — 9"Cd — '9Cd + 7. (1.3)

The coincidence of these photons uniquely implies an antineutrino interaction, making
candidate events easy to distinguish. The follow up to the Hanford experiment by the
same scientists was performed at the Savannah River Plant of the U.S. Atomic Energy
Commission. The experimental setup used two large water tanks with approximately
200 L total volume and three metal tanks containing liquid scintillator, all surrounded
by a paraffin and lead shield located underground in a reactor room [4]. The
arrangement was two scintillator tanks sandwiching the two water tanks which were
in turn separated by the third scintillation tank. Each scintillator tank was viewed
by an array of 110 5-inch photomultiplier tubes (PMTs). The scintillator tanks were
intended to create flashes that the PMTs viewing each one could detect corresponding
to one of the photons released. These permitted the observation of the coincident
photons from the electron-positron annihilation as well as the neutron capture in
cadmium. Analysis of the time delay and dependence on reactor power of interactions
allowed the source of the signal to be identified as reactor neutrinos. This definitive
experimental result confirmed the existence of a free neutrino.

1.2 Homestake and The Solar Neutrino Problem

Models of the Sun have developed over time, ever since people started attempting
to scientifically understand the world around us. We now think of many of the
early theories of solar energy as incorrect or very unrealistic. Examples include Lord
Kelvin’s mid-1800’s theories that energy liberated by meteorite impacts, and later
gravitational collapse of primordial stellar matter, could cause the heating required
[5]. Unfortunately no theories at the time could explain a source of energy that lasted
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long enough to agree with Charles Darwin’s estimated (very old) age of the Earth.
In 1904 Ernest Rutherford suggested a contemporary physics explanation based on
radioactive decay. It wasn’t until 1920 that Sir Arthur Eddington suggested nuclear
fusion based on F.W. Aston’s discovery that one helium nucleus is more massive than
four hydrogen nuclei, combined with Einstein’s mass-energy equivalence [6]. From
there the field started to develop into what we know of today which involves nuclear
burning via various chains of reactions.

The dominant chain in our Sun is the proton-proton or pp-chain from which
alpha particles are produced by proton fusion. the pp-chain consists of the following

interactions: Two protons fuse to form a deuteron

p+p = d+e" +u,, (1.4)
p+pt+e — d+v,. (1.5

Deuteron and proton makes a helium-3 ion
d+p—>3He—|—7. (1.6)

Helium-3 produces alpha particles and beryllium-7

SHe4+p — a+em +u,, (1.7)
SHe+°%He — a+p+p, (1.8)
SHe+a — "Be+ 1. (1.9)

Beryllium then can produce alpha particles

Be+e — "Li+u,, (1.10)
TLi+p = a+a, (1.11)
Be+p — *B+1, (1.12)

B = ®Be* + et + ., (1.13)
*Be* — a+a, (1.14)

where the 8Be* is an excited state of ®Be. From all of these processes the net result
is hydrogen fusing into helium, with the by product of positrons, gamma rays and,
most importantly, electron neutrinos. The abundance of protons leads the majority of
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solar neutrinos to be produced by the first reaction. However these are incredibly low
energy, as the neutrino spectrum in Fig. 1.1 shows, therefore most experiments will
look for the higher energy ones such as those from boron, despite their comparative
scarcity.
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Fig. 1.1 Spectrum of solar neutrino flux as a function of their energy. Each line
represents a different reaction in which the neutrinos are produced within the core
of the sun, as detailed in the legend. This plot is modified from Fig. 3. from [7].

In the 1960’s astrophysicists Raymond Davis, Jr. and John N. Bahcall lead an
experiment (known simply as ‘Homestake’) intended to measure the flux of electron
neutrinos from the fusion reactions occurring inside the sun. The detector was set
up 1478 m underground in the Homestake Mine in South Dakota to screen out
cosmic ray interference and other backgrounds for the several nuclear processes
involved. The cross-section of this setup showing the main tank and surrounding
rooms is shown in Fig. 1.2. The reaction Homestake measured was the production of
radioactive argon by neutrino capture on chlorine atoms

Ve +37Cl — 3TAr + e~ . (1.15)
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Fig. 1.2 Cross-section of the Homestake neutrino detector cavern, showing the
arrangement of the tank and surrounding rooms. Taken from Cleveland et al. 1998

[8].

By measuring the decays of such argon isotopes using a radiation counter (after
accounting for reaction rates), the amount created, hence flux of neutrinos could be
calculated. From these calculations it was apparent that only one third of the expected
number of neutrinos were detected [9] and thus the “solar neutrino problem” was
born. The initial response was that the solar model for neutrino production must
be wrong or perhaps the detection methodology, after all, these were the simplest
solutions. However beginning in the early 1990’s Gallium based radiochemical
experiments such as GALLEX [10] and SAGE [11] measured low energy pp-chain
neutrinos which hadn’t been directly measured at this point. The method was via the
inverse beta radiochemical processes

ve+ 1Ga — "Ge+e” (1.16)
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and subsequent delayed counting of the "'Ge [12]. This helped verify the accuracy
of solar models by confirming the internal mechanisms present as well as validating
radiochemical methods of detection?.

Some years later the deficit was confirmed by several other experiments (mostly
using now conventional Cherenkov detectors), which we discuss further in sections
1.3 and 1.4. Given that the solar models were considered verified, theories of how a
deficit could appear needed to be tested.

The SNO analysis of NC events using heavy water combined with Super-K measu-
rements made it clear that the solar model flux predictions were correct, yet a deficit
in electron flavour was present. Since the total NC flux detected matched up to the
neutrino flux emitted by the Sun, the remaining flavour discrepancy lent credence to
theories involving some sort of neutrino flavour transformation. These along with
other follow-up experiments further validated Homestake and made the search for a
solution to this problem a vital area of study.

Despite the plethora of experiments working on it, the solar neutrino problem
continued to be of interest for a long time. Meanwhile other oscillation phenomena
were being discovered and worked on. This continued until around 2002 when solar
experiment SNO and reactor experiment KamLAND [13, 14] finally had the evidence
to verify that the LMA-MSW (Large Mixing Angle Mikheyev Smirnov Wolfenstein)
solution for solar neutrino transitions was the correct explanation of the lower
number of electron neutrino detections (again see sections 1.3 and 1.4). This was
a combined effort because the environments in which neutrinos are produced can
greatly effect the phenomenology (see section 2.7) but after accounting for these
effects both experiments revealed similar mixing and splitting parameters 6,5, and
Am?Z,. Ray Davis and Masatoshi Koshiba each received one quarter of the Nobel Prize
in physics in 20022 for “for pioneering contributions to astrophysics, in particular
for the detection of cosmic neutrinos” [15]. Masatoshi Koshiba was instrumental in
early neutrino astronomy, specifically the construction of, and techniques used in
Kamiokande-II and Super-Kamiokande which we cover thoroughly in section 1.3.1.

2When tested with radioactive neutrino sources 3"Ar and °'Cr these experiments saw anomalous
results. This is discussed in section 3.1.1

3The other half of the 2002 prize went to Riccardo Giacconi “for pioneering contributions to
astrophysics, which have led to the discovery of cosmic X-ray sources”
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1.3 Early Neutrino Experiments

One explanation for the deficit measured by these neutrino experiments was proposed
by Bruno Pontecorvo in 1968 (before the deficit was discovered), it was simply that
the neutrinos weren’t missing, but had simply changed into different flavours (such as
electron neutrinos changing to muon or tau neutrinos) to which the detector wasn’t
sensitive. Pontecorvo’s original theory involved neutrino-antineutrino oscillations
in analogy to neutral Kaon oscillation. Although this proved to be a dead end it is
conceptually similar to flavour transitions. The theory of neutrino oscillations evolved
from this simple suggestion.

1.3.1 Kamiokande and Super-Kamiokande

Kamiokande (properly KamiokaNDE or Kamioka Nucleon Decay Experiment [16])
was an experiment running from 1983 to 1995. It was constructed by the Institute
for Cosmic Ray Research of the University of Tokyo. The full run was split into three
phases, Kamiokande-I for 1983-1985, Kamiokande-II for 1985-1990 and Kamiokande-
I for 1990-1995. The detector was a 6.0 m height and 15.6 m wide cylinder
containing 3,048 metric tons of pure water and about 1,000 PMTs. It’s original goal
was to search for proton decay via observation of potential daughter particles of
such a process, this goal was unsuccessful. Despite it’s lack of success with proton
decay, Kamiokande-II had many immense successes such as observing the supernova
neutrinos from SN 1987A [17-19] as well as being able to view solar neutrinos and
provide a check for Homestake [20, 21]. Additionally, during the Kamiokande-II
run some of the earliest promising measurements of atmospheric neutrinos were
obtained [22] thus beginning to form a more holistic picture of neutrino physics.
Atmospheric neutrino detection is possible because the size of the detector and
reasonably energetic particles make up for the low flux of such particles. This is in
contrast to solar neutrinos where the flux is high and direction of origin is known
but the energy, and hence sensitivity, is low. Compared to some earlier radiochemical
experiments, an advantage of the water Cherenkov detector is that interactions from
neutrinos producing both electrons and muons can be distinguished. The way that
this is done is by analysing the Cherenkov rings, for electrons multiple scattering
occurs and the ring is ‘fuzzy’ around the edges while for muon flavour the ring is
much more ‘sharp’ as the muon barely deviates as it travels through the detector.
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When cosmic rays produce positive or negative mesons (mostly pions and to a lesser
extent kaons), they primarily decay to antimuons or muons respectively [23]

/KT —ut +u,, (1.17)
T /KT —pu +7,, (1.18)

which in turn decay to electrons or positrons,

pr— ettt +1,, (1.19)
poo—re +V.+v,, (1.20)

all the while producing corresponding neutrinos. Hence atmospheric muon neutrinos
were expected to be twice as abundant as atmospheric electron neutrinos.This can
also be seen diagrammatically in Fig. 1.3. Thus each meson decay should produce

"

7

Fig. 1.3 Feynman diagrams involved in neutrino production from meson (in this case
pion) decay. Pion decay is depicted in the left diagram and subsequent muon decay
in the right. A total of three neutrinos will be emitted by these combined processes.

approximately three neutrinos, two of muon flavour with opposite charge and one
electron flavour. Thus the ratio of v, + 7, to v. + 7. should be roughly 2:1 [24].
Obviously this did not turn out to be the case, atmospheric muon neutrinos were
measured to have a deficit, echoing the earlier solar neutrino problem. The way
this was measured was by comparing the ratio of electron to muon flavour to the
theoretical value, which was advantageous because it removes a lot of systematics.
The anomalous v, /v, ratio was referred to as the Atmospheric Neutrino Anomaly’
[25, 26] with oscillations viewed as a potential underlying cause. Over the next
few years oscillations were becoming more considered as a solution [26], though
some experiments that confirmed this deficit, such as IMB-3, did not see is as
significant enough at the time to warrant neutrino oscillations as an explanation
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[27]. Kamiokande’s results were verified and improved upon by its successor, Super-
Kamiokande.

As mentioned before, in addition to the atmospheric neutrino measurements,
Kamiokande-II produced results on solar neutrinos. To reiterate, this was possible
due to the sheer size of the experiment, which in the solar neutrino case this allowed
the statistics to overcome the tiny interaction cross-section of the high flux, low-energy
neutrinos. In addition the water Cherenkov method of detection has several other
advantages over delayed-measurement radiochemical experiments like Homestake:

1. events can be seen in real time, hence day/night asymmetry can be measured;
2. produces calorimetric data i.e. energy deposition measurements; and

3. is directional, with recoil paths tracing back towards the source (in this case
the Sun).

These properties allowed direct verification of the solar production of neutrinos and
more thorough analysis of their energy spectrum than prior experiments. In 1992
Masatoshi Koshiba referred to the development of these modern types of detectors as
the birth of ‘observational neutrino astrophysics’, highlighting the great importance
of arrival time, directional information and energy spectrum to astrophysics [28].
The measurement of this solar flux saw a deficit which was different from Homestake.
Kamiokande seemed to measure half of the flux predicted by solar models, while
Homestake saw only one third. This different deficit was later explained after the
Super-Kamiokande run by fact that the detector measures electron recoils from the
v +e- — y + e elastic scattering (ES) interaction. This measured process is actually
two separate interactions that can occur via CC and NC for v, and only NC for v,,, v,
(Fig. 1.4). Overall then, Kamiokande is sensitive to all flavours but its electron flavour
sensitivity is six times higher that muon or tau flavours [29]. Thus a deficit in solar
electron flavour neutrinos causes the events measured to decrease but this decrease
is smaller than if the detector can only see electron flavour CC interactions (as with
Homestake).

Super-Kamiokande often known simply as Super-K (where the acronym Kamio-
kaNDE was rightfully changed to Kamioka Neutrino Detector Array), was constructed
in the same lead and zinc mine in the Kamioka area of the Gifu prefecture, Japan,
as the original Kamiokande. In addition to sharing a location with the original, the
design was also similar in that a large water-Cherenkov detector forms the basis of
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Fig. 1.4 Possible electron quasi elastic scattering interactions showing NC (featuring
all active neutrino flavours) on the left and CC (featuring only electron flavour) on
the right.

the experiment. Though the fiducial volume was greatly increased to 22.5 kilotons
(kt) for Super-Kamiokande versus 1 kt for Kamiokande [23] and the number of PMTs
from around 1000 to (eventually in run II) 11,100. Super-Kamiokande started taking

Fig. 1.5 Cross-section of the Super-Kamiokande neutrino detector laboratory, showing
the large water tank with PMTs arranged around it as well as access tunnels and
rooms. Taken from Kajita et al. 2016 [23].

data in 1996 with neutrino physics only being part of its goal, the other main (albeit
still unsuccessful) goal was to search for proton decay as with the original Kamio-
kande. The neutrino detection capabilities of the detector are broad, including solar,
atmospheric and supernova neutrinos [23]. The specific intention in this sector was
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to investigate the solar neutrino problem as well as the similar Atmospheric Neutrino
Anomaly. When investigating muon and electron neutrinos the aforementioned ratio
of events is compared with the ratio of flavours
R = Wl Ne)as (1.21)
(Nw/Ne)uc
in the Montecarlo (MC) simulation. So any significant deviation of R from unity will
indicate an anomaly, with muon flavour deficit relative to electron flavour giving
R < 1. The results did come out indicating a muon flavour deficit, of course,
as with the original Kamiokande. It was seen as possible that this ratio anomaly
came from incorrect flux and cross section predictions or even poor knowledge of
water Cherenkov detectors. To test the water Cherenkov performance the KEK (The
High Energy Accelerator Research Organization or Ko Enerugi Kasokuki Kenkyt
Kiko) laboratory used a test beam on a 1 kt tank and verified the muon to electron
separation misidentification percentage of this type of detector to be less than a few
percent for particles well inside the detector volume [30]. The conclusion was that
the muon neutrino deficit from Kamiokande/Super-Kamiokande could not be an
artifact of experimental design and that indeed theory and data could be compared
[23]. A few years later in 1998 the Super-Kamiokande Collaboration released their
paper on oscillation of atmospheric neutrinos [24] stating that their measurements
matched with the familiar two-flavour vacuum oscillation hypothesis
Py = sin? 26 sin? 1.27% (1.22)
E,
for a # (5 which we will cover in more detail later in section 2.3. Note that the
number 1.27 is a factor dealing with the unit conversion to put F, in GeV, L in km
and Am? in eV? (see equations 2.59, 2.60 and 2.61) which are convenient units for
typical neutrino experiments. The collaboration considered v, — v, and v, — v,
with the latter being favoured. This distinction can be made because most neutrinos
will be well under the 3.5 GeV threshold for tau lepton production so oscillations
to tau flavour will cause a mostly pure muon disappearance signal. Oscillations to
electron flavour on the other hand can produce electrons due to their low mass, hence
the signal of this will be electron flavour appearance above expected. So if, after
accounting for all experimental factors, a deficit in muon flavour and an increase

(smaller in size than the muon deficit) in electron flavour are seen, then the unseen
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remainder must go to tau flavour. Super-Kamiokande did observe this, except it
turned out that the oscillations to tau flavour were overwhelmingly dominant [31].
The measurements gave values of the measured mixing parameters sin® 20 ~ 1 and
Am? ~ 1.5 x 10°.

The fact that tau oscillations were implied to be dominant in the data came
from model-dependent predictions and was only explicitly true in the 3v model.
Another possibility considered was that the muon neutrinos were oscillating to a
new ‘sterile’ flavour. Sterile models were mentioned as an alternate solution by
the collaboration, but because they would be indistinguishable, no constraints were
mentioned initially. It is important to keep in mind that sterile oscillation would
cause deficits in NC and CC events, while tau oscillations only cause a deficit in muon
NC events. Super-Kamiokande carried out some more thorough analyses based on
this fact. Upward going muon flavour neutrinos are exposed to much greater matter
effects than downward going ones. So because sterile neutrinos lack matter effects
the v, — v, oscillations are suppressed compared to v, — v,. Analysing zenith angle
distortion and upward going muons lead to the muon to sterile oscillation hypothesis
being disfavoured [31].

Super-K also helped confirm that vacuum oscillations are not the solution to the
solar neutrino problem. To explain this, it is important to consider the characteristic
L/FE dependence of oscillations. If the deficit in solar neutrinos measured at Earth
were a result of vacuum oscillations, then the deficit would vary seasonally due to
the eccentricity of Earth’s orbit and the L dependence. In contrast, in the LMA-MSW
solution for solar neutrinos the neutrinos do not oscillate but will rather transition
‘adiabatically’ as the matter density slowly changes. As we will see in section 2.7.4,
this explanation still involves mass splittings and mixing, but because the mechanism
of transition is different, all of these neutrino transitions are complete before they
leave the Sun and hence there will be no L. dependence. When these neutrinos leave
the Sun they are incoherent and cannot oscillate in vacuum, because of this, only a
small matter-oscillation effect for up-going neutrinos travelling through the Earth is
present. This leads to a day/night asymmetry. Interestingly enough, the mass splitting
for which solar neutrinos would propagate coherently (Am? < 10~% ¢V?) is so small
that matter effect would be insignificant. Hence observation of either ‘day/night’ or
‘summer/winter’ asymmetries was vital for the determination of the nature of the
deficit. Super-K saw no such ‘summer/winter’ asymmetry, which implied that solar
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neutrinos propagate incoherently and do not oscillate [32] cementing LMA-MSW
conversions in the Sun as the solution to the solar neutrino problem.

In addition to observing natural neutrinos, the Super-Kamiokande detector later
formed part of the first neutrino long baseline (LBL) experiment. The experiment
was known as K2K (KEK To Kamioka) and sent a beam of neutrinos sourced from an
accelerator through a 1 kt water Cherenkov near detector 300 m from the neutrino
producing proton target, onto the Super-Kamiokande far detector 250 km away [33].
This LBL experiment managed to view oscillations consistent with Super-Kamiokande,
and provided further confirmation of atmospheric-scale oscillations [34]. Soon similar
experiments were to become the norm with the follow up T2K, which we cover in
more detail in section 1.4.1, being one of the pre-eminent experiments for years to
come.

A successor experiment to Super-Kamiokande to be called Hyper-Kamiokande is
currently in development [35]. It is intended to perform atmospheric studies as well
as functioning as a far detector for accelerator neutrinos. The detector design is an
cylindrical tank even larger than Super-K that is 60 m tall and 74 m diameter for a
fiducial mass of 187 kt. Therefore with two tanks the total fiducial mass is roughly
17 times that of Super-K. The optimal setup involves two identical tanks, with at
least one placed in the same location as Super-K while the other may be elsewhere
in Japan or even overseas. The current proposed location for the second tank is in
Korea, collinear with Super-K and Tokai so it can perform as a second far detector
for the J-PARC neutrino beam (see 1.4.1). It is also worth noting that in addition to
its neutrino detecting power, Hyper-Kamiokande will be the most sensitive proton
decay experiment to date. This has been one of the original goals of the Kamioka
experiments since the original Kamiokande and persists as a secondary goal into the
future. Construction is planned to begin in April 2020.

1.3.2 SNO

The Sudbury Neutrino Observatory (SNO) was a specifically designed water Cheren-
kov detector with solar neutrino detection in mind. Originally proposed in 1984 to
definitively analyse the solar neutrino problem. It was placed 2 km underground in
an active nickel mine near Sudbury, Ontario, Canada. The experimental specification
was for a 34 m high and 22m diameter somewhat cylindrical (almost barrel-like)
cavity lined with water and radon impermeable Urylon plastic [36]. The spherical
vessel of 12 m diameter was constructed out of 5 cm thick clear acrylic and filled
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with 1000 t of 99.5% pure heavy (deuterated or deuterium-containing) water (D,0).
The cavity surrounding the heavy water vessel was filled with ordinary, high purity
water. The 9438 Hamamatsu 20 cm PMTs were attached to a stainless steel geodesic
spherical frame and suspended around the heavy water vessel. A further 91 PMTs
were arranged facing outward into the cavity to see external events.
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Fig. 1.6 Left: Cross-section of the SNO detector room, showing the main chamber
surrounding the inner spherical heavy water chamber and geodesic PMT frame. Right:
schematic of the Phase III detector. Taken from Bellerive et al. 2016 [36].

By using heavy water additional effects can be seen in the detector over standard
water. This is due to the differing nuclear content between the standard isotope of
hydrogen, protium (h) and the isotope with one additional neutron, deuterium (d).
The interactions measured involving the extra neutron are the

1. v.+d — p+ p + e CC interaction where a neutron is converted to proton,
sensitive only to electron flavour and

2. yy+d — n+ p -+ NC interaction where the neutron is ejected from the
deuteron, sensitive to all flavours equally.
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SNO could also measure a third interaction which is the same one that Super-
Kamiokande detected using light water.

3. y+e — vy + e elastic scattering (ES) interaction, recall that electron flavour
sensitivity is six times higher that muon or tau flavours due to the additional
CC channel (Fig. 1.4).

The CC and ES processes were detected via PMTs picking up on Cherenkov light from
the accelerated electron. The way NC reactions were viewed changed over time as
the experiment evolved to enhance detection capability. During the initial Phase I
run in 1999, the NC reaction was viewed by the neutrino break up of the deuteron.
In this case the burst of light is emitted when the free neutron captures on deuterium
and releases a  ray which itself recoils an electron, hence producing a flash viewable
by the PMT array.

After about a year and a half of the pure heavy water run, Phase II began
(sometimes referred to as the ‘Salt Phase’ in the literature [37]). Around 2000
kg of NaCl was added to the heavy water to increase neutron capture efficiency.
The capture cross section of *>Cl is around five times that of the deuteron and the
Cherenkov pattern is more distinctive compared to other processes, leading to greater
NC event discrimination [36]. After another three years Phase III began. In this
revision, He filled neutrino counters were added to further increase neutral current
detection via neutron capture on helium producing deuterium and tritium

n+*He — p + t + 764 keV.

These neutrino counters were known as the ‘Neutral Current Detection’ (NCD) array
[36]. In general NC process was viewed via ~ rays released upon neutron capture
with characteristic energies depending on the target nucleus. By measuring the CC
and NC processes, SNO could tell if conversions were occurring by seeing a deficit of
CC events over NC events. This conclusion could be made without reference to solar
models which was important because, revising the (thought to be incorrect) solar
neutrino production model was previously a potential candidate for explaining the
solar neutrino problem.

The fluxes can be compared in the ratio corresponding to electron flavour survival

[36]
P,

Pne

Psno = (1.23)
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where @, is the electron flavour CC flux and ®yc is the total NC flux of all flavours
present. If only electron neutrinos are present (i.e. no flavour conversion) then this
ratio should be close to 1. However if other flavours are present, then it should be
less than 1. After the heavy water phase SNO measured a value of

Psno = 0.340 £ 0.02375:029 (1.24)

which implies v, to v, and v, conversion. In 2001 Super-K and the SNO released
results on solar neutrinos [38], both showing a deficit in electron neutrinos. This
indicated flavour conversion independent of any possible deficit compared to the
predicted solar flux and was very good evidence for solar neutrino mixing.

The understanding of the mechanism for mixing came from the fact that this
value was found to be close to the survival probability given by the non-oscillatory
‘adiabatic conversion’ of neutrinos in the Sun [13] which was found to be

Pnonfosc = sin2 912 =0.31. (125)

This doesn’t fully account for the deficit however, because it predicts too few electron
events, so the difference between Psxo and P,o,_osc must be accounted for by some
other physics. Remember that we mentioned in 1.3.1 that solar neutrinos lose
coherence upon leaving the Sun and as such will not oscillate in space, so vacuum
oscillation effects cannot account for a deficit, though MSW effects in the Earth and
Sun can. This was found to be due to the combined additional effects of averaged
oscillations in the sun and matter oscillations in the Earth. This can be expressed as
the sum of these contributions

PSUI‘V = PHOII*OSC + APOSC + APregen (1'26)

where AP, and AP,., are the corrections due to averaged Sun oscillations and
Earth regeneration oscillations respectively. The averaged oscillations in the Sun will
cause overall more electron neutrinos to be emitted. In addition, matter oscillations in
Earth provide a regenerative effect, so that neutrinos that had transformed into other
flavours have the chance to oscillate back to electron flavour. This can only occur
when neutrinos travel inside the Earth before reaching the detector, i.e. at Night. As
with Kamiokande, this effect can be calculated from the Night-Day asymmetry factor
Anp due to the difference in neutrino path of these cases. From [37] the resulting
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regeneration probability can be expressed as
APregen ~ AND X Pnonfosc ~ Sin2 612 X ADN- (127)

Where the Day-Night asymmetry was measured to be Apy ~ 5%, and the overall
regeneration factor found to be [37]

APegen ~ 0.015. (1.28)

To get the form of the averaged oscillation component of the Solar transitions we
look at the ‘averaged adiabatic survival probability’ equation which includes both
solar effects [37]

P = sin? 0 + cos 26 cos? (9%4 (1.29)

where 6 will be 6;, in this case and 69, is the matter mixing angle in the production
point defined as

0% = [{vin|v(1))]? . (1.30)

Which is the probability to find the v4,, mass eigenstate in the adiabatically pro-
pagating state v(t). In the limit of no oscillations, (just adiabatic transitions)
cos 20 cos? 09, = 0 and v(t) = oy. Which makes sense because clearly the first
term from equation (1.29) is the non-oscillation probability from equation (1.25).
The second part of this probability then, is from the averaged oscillation in the Sun,
and was found to be

AP,.. = cos 20,5 cos? 0%, ~ 0.015. (1.31)

Therefore combining these two factors adds more final electron events which can
account for the difference from pure adiabatic conversion.

Py = 0.31 4+ 0.015 + 0.015 = Psno - (1.32)

Confirming that (once all solar effects were accounted for) SNO was providing a good
measurement of this phenomenon and a strong constraint on 6,5.

This result is the one for which Arthur B. McDonald from SNO received a half
share in the 2015 Nobel Prize in Physics [39]%.

4Takaaki Kajita from Super-K received the other half of the prize for somewhat tangentially related
work on atmospheric neutrinos [39]
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1.4 Later and Contemporary Experiments

Here we give an overview of a selection of experiments that came around after much
of the uncertainty in oscillations and the solar neutrino problem had been figured out.
Many of these experiments were (or are) designed to focus on one specific aspect of
oscillation physics and perform a very precise analysis. Some areas of analysis that fit
this description include: CP phase analysis, matter effects, mass ordering, precision
measurements of mixing angles and tau flavour appearance.

1.4.1 T2K

The successor to K2K, Tokai to Kamioka or T2K was proposed to be the first LBL
experiment to look for direct electron neutrino appearance in a muon flavour beam
[40]. This was important because despite strong evidence for muon flavour oscillation,
many early discoveries relied on muon disappearance searches. Electron appearance
from atmospheric sources can be seen, but the statistics are less certain. For example,
due to wrong flavour corruption from the electron neutrinos present in cosmic ray
showers. With a muon neutrino beam source, direct conversion could be verified
with almost absolute certainty. T2K experimental commissioning began in 2009 and
first physics data was taken in 2010. The experiment uses a proton beam created by
the J-PARC accelerator complex to produce neutrinos (at roughly —1° declination)
that are then detected 295 km away by the Super-Kamiokande detector which is
located 2.5° off-axis. The proton beam produces neutrinos in a similar method to
that of atmospheric neutrinos from cosmic rays. The proton beam is directed onto a
target which produces (amongst other things) pions and kaons. The charged mesons
are then directed by magnetic funnelling horns toward the far detector. These horns
also provide switchable charge selection, allowing the detector to run a beam of
neutrinos or antineutrinos. This feature is immensely useful for CP violation studies
and unique to accelerator experiments. The mesons produced will promptly decay
to neutrinos via the same method as the atmospheric case in Fig. 1.3. The off-axis
method is chosen because despite lower overall flux, it greatly reduces the width
in the peak of the neutrino energy spectrum [41, 42] which for T2K is 0.6 GeV. A
discussion of this for the NOvA detector is presented in section 1.4.2 with figures 1.9
and 1.10 though the same concept applies for T2K. For un-oscillated beam studies
T2K also has near detectors a mere 280 m from the beam origin. Some of these
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detectors are on-axis and some of which are off-axis. The on-axis detector is known
as INGRID (Interactive Neutrino GRID) and it measures the beam direction and
intensity [43]. The off-axis near detector known as ND280 (i.e. Near Detector 280
metres) is considered part of T2K itself and is used to measure the muon neutrino
flux and energy spectrum as well as intrinsic electron neutrino contamination which
is important for the electron-flavour appearance search. A two detector layout allows
comparison between oscillated to unoscillated measurements as well as analysis of
near and far detector signals to eliminate backgrounds that cannot be easily ruled
out when only using one detector. This is in contrast to other types of experiments
which usually compare one set of measurements to previous fits or theory. Because
these may not reflect identical experimental circumstances or accurate modelling,
such comparisons can obviously carry errors. Hence most LBL experiments have this
layout because it massively advantageous for the (relatively) low cost of a smaller
secondary detector. The approximate arrangement of the T2K experiment, including
the J-PARC beam, ND280 near detector and Super-KAMIOKANDE itself can be seen in
figure 1.7. In 2011 T2K reported confirmation of v, appearance and put early limits

Super-KAMIOKANDE

x/m"_’\
;/Hﬂ_f\_v‘“\_/_ i "-'f:}\?:;;m_% _T”_‘";-?.._____ m

1% 280m

295 km

-

Fig. 1.7 Side profile illustrating the distances between the beam and detector of T2K,
taken from [40].

on 63 # 0, 613 and |AmZ, | under the assumption that sin? 26,3 = 1 [44].

A major extension has been proposed and developed to further extend the T2K phy-
sics program it involves directing the Tokai beam to the upcoming Hyper-Kamiokande
detector (as mentioned in 1.3.1) to form T2HK (Tokai To Hyper-Kamiokande) with
the same 295 km baseline as T2K. The Hyper-Kamiokande tank is designed to greatly
increase the statistics over Super-Kamiokande so that the sensitivity to CP phases will
increase, despite having the same level of matter effects due to the identical baseline.
If the second Hyper-K tank is placed even further along the beamline in Korea then
we will have a second far detector with a 1100 km baseline, hence T2HKK (Tokai To
Hyper-Kamiokande and Korea). Due to the further detector being further away, yet
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receiving the same beam with identical peak neutrino energies, it will be placed in
the second oscillation maximum. The other tank and Super-K are at the first as is
normal for such experiments. This would allow T2HKK to compete with NOvA and
DUNE in the mass ordering space as well as allowing good CP resolution.

1.4.2 MINOS and NOvA

The MINOS (Main injector neutrino oscillation search) collaboration proposed a
two detector experiment in 1995 [45]. The neutrinos were to originate at Fermilab
Illinois via the NuMI (Neutrinos at the Main Injector) beam, travel 1.04 km to the near
detector, then another 735 km onto a far detector in the Soudan mine in Minnesota.
The MINOS detectors are magnetized steel-scintillator tracking calorimeters. Near
and far detectors are functionally identical with total masses of 0.98 kt and 5.4 kt
respectively. The neutrino source is similar in style to the J-PARC accelerator for T2K,
with 120 GeV protons from the Fermilab Main Injector accelerator being directed
onto a graphite target.

MINOS was operated from 2005 to 2016 with an upgrade to MINOS+ taking
place between 2012 and 2013. Early measurements were able to reject the no-
oscillation hypothesis at 98% confidence level [46]. Confirmation of muon neutrino
disappearance in a beam was published soon after [47]. Early parameter best fits
were found to be consistent with Super-K results. In terms of oscillation parameters
MINOS primarily published measurements of |Am2,| and 6,3 [48].

Controversially MINOS reported potential evidence (only 1.8¢ significance) for
superluminal neutrino velocities in 2007 [49]. In this measurement the central value
of the velocity measurement was greater than ¢ but with large uncertainties. Later
the ICARUS experiment (in response to the superluminal velocity anomaly seen by
OPERA) measured Neutrino velocity rejected neutrino velocities above the speed of
light at 90% confidence [50], in agreement with accepted physics.

NuMI Off-axis v. Appearance or NOvA is a neutrino experiment which was
originally intended to supersede MINOS using the same NuMI beam [51]. The
NOvA proposal and development process began before MINOS had even taken data.
The intention was to explore expanded regions of oscillation physics while utilising
some of the same equipment [52]. One of the main goals of NOvA compared to
MINOS is to observe the #,3 mixing angle via muon to electron oscillations at the
atmospheric oscillation L/E scale [52]. NOvA began full operation in 2014 and ran
alongside MINOS+ [53] until the latter was shut down in 2016.
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The neutrinos for NOvA travel from Fermilab through 810 km through the Earth’s
crust and onto the far detector in Ash River Minnesota. The main detector is located
14.6 mrad off-axis due to the way this affects the energy spectrum of the neutrinos.
This is in contrast to MINOS+, which is on-axis. A rough idea of the geometry of this
arrangement can be seen in figure 1.8. To explain the off-axis behaviour we look at

NOvVA
Ash River

International ®
Falls

Duluth

MN

Minneapolis ®

Fermilab ‘10 km Ash River

810 km

Fig. 1.8 Side profile illustrating the distances between the beam and detector of NOvA
as well as the depth it reaches within the Earth.
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the flux and energy of neutrinos in relation to the angle between them and the initial
pion beam. The flux for highly boosted pions decaying to neutrinos in the lab frame

2
27y A
F = 1.33

(1 + 7292> 42?2 ( )

is

where 6 is the (small) angle between the pion and the produced neutrino, v = E,/m,
is the ratio of pion energy to mass, z is the distance and A is detector area. The
corresponding neutrino energy is

E, = 0435, (1.34)

14 262

where for kaons rather than pions 0.43 — 0.96. These equations are from The
NOVA Technical Design Report, Ayres et al. [51]. This broadens the neutrino energy
spectrum due to the kaon’s greater mass. Neutrino flux and energy can be plotted
versus pion energy for various angles to get an idea of what different detector
placements will see for a given accelerator energy. From Fig. 1.9 it can be seen that
the curve for 14 mrad has a balance of having without high enough flux that statistics
do-not suffer and a peak in neutrino energy at 2 GeV over range of pion energies.
This ensures that neutrino energies are primarily around the oscillation maximum of
1.6 GeV. CC event rates and neutrino energies corresponding to detectors at several
angles receiving the NuMI beam can be seen in Fig. 1.10. These plots reinforce the
choice of 14 mrad off-axis as a compromise between event rates and narrowness of
the peak in terms of energy while being close to the oscillation maximum value.

Unlike T2K the NOvA far detector uses a lattice of cells filled with liquid scintillator
as the detector medium rather than a large water tank. While compared to MINOS the
far detector mass is increased from 5.4 kt to 14 kt. The original proposal called for a
30 kt far detector which would've resulted in approximately 10 times more sensitivity
to P,. than MINOS [52]. After accounting for detector factors, the overall primary
difference between NOvA and T2K are their different baselines. The longer baseline
of NOvA allows for greater matter-induced CP effects, hence stronger constraints on
the mass ordering. The results in 2012 indicating that 6,3 is non-zero [44, 54-57]
(and relatively large compared to early predictions) were very promising for NOvA
because this means that terms dependent on CP phases (including some extra 6,3
terms) do not vanish for three (and four) flavour probabilities. Combined data
between NOvA and T2K recently has given promising early hints towards best fits
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Fig. 1.9 Plot of neutrino flux and neutrino energy vs pion energy at NOvA’s baseline.
Taken from The NOVA Technical Design Report, Ayres et al. 2007 [51].
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Fig. 1.10 Plot of event rates of neutrinos vs neutrino energy for the NuMI beam low
and medium energy configurations. Taken from The NOvA Technical Design Report,
Ayres et al. 2007 [51].

for mass ordering and CP phases as well as constraints on y3 [58-60]. The NOvA

Collaboration released their first combined neutrino and antineutrino analysis in
2019 [61].



1.4 Later and Contemporary Experiments 25

1.4.3 DUNE

DUNE is a future very long baseline experiment that will further expand upon the
studies that T2K and NOvA are currently working on. DUNE has the lofty but
achievable goals of solving the mass ordering (MO) and octant degeneracies as well
as determining the level of leptonic CP violation (see section 1.9 for an introduction to
mass eigenstates and their ordering, and section 4.3 for an overview of degeneracies).
Other goals include the ever-present search for proton decay, observation of supernova
neutrinos and dark matter searches [62]. DUNE also has the potential to resolve
extra degeneracies induced by extra mass splittings from extended neutrino theories
(see 6 for theoretical analyses in the extended 3 + 1 case) . The baseline is 1300
km which is larger than any extant or proposed accelerator type experiment. The
intention is to exploit even more matter effects to increase the asymmetry between
normal and inverted hierarchy solutions. The beam for DUNE originates at the LBNF
(Long Baseline Neutrino Facility) “near site” at Fermilab which is a new beamline and
near detector cavern, constructed specifically for this experiment. The far detector
is located at SURF (Sanford Underground Research Facility) which is in the same
mine as the original Homestake experiment. DUNE is not in the Homestake cavern
but instead in the LBNF “far site” cavern [63]. Contrary to T2K and NOvA the DUNE
detector is located on-axis. DUNE is currently intended to start running under partial
detector install in 2026 [64]. Although the primary purpose of DUNE is to study P,
it can also directly probe P, as the tau production energy is within the neutrino
energy spectrum of the LBNF beam [65]. Unfortunately the threshold production
energy is well past that of the first few tau oscillation maxima at DUNE. This would
mean that the calculation of the probability would be rather imprecise, limiting
the physics potential. Predictions do show that it is likely that sensitivity to this
channel will not increase DUNE’s 3v sensitivity, but can significantly increase the NSI
(Non-Standard Interactions) and 3 + 1 sensitivity parameters related to tau flavour
[66]. NSI parameter cover potential matter effects that occur with the non-electron
flavours of neutrinos. If present, such interactions will affect oscillation and can
potential lead to phenomena that differ greatly from standard oscillations. For a short
overview see Appendix C. However, the advantage is that whatever signal can be
gleaned is practically independent of other channels and complementary to overall
information collection.
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1.4.4 OPERA

Final confirmation of muon to tau oscillation was accomplished by OPERA (Oscillation
Project with Emulsion-tRacking Apparatus) which ran between 2008-2012. This
experiment used the CNGS (Cern Neutrinos to Gran Sasso) beam which sent muon
neutrinos 730 km from Geneva, Switzerland to the detector in Gran Sasso, Italy.
The objective of OPERA was to search for tau neutrino appearance via direct tau
production to prove directly that muon to tau flavour oscillation occurs, and is the
dominant transition channel, at atmospheric neutrino energy scales. Up until then
all experiments in this energy range only inferred indirectly that oscillations to tau
flavour were occurring. The CNGS beam was created at CERN by impacting the SPS
(Super Proton Synchrotron) proton beam onto a target to produce pions and kaons,
which subsequently decay to neutrinos. OPERA detected tau candidates using nuclear
emulsion detector ‘bricks’ interleaved with lead, with a scintillation trigger system
to indicate and roughly locate each detection. The trigger system was necessary to
locate where and when events occurred in the detector. This is important because
emulsion detectors work somewhat like photographic film, with the bricks being
removed and processed after an event is tagged to view the permanent tracks left
inside by particles. OPERA detected its first (potentially oscillation sourced) tau
candidate in 2010 [67]. A final analysis of the four years of data in 2018 indicated
ten tau candidates, with a predicted background of two tau events, from a total of
5603 fully reconstructed neutrino events [68]. This completed the three flavour
picture of neutrino oscillations, with all possible active-flavour oscillations directly
confirmed to occur.

In 2011 OPERA published data pertaining to neutrino velocities exceeding the
speed of light [69]. Compared to the earlier MINOS anomalies, the significance was
much higher (6.00). Problems in the experimental setup were discovered in 2012
with the net effect of decreasing apparent neutrino travel time [70]. This fact, along
with measurements by ICARUS refuted the faster than light neutrino hypothesis [50].

1.4.5 Daya Bay, RENO and Double-CHOOZ

Reactor neutrino experiments have been important throughout the years of neutrino
physics. As mentioned in section 1.1, the first neutrinos directly seen came from a
reactor [4]. Reactor experiments look for deficits in 7, appearance from S decay
chains reactions coming from heavy elements including: 23U, 23°Pu, 23U and 2!Pu.
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Many of the modern detectors intended to see oscillations use a two-scale detection
method. The idea is that the near detector will measure unoscillated flux which can
be compared with that of a far detector further away. Here we summarise three
reactor experiments which were crucial to the determination of the full oscillation
parameter set.

The Daya Bay experiment is named after its location at the Daya Bay nuclear power
plant in Daya Bay, China. The complex is situated in southeast China approximately
52 kilometers northeast of Hong Kong and 45 kilometers east of Shenzhen. Daya Bay
uses a total of eight detectors spaced apart in three underground detector halls all
within 2 km of the sources. Two of these sites are ‘near sites’ (between 363 m and
526 m from the clusters) with two detectors each while the remaining four are in the
‘far site’ (1615 m from one reactor cluster and 1985 from the other). These receive
neutrinos from initially two, now three reactor clusters, each with two cores [71].
These detectors contain 20 t each of liquid scintillator surrounded by PMTs.

The RENO (Reactor Experiment for Neutrino Oscillation) reactor experiment is
located in the west coast of South Korea, about 250 km from Seoul. It features two 16
t liquid scintillator detectors, situated ‘near’ and ‘far’ at 290 m and 1.4 km baselines
respectively [72]. Additionally these detectors are 70 m and 260 m underground
respectively. The neutrinos are produced by six reactors at the Hanbit (previously
Yonggwang) Nuclear Power Plant located in-between the detectors.

Double-CHOOZ was developed to be the successor to the CHOOZ experiment
which put limits on sin? 2theta;3. The name comes from adopting a two-detector
approach with one at ~150 m and the other at 1.05 km [73]. The neutrino source
are the two CHOOZ neutrino reactors located northeast of France in the Ardennes
region, close to the Belgian border.

The burn-up of such nuclear fuel is accounted for in the interaction rate but is not
fully understood. Some experiments have reported rate inconsistencies unexplained
by current oscillation parameters. Such anomalies have been variously attributed to
fuel burn-up, as well as potential short range anomalous oscillations. We summarise
these in the context of oscillation anomalies in section 3.1.1. For a more thorough
overview of reactor neutrino detectors, physics and anomalies see the review [74].

In the era of oscillation physics, the short (metre scale) or medium (kilometre
scale) baseline, low energy neutrino experiments possible at reactors were developed
to measure the mixing angle ;5. This mixing angle was often thought to be incredibly
small, if not zero. As we will alter see in section 2.2.2 this would lead to a much
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simplified mixing matrix and hence simpler oscillation probabilities, devoid of genuine
three flavour interactions. This assumption persisted until the early 2010’s when
experiments Daya Bay [54], RENO [55], Double-CHOOZ [56], MINOS [57] and T2K
[44] (alongside MINOS [57] and the newly launched T2K [44]) all published results
determining that #,3 is non-zero and indeed is surprisingly large. This development
has motivated much of the recent physics development in T2K and NOvA.

1.5 Overview of Experimental Oscillation Measurement

We present an overview of the basic mathematics and logic of applying an oscillation
probability to an experimental phenomenon to highlight some key points. Now,
any given neutrino experiment has a method of detection, the two main cases
are: real-time detection utilising PMTs and/or scintillation of some sort, such as
the current generation experiments NOvA and T2K, and delayed chemical-based
methods based on the statistical analysis of isotopes extracted which are produced
in neutrino interactions e.g. Homestake, SAGE and GALLEX. Depending on the
energy of the neutrinos, some transitions will be unmeasurable due to the high
threshold energy required to produce the observable leptons associated. An example
of this is in the case of reactor antineutrinos, these only have sufficient energy to
produce positrons, so oscillations to antimuon and antitau flavour will only be seen
in a lowered rate of positron appearance. So depending on the neutrino source
it may not be viable to have a detector that is sensitive to muons and taus, in a
case like this disappearance will be the channel of choice. Regardless of method,
these experiments will produce some number of events which we can relate to an
‘oscillation’/‘appearance’, ‘disappearance’ or ‘survival’ probability

P Nevents . (135)

We somewhat confusingly use ‘appearance’ and ‘oscillation’ interchangeably despite
ascribing all of these behaviours to oscillation phenomena. This is due to different
flavour appearance being the smoking gun signal for oscillation. Other phenomena
that only involve one flavour can feasibly correspond to other physics. In these cases
L/FE dependence will indicate a preference for oscillation solutions.

We consider an appearance probability when we expect an amount of neutrinos
of a certain flavour to be small above the background e.g. v.’s at NOvA. In this case
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the NUMI beam produces a strong beam of v,’s with a very small contamination of v..
We account for this in our background statistical analysis and then perform a search
for v, events above background. We attribute this to an oscillatory effect so we write
the general expression

P... = sin®260sin® A (1.36)

with oscillation factor A = Am?L /4F encompassing the L/F dependence and related
to the mass squared splitting Am? (see section 1.9 for related terminology). We
derive this equation in section 2.3.

A survival probability is usually thought of when we measure a deficit in our
detection channel. For example, Homestake expected a certain rate of neutrinos
emitted from the sun based on solar models. The experiment then detected far too
few 37Ar isotopes once the gas was flushed out and radioactively counted. After
exhausting all possible mistakes with the flux calculation the eventual explanation
for this was that due to relatively large mixing between flavours and the MSW effect
inside the sun, transitions occur and as such less v, than expected are detected. In a
similar sense, NOvA can search for v, CC events in the far detector because it can tell
e and p tracks apart, therefore it can perform a v, disappearance scan as well as the
aforementioned appearance check. The general survival probability expression can
be written

P =1 —sin?26 sin? A’ (1.37)

and related to the number of events we see. The corresponding disappearance
probability can be calculated

Pdisapp =1- Psurvival (138)

= sin? 20’ sin® A’ .

In a two flavour neutrino case where a given type can only disappear by becoming the
other, an experiment that can measure both appearance and disappearance channels
would show that § = ¢ and A = A’. These can be equated because (as we will
see in section 2.3) we are fitting data so can choose the quadrant of the angle 6
and sign of A because these are merely effective parameters. So we don’t need to
write 0 = ¢’ + nm and A = +A'. So because we can equate these, we can essentially
measure the same thing two ways. This also makes sense due to the trivial unitarity
of this two flavour only case (also assuming this isn’t broken by some other new
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physics). So we have

Pl =1- P2 (1.39)
hence
PZ) = p (1.40)

which makes intuitive sense, because the chance of a neutrino to disappear from
one channel must be the chance it has to appear in the other channel. But is is very
important to note that this it not true in general, only in the simple two flavour
case. For example, with NOvA, assuming we only have three neutrino flavours, the

expressions for v, appearance (oscillation), v, survival and hence v, disappearance

are defined
Pose = Pe (1.41)
Psurv = P,u,u, (142)
Pdisapp =1- P,uu (143)

which can be parametrised in turn as

P, = sin? 20, sin? AW (1.44)
P,=1- sin? 20, sin? AV (1.45)
1-P,, = sin? 20, sin? AV (1.46)

Now if we think about the physics going on to produce such probabilities, the v,
appearance is entirely based on the chance for a muon neutrino to oscillate to an
electron neutrino, while the v, disappearance is dependent on the chance for a muon
neutrino to oscillate to an electron or tau flavour hence these will only coincide for
vanishing tau mixing. We therefore expect that for three flavours:

1—P, =P, + P, (1.47)
due to unitarity. Early global fits to neutrino data had 6,3 consistent with zero,
and that simple two flavour approaches were valid in atmospheric oscillations (see
the 6,3 dependence of matrix elements in section 2.2.2 to get an idea). In the
late 2000’s it was hinted that #;3 # 0 meaning that none of the standard mixing
angles are vanishingly small [75, 76]. This was confirmed definitively in the early
2010’s by combined fits of accelerator and reactor data [77, 78], implying that three



1.6 Summary of Neutrino Experiments and History 31

flavour effects should be accounted for in approximations. Although this is good
to keep in mind, a simplified probability can usually be calculated due to certain
oscillation parameters dominating at a given baseline. Regardless it’s important to
fully understand what exact process is being examined.

In the previous examples it can be seen that for this simple parametrisation of
appearance and disappearance the generic mixing terms have sign ambiguity built in
and the probabilities are degenerate under sign flips of the A terms i.e.

Pue(+Ae)

+ Pue(=Ae) (1.48)
Puu(+Auu>

Pu(—=A,,) . (1.49)

This allows the definition of two orderings for each measurement of P and value of ¢
which is the source of the ‘Mass-Hierarchy Degeneracy’ which we will discuss further
in section 4.3. It can also be seen that degeneracies associated with 6 are possible as
it is also symmetric about +6 and 6 = 45° etc. these concepts are covered in more
detail later on in 4.3.

1.6 Summary of Neutrino Experiments and History

Here we will present summaries of detector types, outlining several useful features
for each. Clearly separating the types of experiments can be somewhat confusing,
especially since some detectors operate in multiple modes. A timeline of neutrino
physics is included in Table 1.1 of section 1.6.5 to show how the physics progressed
over the years.

1.6.1 Solar

* The Sun is a source of neutrinos dominated by the pp chain with a small
contribution from the CNO cycle and other such solar processes [79].

* Several characteristic neutrino energies are available via different steps in the
chain.

* Energy peaks from all possible nuclear reactions are well below production
threshold for muon or tau leptons.
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Low wrong-sign contamination due to nature of production and some detectors
(like Homestake) are not sensitive to antineutrinos.

Transformations occur via LMA-MSW, including adiabatic conversion, averaged
oscillations in the Sun and the Earth-matter regeneration effect.

1.6.2 Atmospheric

Neutrinos from the upper atmosphere are created by cosmic ray impacts and
subsequent particle decays.

Neutrinos are primarily muon flavour from pion and kaon decay.

Flavour ratio (v, +7,)/(v. + 7.) is at roughly 2 for neutrino energies below 1
GeV and increases from there [80].

Oscillations to tau flavour will be below threshold for production, hence invisi-
ble.

Lack of observation of additional electron flavour flux implied that tau or sterile
flavour oscillations dominate.

Later constrained to show tau channel is primary for atmospheric oscillations.

Most detectors are non-magnetised so have poor to no lepton sign determination
power. This is because particle charge cannot be distinguished based on path
deflection in a magnetic field.

A magnetised detector such as the proposed ICAL (Iron CALorimeter) at the INO
(India-based Neutrino Observatory) [81] could have strong sign determination.

Oscillations have zenith angle dependency due to differing matter effects and
baseline. Sometimes divided into up going/down going.

Potential anomalies exist in short range experimental data (see SBL section
3.1.1).

1.6.3 Reactor

Sources of neutrinos of <10 MeV energy on Earth must be produced from /3
decays.
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Nuclear reactors are a source of 2-8 MeV antineutrinos from 5% decay chains of
elements such as: 2*°U, 23°Puy, 2?®U and ?*'Pu.

These neutrinos are created as purely e-flavour.

v.’s produced at a reactor may be detected by observing e* appearance via CC
interactions in a detector.

The e-flavour appearance channel is the only one because the neutrino energies
are below u (let alone 7) production threshold.

Oscillation is therefore detected in the v, disappearance channel.

Examples include Daya Bay, Double-CHOOZ and RENO as well as the upcoming
JUNO.

1.6.4 Accelerator

Beams sourced by accelerators can produce neutrinos of varying initial flavour.

Accelerator sourced beams have widely varying energies amd are often purpose
built/tuned for a specific detector.

Low energy neutrinos (53 MeV) can be created by pion and muon decay at rest
(DAR) decay chain (e.g. LSND) 7 — ptv, and p= — ety ..

In this low energy case, the opposite sign pion chain can be suppressed by
ensuring that 7~ are captured preferentially in the target.

The contamination of 7,’s in the resulting beam is small, allowing the v, — 7,
channel to be observed.

High energy (100 MeV-hundreds of GeV) sources use a proton beam and target
(commonly beryllium or carbon) to produce highly boosted mesons (such a
J-PARC or NUMI).

These charged pions and kaons which decay in flight (DIF) down the decay
pipe to appropriately charged lepton-neutrino pairs.

Because of this, the choice of neutrino(antineutrino) can be selected by steering
the positive(negatively) charged mesons using magnets. This leads to only a
few percent wrong sign contamination.
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* These accelerator-based beams are primarily utilised for v, — v, and v, — 7,
appearance processes.

* Accelerator experiments can be divided into Short and Long BaseLine (SBL/LBL)
due to differing oscillation paradigms.

e Short BaseLine (SBL):

— Can probe potential sterile oscillations? In this case NC events important.

— It is also important that CC events can be classified, that is, the outgoing
lepton must be identified.

— LSND was a DAR experiment using a v, beam, it detected an excess of 7,

appearances interpreted as oscillation.

— Typical baselines are tens of metres with energies being of order tens of
MeV.

— Reactor experiments and accelerator SBL experiments may have compli-
mentary L/E ranges depending on setup.

* Long BaseLine (LBL):

— Often utilise near and far detectors.

— OPERA is an example of a tau appearance search from a muon neutrino
beam using the CNGS (Cern Neutrinos to Gran Sasso) 730km baseline
beam.

— Popular current detectors include: T2K, NOvA.
— Proposed future detectors include: DUNE, T2HK.

— Typical baselines are between a few hundred kilometres to over a thousand
with energies in the order of magnitude of a few GeV.

- L/F values will usually be of similar scale to atmospheric oscillations but
clearly are more precisely controlled.



1.6 Summary of Neutrino Experiments and History

1.6.5 Timeline of Neutrino Physics

In Table 1.1 we present a rough timeline of neutrino physics from 1930 to 2019. The

timeline is useful for contextualising theories and discoveries because it is easy to

forget that not all particles were discovered at once and detector technology in 1960
was very different to that of 1990.

TABLE 1.1 Timeline of Neutrino Physics

1930 |
1932

1933

1935

1942
1956

1957

1962

1969
1970
1975

1978
1981
1983

" Neutrinos are postulated by Pauli as the ‘neutron’ as a way to conserve

E, p and spin in $ decay [82].

Neutron discovered by James Chadwick. Fermi introduces ‘neutrino’
after hearing it (jokingly) from Eduardo Amaldi.

Neutrino name in common use, including by Pauli. Fermi’s theory of /3
decay implies the interaction: n® — p™ + e~ + ° where the 7° is not
known to be v, at this time.

Yukawa postulates that all fundamental interactions revolve around
boson exchange and that the boson corresponding to Fermi’s neutrino
interaction should be extremely heavy.

Wang Ganchang proposes 3 capture to detect neutrinos.

Clyde Cowan, Frederick Reines, F. B. Harrison, H. W. Kruse and A. D.
McGuire published confirmation that they had seen v, + p* — n +¢e*
[4].

Pontecorvo publishes early work on v <> 7 oscillations in analogy to
neutral kaon oscillation. Over the next 10 years he develops the modern
oscillation formulation.

Leon M. Lederman, Melvin Schwartz and Jack Steinberger show that
more than one type of neutrino exists by detecting the hypothesised
‘neutretto’ i.e. v,,.

Homestake experiment begins.

First evidence of ‘solar neutrino problem’.

7 lepton observed at SPEAR (originally named Stanford Positron
Electron Asymmetric Rings).

Lincoln Wolfenstein publishes early works on neutrino mass effect.

v, directly established with some significance from 7 — v decays.
Original Kamiokande-I run begins.

35
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1985 | Stanislav Mikheyev and Alexei Smirnov refine Wolfenstein’s work to
create MSW effect.

1988 | Leon M. Lederman, Melvin Schwartz, Jack Steinberger win the Nobel
Prize in Physics for their work on neutrino beams, lepton doublet
structure and hence discovery of v, [83].

1995 | Nobel Prize in Physics awarded to Martin L. Perl for discovery of the =
and Frederick Reines for detection of v’s [3].

1996 | LSND publishes first controversial evidence for ~ eV scale oscillations.

1998 | SNO NC data shows evidence that no solar neutrino deficit exists when
all flavours are accounted for, solving the solar neutrino problem.

1998 { KamLAND identified 7, oscillations and MINOS confirmed v,
oscillations from reactor and accelerator sources respectively.

2000 DONUT (Direct Observation of the Nu(v) Tau) directly observes v, via
CC interaction.

2002 | Nobel Prize in physics for Raymond Davis Jr. and Matoshi Koshiba for
detection of astrophysical neutrinos [15].

2005 | Super-K publishes evidence confirming the LMA-MSW model for the
solar neutrino transformations [32].

2005 Z width analyses started in 1990 (with 2 < N, < 4) culminate to show
N, = 2.984 £+ 0.008, leaving no room for more than three light active
neutrinos.

2008 | OPERA begins operation to directly observe v, in a v, beam.

2010 | T2K Begins taking physics data. Aims to observe v, in a v, beam [40].
2012 Experiments Daya Bay [54], RENO [55], Double-CHOOZ [56], MINOS
[57] and T2K [44] combine to determine that 6,5 is non-zero.

2014 | Full operation of NOvA begins in October.

2015 | Nobel Prize in physics goes to Takaaki Kajita for the detection of
atmospheric neutrino oscillations at Super-K and Arthur B. McDonald
for the solution of the solar neutrino problem at SNO [39].

2018 | MiniBooNE collaboration publishes controversial new results indicating
preference for an additional large mass splitting at high significance
[161].

2019 | KATRIN collaboration publishes new improved upper bound on the

absolute mass scale for active neutrinos [206].
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1.7 Neutrino Mixing Terminology

In the field of neutrino mixing there is a lot of terminology involved and it often can
become confusing to separate what terms actually mean. For example, technically
neutrino mixing refers specifically to neutrino flavour and mass eigenstates not coinci-
ding i.e. the mass matrix for such particles is non-diagonal. Neutrino oscillations are
specific phenomena exhibiting L./ E dependence that are a consequence of this mixing
as well as the existence of non-zero mass splittings. Often oscillation phenomena will
be referred to as mixing, this is relatively harmless due to being somewhat correct,
as oscillation is a consequence of physical mixing properties. However sometimes
mixing related but non-oscillatory phenomena will be referred to as oscillation. This
is incorrect and can lead to confusion due to the specific behaviour that the label
‘oscillation’ implies. For example the conversions seen in the sun (see Section 2.7).
The problem with this conflation is it can lead to confusion on what formalism can
be used to explain a given phenomenon and could lead to incorrect equations being
applied to try and explain phenomena.

Similarly, when discussion neutrino masses, the terms hierarchy and ordering are
used to describe the arrangement of the masses of the eigenstates. Often the term
hierarchy is used to describe whether the arrangement is so-called normal (ascending
in numerical order) or inverted (where one or more masses are lower than those of
lower numbered states) but ordering is the better term to use in this case because
it explicitly refers to the ordering of numerical states. Hierarchy is better used to
describe the overall mass scale of these states, how they are grouped and if any or all
states are quasi-degenerate (approximately equal mass). The conflation of hierarchy
and ordering is less problematic and more of a technicality because context is usually
very clear and it will rarely introduce any errors (for more details see section 1.9). We
will deliberately use these interchangeably later on in section due to some confusing
acronyms used in analysis papers. We explain this more thoroughly in section 4.3.

Sometimes models add a ‘heavy sterile neutrino’ when they should really refer
to such a particle as an additional ‘predominantly sterile, heavy neutrino mass
eigenstate’, though this is clearly a mouthful! As with active flavours, a general
sterile neutrino with non-zero mixing to all mass eigenstates does not have one
mass. Conversely the introduced heavy mass eigenstate will have (usually very small)
mixing to the active flavours, thus can’t be called truly sterile. As such we should
probably keep ‘heavy neutrino’ and ‘sterile neutrino’ separate. Similarly we’ll often
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say ‘light sterile neutrino’ when referring to eV scale eigenstates for SBL oscillation.
Usually in this case there is less confusion what we mean but the same logic still
applies in terms of what the proper terminology should be (‘€V-scale predominantly
sterile neutrino mass eigenstate’ doesn’t exactly sound great though). Due to the
convenience and brevity of these terms we will inevitably use them out of necessity,
hopefully whilst being fully aware of the context and potential ambiguities involved.

So in a similar manner, it’s also worth noting that sterile neutrinos and right-
handed neutrinos are often conflated. Again, these shouldn’t be confused because
a sterile flavour doesn’t usually correspond explicitly to v.p, v, or v,z. Usually
we deal with the sterile neutrino in an agnostic sense. For example we can add an
additional mass eigenstate to account for short range oscillation anomalies. Other
examples might include adding a mostly sterile neutrino as the solution for a specific
mass dark matter candidate etc. To ensure that such a particle doesn’t interfere with
active neutrino physics we require that this eigenstate has small mixing to the active
flavours and must therefore be mostly mixed with something that never interacts in
any SM process, hence ‘sterile’. But other than predominantly sterile mixing and some
mass we don’t require specific properties of such a particles. Right handed neutrinos
are covered briefly in section 1.10 as well as in pedagogical detail in the review [84].
More information on sterile neutrinos (at least the part we are concerned with) is
presented in chapter 3 as well as in thorough detail in [85-87].

1.8 Mass and Flavour Eigenstates

Once we are sure that neutrino mixing exists we introduce terminology to deal with
specifying all of our individual states. Because we only ‘see’ which flavour a neutrino
is when it interacts with a weak charged-current (CC) we decide to refer to neutrino
flavours in physics by their weak flavour, so we use “weak eigenstates” and “flavour
eigenstates” interchangeably. For the active neutrinos these names come from the
corresponding charged lepton present in the CC interaction: e, i or 7. Note that this
is in contrast to down type quarks which are referred to in mass-eigenstate form as d,
s, b. When dealing with the interactions of the 1 boson, weak (“Cabbibo-rotated”)
eigenstates for the quarks have to be used and are often depicted as primed i.e. d/, ¢/,



1.8 Mass and Flavour Eigenstates 39

b'. This can be seen by comparing the weak doublets of the quarks:

) () 6)

with the weak doublets of the leptons:

() ) )

The conversions between mass and weak eigenstates for the down-type quarks are
defined as

d/ Vud Vus Vub d
Sl =Vea Ves V| |5 (1.52)
v Via Vis Va

using the CKM (Cabibbo—-Kobayashi-Maskawa) mixing matrix V' for quarks and
correspondingly or neutrinos

Ve Ua U Ues)\ (1
V| = Uﬂl U#Q Uﬂg 1%} (153)
Vr UTl UTQ UT3 V3

using the PMNS (Pontecorvo—Maki-Nakagawa—-Sakata) mixing matrix U. In summary,
it can be seen that what we refer to as down type quark flavours are the mass states
on the right hand side of equation (1.52) while the what we call neutrinos are the
flavour states on the left side of equation (1.53). Both of these matrices are often
parametrised in the form

C12€C13 512€13 s1ge” 013
VU = | —s12C03 — C12823513€™  C1aCo3 — $12593513€™1% 523C13 (1.54)

013

_ 5
S12C23 — C12523513€" —C12523 — S12C23513€"°%  Ca3C13

where we have abbreviated sin 0;; = s;; and cos 6;; = ¢;;. Of course, mixing angles 6;;
and CP phase ¢;3 are particular to both V" and U. The details and derivation of which
will be explored later in section 2.1. Another worthwhile comparison is the ‘amount’
of mixing present in these sectors, this can be compared by looking at the size of the



40 Introduction and History of Neutrinos

elements of V' and U and how close to diagonal the matrix is, for example

0.974 0.225 0.004
|Vas| = 0.224 0.974 0.042 |, (1.55)
0.009 0.041 0.999

which clearly has much larger components on the main diagonal than off-diagonal,

while
0.820 0.552 0.150

|Uag| = 1 0.362 0.564 0.713 |, (1.56)
0.414 0.597 0.678

on the other hand, has much larger off diagonal components, indicating more
significant mixing between neutrino states than quarks. The size of such elements
can be evaluated directly from experimental measurements or from fits of mixing
parameters. Note that we have rounded the answers to three significant figures and
excluded errors for illustrative purposes. The full results on which we have based
these examples on can be found in: the PDG [88] for V/, and the global fits [89] for
U (where we averaged the extremes of the 30 range of both datasets to find a rough
centrepoint for comparison to V).

From the above quark mixing it can be seen that weak and mass eigenstates
can be somewhat closely associated, so using a similar name for weak and mass
eigenstates makes sense. Another comparison and example of common confusion
is that statements about quarks such as “the down quark is the lightest down-type
quark in the standard model” can be made with little ambiguity, however similar
statements about flavour neutrinos are impossible as no flavour mixes entirely with
only one mass state. The mixing in the neutrino case is much greater and in some
cases it is not clear which flavour mixes predominantly with each mass eigenstate,
not to mention the mass ordering is uncertain. An example of this is the proportion
of v, and v, in v; and its mass, as seen later on in figure 1.11. Therefore we can
say that a statement such as “the electron neutrino is the lightest neutrino” is vague
and incorrect, though “in the normal hierarchy the lightest neutrino eigenstate mixes
predominantly with the electron flavour state” is reasonable, albeit long winded
and perhaps not useful. Overall the distinction is that when we are referring to any
propagating physical particle we are talking about its mass eigenstate(s), so when
quoting neutrino particle properties such as mass and charge, we should always be
referring to vy, s, - - - etc. the reason these statistics are less useful than they are in
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the cases of other particles is because of the aforementioned high level of mixing and
the purely weak nature of neutrino interactions.

To summarise the notation for neutrino flavour eigenstates is quite simple, the
neutrino flavour associated with a W * CC interaction must correspond to the charged
lepton in the same vertex. So for three flavours we have v,, v, and v, defined by such
CC interactions. If sterile neutrinos exist, then their characteristic is that they do not
interact weakly (and as such do not have corresponding charged leptons), because
of this they cannot be labelled using corresponding lepton flavours and are usually
referred to as the singlet state(s): v, or vy, vs,, -+ , Vs, , in the case of n sterile states.

We now want a robust definition of the mass eigenstate notation to ensure there is
no confusion when changing between different orderings or sterile models as up until
now we have only considered the trivial normal hierarchy three flavour case. To start
with, the neutrino mass eigenstates v; and v, represent respectively the lighter and
heavier states in the smaller mass splitting (Am3,). The third mass eigenstate v is
defined as either the heaviest or lightest of the first three mass eigenstates, depending
respectively on whether the ordering is normal or inverted. Further mass eigenstates
are defined in reference to these (being numbered vy, vs5, - - ,vy Where N =3 +n
is the total number of neutrino masses), usually being placed heavier than all three
though occasionally sitting below v3 (1) in an otherwise standard normal (inverted)
hierarchy. In section 3.3 we will introduce a common extension of recent interest,
where v, exists and is the heaviest mass eigenstate with large mixing to a sterile state
v, and only small mixings to the active neutrino flavours v., v, and v;,. In section
3.4.2 we show as an aside, several different examples of more outlandish hierarchies
and orderings to demonstrate how they would affect measurements of mass splittings
compared to our standard choice.

1.9 Neutrino Mass Splittings, Ordering and Hierarchy

The mass eigenstates of neutrinos are usually not referred to individually in oscillati-
ons. This is due to oscillations being agnostic to the individual neutrino masses and
in fact only dependent on the squared-mass splittings defined as

Am?j =m? — mj2 : (1.57)
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Which is clearly antisymmetric under the exchange i < j
Am? = —Am?, (1.58)

so if we included all permutations in our analysis we’d merely be over-specifying
our parameters. We also clearly enforce i # j because trivially Am? = 0, Vi. In the
standard 3v case we use the conventional Am3,, Am32, and Am3, not Am2,, Am?,
and Am3, or any other such combination of these six possible pairs of states. Note
that these explicit splittings are not defined with any intention of the order or scale
of the masses and are not positive definite in general. Unlike the effective splittings
or oscillation factors in measured probabilities. Also note that not all of the possible
splittings can be expressed independently as the relationship

AmZ; = Amj, — Amj, (1.59)

so we usually choose a few independent splittings to fully specify the oscillation
case, then only refer to the non-independent ones when necessary. For example,
for three flavours we choose Am3, and Am2, to be independent and hence Am3, =
Am3, — Am3,. This implies that the inputs to our equations and simulations will be
the former two while the latter is dependent. Note that is it still relatively common
that Am3, and Am?, are used as the independent splittings due to the similar size of
Am?, and Amj3,, though it is simple to translate between the two. We could also use
Am?Z, and Am?2, together as our independent pair, but this is a lot less useful because
it doesn’t give us a straightforward comparison between the ‘solar’ (small splitting)
and ‘atmospheric’ (large splitting) scales of oscillation.

Once we start grouping the masses into mass splittings, we must develop ter-
minology to discuss different scales and orderings of them more compactly. Recall
that we explicitly define the ordering m; < my as we have the freedom of labelling
these in 2v. From 3v onwards we need to be much more careful how we label our
states, starting with the 2v convention of a pair of closely spaced states labelled 1/
and v, with masses in ascending order m; < my. This disallows orderings such as
my < mg < my because either these wouldn’t be labelled this way in the first place, or
if we did label them this way but have defined |Am3,| > |Am2,| then m3 ¢ (my, my)
i.e. m3 can’t fit in that range if we have the splittings sized this way. The ‘ordering’
refers to the numerical order of the states relative to their increasing mass order.
Here normal ordering (NO) implies that the numerical ordering corresponds to the
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mass ordering so in 3v we have m; < my < mg. Similarly, inverted ordering (IO)
implies at least one anomaly in this counting so that at least one state is lighter than
another state with a lower numerical label e.g. in 3v the standard IO considered
is mg < m; < my. So it can be seen that we’ll only ever have one NO for a given
number of states but many potential IO cases. Whether these are reasonable to model
with depends on the oscillation physics present and the scale of the splittings.

The term ‘hierarchy’ refers to the overall mass scale of these splittings i.e. how
apart they are, whether there are any close pairs, quasidegenerate (roughly equal)
pairs or even if the lightest neutrino mass is zero or not. This becomes more important
as we extend beyond three flavours because the number of combinations grows
dramatically (see 3.4.2). As mentioned when we covered terminology in section
1.7 we often refer to the NO and IO cases for a given hierarchy as normal hierarchy
(NH) and inverted hierarchy (IH) respectively. This is somewhat erroneous as the
mass scales between splitting should be the same, just the ordering of some states
flipped. Remember that for the standard 3v oscillation case we chose one small
independent mass splitting corresponding to the original 2 parameter Am3, and
one larger independent mass splitting Am?2, to match the measured solar deficit
and atmospheric oscillations respectively. Now that we have knowledge of mass
and flavour eigenstates, mixing, hierarchy and ordering, we can draw a schematic
encompassing much of this information. The schematic of this hierarchy with NO
and IO is illustrated qualitatively in Fig. 1.11. Here the vertical height of the
bars represents absolute scale of the mass eigenstates, the spacing between states
represents the splittings and the amount of colour in each bar represents the favour
admixture. the IO case is similar but with the large mass splitting flipped and it
should be noted that the absolute masses of v; (NO) and v3 (I0) are not equal in
general so the plots do not necessarily ‘zero’ at the same height. We are unconcerned
with this anyway as oscillations do not care for the absolute masses as long as the
neutrinos can propagate coherently and ultrarelativistically.

It should be noted that the change in ordering for set mixings can feasibly produce
a change in hierarchy, for example in the 3v case where, for NO we have a light pair
v1, v, and one heavier state v3 while for IO we have one light state 13 and a heavy
pair vy, 1. If the absolute mass of the lightest state in NO and IO are assumed to be
the same then the overall mass scale (or hierarchy) is skewed higher in IO, hence the
sum of masses would be larger. This can potentially affect constraints from cosmology
for example. This specific case seems to return us to the problem that ordering and
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FIG. 1.11 Schematic of mass splittings and flavour content of mass eigenstates in
the standard 3v case with both orderings that fit current physics.

hierarchy terminology seem to coincide. Don’t worry, we can show that this is not
true. Imagine we have a different specific 3v case where the lightest IO state v1° is
a lot lighter than the corresponding vN° in NO (as long as vN© isn’t massless), such
that the sum of masses is the same. Now no hierarchy change occurs if we perform
an ordering change. Overall, neither of these cases is true in general and there is
usually little ambiguity of what is being referred by NO/IO or NH/IH, so in practice
these statements are still mostly interchangeable (at least when discussing simple

cases).

It should now be clear that there are a potentially infinite number of different
3v hierarchies which we do not consider due to them not lining up with the physics
we observe. Some examples are: the quasidegenerate case where m; ~ my ~ m3
which results in no oscillations, the case where the masses of states are evenly
spaced out such that Am3; ~ Am3, which would have two almost identical small
splittings and one large Am?2, in contrast to the standard case, or even the case where
Am3, ~ AmZ,, Am2, ~ 0 such that there would only be one macroscopic oscillation
length observable over distance despite having three masses. The quasidegenerate
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case also gives us a clear example of terminology being important because in this
case the masses are non-hierarchical but can still be ordered in many ways.

1.10 The Standard Model and Neutrino Mass

The standard model (SM) Lagrangian is a single expression that encompasses the
majority of physics development in particle physics over the last hundred years.
However it still has several known issues i.e. lack of a feasible dark matter candidate
to resolve the long standing galaxy rotation curve problem and no mechanism for
neutrino mass, and hence nothing to drive oscillations. Technically we have been
discussing beyond the standard model (BSM) physics this whole time! We follow the
introductory materials from [84] to explain the nomenclature of RH neutrinos and
their place in the extended SM.

Lets revise the aspects of Dirac and Majorana fermions and associated mass terms.
Firstly we define the four-component spinors ®; = (¢r,0)” and 5 = (¢, 0)". We
consider sets of LH and RH spinors ®;; and ®y; where the individual fields are
‘flavours’. Indices i and j run from 1 to n and m respectively. So n and m are the
number of LH and RH flavours respectively. The most general free Lagrangian for
fermions is

- B B o B
L= % (VLd0, + WpdWr) — Wrmp¥p — 5 (Tomar®§, + UMy Ug) + hee. (1.60)

[84] where flavour indices have been suppressed. It can be seen that the mp, my,
and M), terms can be combined into a matrix, which will be the mass matrix 9. The
isolated mass term will be

1, — e
5 (W, 05)om (\PL> + h.c. (1.61)
R
Where 9t will be
my M™Mp
m = ) (1.62)
(m% ML)

The size of M will be (n + m) x (n + m) and the eigenvalues of MM’ will be the
squared physical masses. The mp term represents the Dirac masses created by the
Higgs mechanism, while m,,; and M), are ‘Majorana mass terms’. The Dirac nature
can also be seen in the fact that if m,; = 0 and M,; = 0 then the LH and RH fields
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in the Lagrangian (1.60) can be combined into Dirac spinors ¥ = ¥ + Uy to give
L =V(id —mp)V.

In the case where m,; # 0 and M), # 0 we can instead form Majorana spinors.
The simplest case is where mp = 0 i.e. particles are ‘entirely Majorana’ and the mass
submatrices m,, and M), are diagonal. In this case we will define the Majorana
spinors x; = Wp; + V], and T; = Up; + V% ;. Similar to before the Lagrangian can
be rewritten to resemble the Dirac equation 1 (x (i@ —ma)x + Y (i@ — M) T) but with
Majorana conditions x; = x§ and T; = Y¢. This has the clear implication of making
these neutral fermions their own antiparticles thus allowing them to annihilate with
themselves. It is important to note that outside of the special cases above there is
little correlation between non-zero Majorana or Dirac mass terms and the appearance
of particles with Majorana or Dirac properties this is further outlined in Appendix
B of [84]. Note that charged leptons cannot be Majorana due to electric charge but
neutrinos are neutral so have no such restriction.

Now that we have discussed a general SM fermion, let’s focus on the neutrinos
and charged leptons. Neutrinos are the only particles in the SM that have not
been observed with RH chirality. Some theories why are that RH equivalents of LH
neutrinos (or LH of RH antineutrinos) simply do not exist or that they interact so
weakly with other matter that such observation is impossible. In the standard model
neutrinos exist as massless fermions, as feature we now assume to be incorrect, given
the oscillation solution of several neutrino problems implies that at least two neutrino
mass eigenstates (maybe three) have non-zero mass, while still allowing the lightest
of them to be massless. Some possible mass models are discussed in section 3.6.

The left-handed leptons in the SM are arranged into three SU(2), doublets

SRR
€ L H L T L

these are the pairs that participate in the W boson vertex. The corresponding right-
handed particles (including right handed neutrinos, if they exist) are grouped into
singlets which do not feel the weak force due to its handedness. We now will
explicitly add n RH fermions to the SM that are singlet under all gauge interactions
and couple to the LH neutrinos via Yukawa interactions in the same way RH charged
leptons couple to their LH counterparts. These will of course be referred to as the
RH neutrinos with the notation vy, or (vz), depending on what is more convenient.
The labelling index will be a flavour index. This gives the RH lepton content as the
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singlets (under the SM gauge group)

(v)r  (Wr ()R

©Or Wr (Dr (1.64)

Where we have used the same flavour indices as the LH case, which may be a bit
misleading due to the lack of coupling between the RH charged leptons and neutrinos.
This construction leaves the right-handed neutrinos with no SM interaction vertices
and as such fits with our observation of only left-handed neutrinos and right-handed
antineutrinos. Keep in mind that RH particles can still have interactions in general,
for example right-handed quarks in QCD interact no-differently to left-handed quarks.
This is of course because QCD is insensitive to chirality while the weak force is and
directly violates parity symmetry. Once such particles are introduced we can write a
minimal extension to the SM Lagrangian, the vYMSM (Neutrino Minimal Standard
Model), where the only additional fields are the vz ones [84]

. o1,
Lovisy = Loy + ivpdvg — [, Fup® — vpF, o — 5 (veMrvn +7RM}v5) . (1.65)

Where we have again suppressed flavour and isospin indices and Lg), is the standard
model Lagrangian. F' is a matrix of Yukawa couplings and M,; are Majorana masses
of the RH neutrinos as seen before in the generic fermion Lagrangian (1.60). I, =
(vg,1,)T are the SM LH lepton doublets, and we have defined ® = (¢®)f, where ¢ is
the SU(2) antisymmetric tensor and @ is the Higgs doublet. v = Cvi’, where the
charge conjugation matrix is C' = iy, (in the Weyl representation).

We go no further with neutrino masses in this section but it is of supreme interest
to find out if the Yukawa couplings in /', Majorana masses M), or even something
stranger are responsible for the physical neutrino masses. More possible ideas are
covered in section 3.6.

1.11 CP Violation in the SM

What follows is a short proof of how complex phases from the PMNS (or CKM) matrix
(see section 2.1) can lead to CP (Charge-Parity) violation in the SM, hence are known
commonly as ‘CP violating phases’.

Define a process, e.g. neutrino oscillation between two flavours v, — v, and a
corresponding antiparticle process 7, — s with amplitudes M and M respectively.
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If a phase term is introduced (from the PMNS matrix for example,) it can be pulled
out of its corresponding amplitude to give

M = Ae? (1.66)

for some A. Now if M corresponds to antiparticles then it involves the conjugate
phase term, so we have
M= Ae™™ (1.67)

again, with some A. But without CP violation i.e. if § = 0°,180°, the particle and
antiparticle processes must have the same probability. Hence in the CP conserving
case Meons = A, Meons = A and Mons = Mons Which implies that A = A. We can
further split these A terms into phases and amplitudes, writing A = |Ale?’. Hence
after all this we can rewrite both of the amplitudes

M = |Ale?e? (1.68)
M = |Alee™. (1.69)

It should be noted that the § phase changes sign between the process and antiprocess
while the # doesn’t. So ¢ parametrises the CP behaviour of the process while 6 just
represents the phase angle of the complex number A. Even more importantly, any
measurement of a process of this form will depend on the absolute magnitude squared
of these amplitudes, this means that the phase will disappear regardless of §. Hence
CP violation cannot be seen in a process with such a simple form.

Now we can consider the same oscillation process as before but allow for the
possibility that there are multiple paths e.g. v, — vg and v, 2 v by which the
process can occur. In our oscillation example these paths correspond to two possible
intermediate mass eigenstates 14, and v»,. We can write out the total amplitude as a
superposition of the amplitudes corresponding to each of the two paths:

M = |A|ee 4| Ay|e™2e2 | (1.70)
M = |A|ere ™ 4 |Ay|e™2e 702 (1.71)
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with the subscripts corresponding to each path. Multiplying M and A with e~ and
e’ respectively gives

Me ™™ = |A;|e + | Ag|e?2ei®2=00) (1.72)
Mt = | Ay e 4 | Ag|e2e™02701) (1.73)

Note that in general we can absorb one phase into a redefinition of the quantum state
(further explained in 2.1). Because of this phase ambiguity we can ignore the phases
on the LHS because | M| = |M¢e*|, V¢. We then redefine d, — d; = d to simplify these
amplitudes to

M = |Ay|e”t + |Agle®e” (1.74)
M = |Aj]e™ + | Agle®2e™™ . (1.75)

We can calculate the probabilities where P = |M|? and P = |M|?. Firstly for the
neutrino process

P=|MJ? (1.76)
= MM*
_ <|A1’6i91 + |A2|€i92€i6> (’A1|67’L’01 4 ’Aﬂeﬂ'erzeﬂ'a)
= A+ [Af* + Ay Ao (1O e 0el)

and similarly for the antineutrino case,

b =1MP 1.77)
= MM*
— <|A1]ei91 X |A2|€i9267i5) (|A1‘67i01 1 |A2\e’i926i5)
= [As? + [Aaf? + | Ay || Ag| (=) e? 4 71O =02)emi0)

From here we can compare the probabilities of process M to M by taking the
difference between them P — P.

P_p— |A1||A2| (ei(el—ez)e—ié + e i(01=02) id _ i(01—02) ji6 _ 6—i(91—62)6—i6) . (1.78)



50 Introduction and History of Neutrinos

We can group the terms in this equation by e=* and —e™ to get
P _ p — |A1HA2‘ ([ei(el—ez) _ e—i(91—92):| e—i5 _ |:ei(91—92) _ e—i(91—92):| 6i(5> . (1.79)

Now note that from Euler’s formula sin ¢ = (¢* — ¢7?)/2i = ¢ — ¢ = 2isin ¢.
Hence 1702) — ¢=i(61=02) — 2jgin(f; — #,). Which allows us to rearrange the square
bracketed exponential terms in the equation (1.79) to give

P — P = |Ay||As] (2isin(6) — ba)e ™ — 2isin(6) — 02)e”) (1.80)
= | Ay || Az|2isin(6) — 62) (7 — )
= ‘A1HA2‘2Z sin(91 — 62) (—22 SiH(S) y

so we finally have
P — P = 4|A1HA2‘ sin(@l — 02) sind . (1.81)

Thus it is demonstrated by this example that in the case of a process with multi-
ple paths, such CP-breaking phases can cause an asymmetry between particle and
antiparticle effects hence indirect CP-breaking.

To see a real example of a CP sensitive observable we can look at a term known
as the Jarlskog Invariant’ after Cecilia Jarlskog [90]. This term can be defined for
both quarks and leptons. It is a parametrisation-invariant measure of the ‘amount’ of
CP-violation measured in the mixing of such particles. We can define

JER = S |UailpUzUS| - (1.82)
JEES = S VasVa Vi Vi (1.83)

It’s clear from this that J = 0 would indicate CP conservation, while .J # 0 indicates
CP violation. In both sectors these invariants are related to their maximum values
and the CP phases present in their respective matrix elements by

J = J™) gin §op . (1.84)

The maximal possible value (i.e. if CP phases are maximally violating), can be
calculated from the relatively well known mixing parameters from recent best fits in
[89] to be

Jispten(max) _ () 333 4 0.0006 . (1.85)
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The best fit for d;5 from the same source gives the leptonic Jarlskog invariant best fit
central value of

JERENs — _.019, (1.86)

which can be compared with the quark equivalent from the 2018 PDG review [91]
JAEs — (318 4 0.15) x 107 (1.87)

So it can be seen that the ‘size’ of CP violation in the lepton sector, if phases are close
to maximal, is roughly three orders of magnitude larger than in the quark sector.

leptons

Even with the current non-maximal best fit for 6,3, Jp " is still around 600 times

quarks

larger than J2p". However the current significance of this is still low, and will be
explored thoroughly in the next few years.






CHAPTER 2

NEUTRINO OSCILLATION BASICS

In this section we aim to introduce the parametrisation of oscillation cases, the two
flavour approximation and derivate the general oscillation probability. Once we have
the framework we also present several examples of specific cases to highlight some
key features and methods used in deriving such expressions.

2.1 Oscillation Parametrisation

In all cases we must at some point define the PMNS matrix, as defined by Ziro Maki,
Masami Nakagawa and Shoichi Sakata to explain Bruno Pontecorvo’s neutrino mixing
theories. This matrix is often referred to as the ‘neutrino mixing matrix’ or more
correctly the ‘leptonic mixing matrix’ and is analogous to the CKM matrix in the quark
sector. We saw a brief preview of this in section 1.8 when we introduced the idea
of separate mass and flavour eigenstates. We will eventually derive the matrix we
stated without proof in equation (1.54).

So from our statements in section 1.8 and the equation (1.53) we know that the
PMNS matrix n x n matrix where n is the number of eigenstates and it relates mass
to flavour. We write the equivalent version of equation (1.53) for n flavours in index
form as

Vo) =Y Unilvi) (2.1
1=0

where the flavour indices are « = ¢, i1, 7, - - - , o, and the mass indices i = 1,2,3,--- , n.
Where I, is just some n'" neutrino flavour. Note that occasionally this is defined
without the complex conjugate. This just puts the conjugate on the inverse terms and
doesn’t really change much except flip any potential CP phases. As long as one is self
consistent this is just a matter of convention. Because the relation in equation (2.1)
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corresponds to a change in basis we can perform n rotations to transform between

our n flavour and mass eigenstates. This implies that we can construct the mixing

matrix out of n individual 2 x 2 rotation matrices each corresponding to one axis

rotation. We embed these rotations in n x n identity matrices to get the correct form

and multiply them in a specific order that we keep track of. These rotation matrices

are defined as

1 0 0 0

0 e C’ij e Sijeiéij .. O
R(0i5,0i5) =

0 e _Sijeiéij o Cij e O

0 0 0 1

with the sine and cosine abbreviations
cij = cos by, s;; = sinb;; .
For the rotation matrices with no CP phase we define the shorthand
R(6;;) = R(6,5,0).

Note that we can alternatively define R(6,;, d;;) elementwise as

where §;; is the Kronecker Delta Function notated as o

R C T
Yoo i i

to explicitly differentiate it from CP phases J;; in the exponential terms.

We will write the generic n x n PMNS matrix as the product of R matrices

U= [1R(0,64),

§>i

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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where the order of these rotations and placement of the ¢ terms varies between
different parametrisations. Without loss of generality we can choose all mixing angles
to be in the first quadrant i.e. between 0° and 90° while the CP phases can be in the
full 0° to 360° range. This is fine because the angles themselves are unphysical and
therefore never measurable directly, only levels of mixing between 0 and 1 need to
be allowed. Such angles can be interpreted as geometric Euler angles relating to the
positions of the flavour states in the mass state basis or vice-versa. The former can be
seen graphically in Fig. 2.1.

FiG. 2.1 Euler angle representation of neutrino mixing angles showing the relati-
onship between flavour and mass eigenstates, in this case arranged to see flavour
states in the mass basis. Taken from Stephen F. King. 2015 [92].

As briefly mentioned in section 1.8, the CKM and PMNS matrices can and often
are parametrised the same way, albeit with differing mixing angles. In fact, the size
of the smallest leptonic mixing angle is roughly of the same order as the largest quark
mixing angle. This would imply that a similar diagram to Fig. 2.1 but for mass and
flavour mixing of quarks (see equations (1.50), (1.52) and (1.55)) would feature
very small deviation between the massive d, s, b states and flavoured d’, s’, V' axes
respectively.

2.1.1 Parametrisation of a Unitary Mixing Matrix

To understand how many free parameters we need to fully parametrise this we start
with a general n x n complex matrix U. Each element of a complex matrix is a
complex number and hence can be parametrised by 2 real numbers, therefore since
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we have n x n = n? matrix elements, we need 2n? real numbers to fully parametrise
U. But we have the unitarity property

UlU=UU"=1 (2.8)

for our n x n unitary matrix U. We can express this in index form as

SN UUL = UgUs, = 65 (2.9)
k=1

k=1

So for the i = j components we have the simplified equation
> UnlUs = Ual* =1, (2.10)
k=1 k=1

which implies n constraints corresponding to the diagonal of UTU. Similarly, for i # j
we have

N UsUS =0, (2.11)
k=1
which will have C} possible equations from this, where C} is the binomial coefficient

n!

= 2.12
Ci kl(n — k)! (2.12)
So the number of equations we have is
0 n!
Cy = n =21 (2.13)
n(n —1)(n —2)!
 2(n-2)!
_n(n—1)
==

This will also be the number of associated complex constraints, twice of which gives
the number of real constraints, which is 2C% = n(n — 1). This is due to the two real
degrees of freedom of a complex number. So equation (2.9) imposes n + n(n — 1)
constraints overall, which evaluates to give a total of n?. This reduces the minimum
necessary number of real parameters to specify U from 2n? to n?. It is important to
note that we will be multiplying this matrix with quantum mechanical states when

relating flavour and mass via |v,) = >, UZ;|v;), we can now take advantage of the
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fact that to further reduce the available degrees of freedom. We know that global
phase shifts in quantum states, such as

) — € |ap) (2.14)

are unphysical, so can be discarded. Each mass and flavour state can be written
multiplied by a phase pulled from the matrix U, this can be done to all » mass and n
flavour states for a total of 2n. The form of this can be expressed via the transform

|Va) Z sy — € vy) =D UL ) . (2.15)
We can rearrange the transformed state to
Vo) =Y Uke e |y;) (2.16)

— Z U*.e (Ppa—0i) V’i>

_ Z quﬁm > 7

where we have defined ¢, — ¢; = A¢,;. In matrix form for n = 3 the relationship

between mass and flavour eigenstates looks like

Ve Usn Usn Uz) (m
vl = Ui U Uil || - (2.17)
Vr Uh Uh Uji) \»s

As before with equation (2.15), we can re-write our generic matrix elements by
pulling out specific phase factors with the exact form we want, this gives

* ,—1A¢e * ,—1A¢e * L, —1A¢es
Ve Ue v Uhe 2 Uxhe 3 vy
_ x o —1Ad,1 x —iA¢p,9 * —iA¢p,3
v | = | Upe wo Unge w2 Usse n Vo (2.18)

* —1Ad, * —1Adr * —1Adr
Vr Ure i8om [re 802 [Jrem80m | | g
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which can be re-written

—1i¢, * * * ip1
Ve e e el e2 e3 € V1
_ —i¢ * * * ip2
v | = e n Un Uiy Ui e v | . (2.19)
—ip * * * i3
Vr € ! 71 T2 T3 e V3

Now taking the flavour phase factors to the other side

ie 191 * * *
Ve ere € el e2 e3 S|
i — i * * *
Vy ePu = e o Ul Ul vy | - (2.20)
ig 1P3 * * *
Vr err € 71 T2 73 V3

Note, however that we can multiply both sides of this equation by e~< and define
new phases ¢/, = ¢, — ¢, to get

ih * * *
ve\ [1 e vy U; Ui\ [
ig) — i * * *
VN e g e’r2 Ml ,u2 M3 V2 . (2.21)
i} i) * * *
Vr err ers T1 T2 73 V3

which reduces the number of phases we can remove to 2n — 1. It is clear if we decide
to divide again by another phase term, say e'*:, that while the v, phase term will
become ¢° = 1, the v, phase term will be ek, hence we will still have 2n — 1 phases
to absorb. So it can be surmised that this can always be done to one phase for all
possible n. We can then absorb these phases

e
1 Ve v.ePe Ve
i _ i
ePu v | = | vue® | — | v (2.22)
e e
e | \ v, v, el vy

for the flavour states and similarly

. V]
e ] Ve 1
i Y
€2 vy | = | et | — | 1y (2.23)
el e
e | \ vy v5ei%s Vs

for the mass eigenstates. So performing this reverse process illustrates how we can
absorb these 2n — 1 degrees of freedom. It is important to note however that we are
not removing all of the complexity from each element. We are simply removing some
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possible phase factors that exist in such a matrix and thus degrees of freedom, each
U, element remains complex in general. Each of these phases can then be absorbed
into a redefinition of its corresponding state, as with equation (2.14). This implies
that we can absorb degrees of freedom from U into state re-definitions without
changing the physics. So in summary, we can only remove 2n — 1 degrees of freedom
with these phase ambiguities because we can always have one overall phase which
cannot be constrained away. The number of necessary real parameters is now reduced
ton?—2n—1)=n?>-2n+1=(n—-1)>~%

We wish to know how many of the remaining free parameters correspond to the
real and imaginary parts of U individually. This will allow us to know how many CP
affecting terms we will have. Because R {U}' = R {U}", the real component of U
will be an n x n orthogonal matrix, which we define as

0=R{U}. (2.24)

The minimal number of parameters in the real part of U is equivalent to the number
of real parameters required to parametrise O which is n(n — 1)/2. To get this number
we wish to narrow down the total n? real elements in O to get its remaining degrees
of freedom the same way we have been proceeding for U so far. We start with the
the property of orthogonal matrices

OTO =00t =1, (2.25)

which can written
OijOji - OjiOij = 51']' 5 (226)

so we have the diagonal constraints from
O =1 (2.27)
and the off-diagonal constraints from
0;;0;; = 0, for i # j. (2.28)

So this gives n constraints along the diagonal leaving n? — n potential off-diagonal
constraints. These are double counted due to ¢ ++ j symmetry as the orthogonal
properties tell us O;;0;; = 0;;0;;. Therefore we have (n* — n)/2 actual constraints
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from the off diagonal parts of the equation. This gives the total number of constraints
asn+(n*—n)/2 = n(n+1)/2. Finally we subtract this number from the total number
of elements to give the degrees of freedom as n* — n(n + 1)/2 = n(n — 1)/2, this
is the number of parameters needed to fully specify O. To check that this number
makes sense we can think of n neutrino masses, between each pair of which we have
a mixing, therefore again we have C¥ separate mixings between two flavours, i.e.
n(n — 1)/2. This makes sense because if all CP phases are zero then the PMNS matrix
is real, hence orthogonal and is parametrised purely with mixing angles e.g. forn = 3
and no CP violation the number of parameters is 3 i.e. the three mixing angles.

We can now return to the complex matrix U. From the analysis of O we can
say that clearly the parameters for the real part of U will be the mixing angles.
We can subtract the number of these from the total number of parameters for U
to find the number needed to parametrise the imaginary part. This is equal to
(n—1)2—=mn(n—-1)/2 = (n—1)(n — 2)/2. By inspection these are what we will
eventually call the Dirac phases.

The other parameters we are interested in for oscillations are the independent
mass splittings, though these obviously do not come in until the probability is evalu-
ated. Clearly because these are the differences between the squared values not the
individual masses, we therefore have one less than we have total mass eigenstates i.e.

n— 1.

We can now summarise the formulae for the number of angles, mass differences

and phases to parametrise a specific oscillation case:

NAm2 =n-—1 (229)
Négizlms = (n - 1)2
n(n —1
Nangles = (2)
Dirac (TL — 1)(” - 2)
Nphases - 2

We can also in general add an additional phase for each mass splitting. We will call
these ‘Majorana phases’ because they come into the physics of neutrinos of Majorana
nature (see section 3.6.2). These phases are added by multiplying U by a matrix of
the form Py, = diag {1, e, 2 ... elon-1}

NMa g (2.30)

phases
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N, = 0D
however, note that only the Dirac phases are important in oscillation. Majorana
phases are important for physics such as neutrinoless double beta decay (see section
3.7), but do not affect oscillations because of the way that matrix elements enter
oscillation probabilities.

2.1.2 Parameter conventions

To be consistent with our parameters once we have multiple of each type, we define

the index conventions for angles, phases and mass-squared differences to be:

6cp — 6ij (232)
Am? — Am?i = m? —m? (2.33)

where we always number such that i < j.

2.2 Example Parametrisations

We can now specify some example parametrisations and resulting PMNS matrix
elements for various numbers of neutrinos. The two flavour case is almost trivial,
with only one mixing matrix and no CP phase, this changes hugely when we go from
two to three flavours. The complexity of the PMNS matrices in three and four flavours
are such that to write the matrix elements out fully we must list them. If we were to
put them in matrix form we will struggle to fit these on a page. The parametrisations
we derive here will be used extensively throughout the rest of the thesis.

2.2.1 Two Flavour Parametrisation

The two flavour formalism is the earliest formalism for oscillation, because it is the
minimal necessary to explain appearance/disappearance phenomenon with L/FE
dependence. This case relies only on two states having some non-zero mixing and
mass splitting. Despite knowing that at least one more mass and flavour exist in
nature, we will see later in section 2.3 that the two flavour framework can be applied
in many cases to check proof of concept and to simplify analyses. Using the previous
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formalism we defined in section 2.1 and the generic rotation matrix from equation
(2.2), the (somewhat trivial) two flavour mixing matrix

Which contains 1 mixing angle and O Dirac phases. Clearly:
U Usg Ugs _ c?s 012 sinfiy ‘ (2.35)
Un Up —sinfyy cosby

2.2.2 Three Flavour Parametrisation

We now have the tools to express the standard three flavour case in our oscillation
language. Our choice of parametrisation is fairly standard, though some variation
exists, for example the placement of the CP-phase. Obviously the physics cannot
change between different parametrisations measuring the same phenomena, some
care just needs to be maintained when comparing results. We again use the formalism
from section 2.1 and equation (2.2) but this time the a CP phase must be included as
NDirac ' — 1 for n = 3. The parametrisation defined by

phases

U = R(023)R(613,613)R(012) = Us, (2.36)
gives the mixing matrix
Uel UeZ UeS
U - U,ul U#Q U'u3 (237)
UTl UT2 UTB
with elements:
U.1 = cosBi5cosbis, (2.38)
Uyl = — cos Oa3 sin 019 — cos 12 sin 03 sin Ooze™13 |

U,; = sin 015 Sin fg3 — cOS By cOS fag sin ;313 ,
UeQ = COS 013 sin 912 s
U2 = cos b2 cos Og3 — sin 05 sin 03 sin Boze'013 ,
U7—2 = COS ng sin 023 s

Uz = sin O3~ 13 ,
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U,z = — cos 012 sin 03 — cos B3 sin 05 sin 0,5¢"013 ,

U,3 = cos 3 cos o3 .

These elements correspond to what we saw earlier in equation (1.54) which we
repeat here for convenience

C12€13 512€13 s1ze” 01
_ 6 i
VoU = | —512C23 — C12523513€"°13  C12C23 — S12523513€"" 523C13 (1.54)
013

i is
S12C23 — C12523513€ —C12823 — $12C23513€°"®  C23C13

recalling that we have abbreviated sin §;; = s;; and cos6,; = ¢;; and used dcp = 913 to
be explicit and to anticipate introducing more phases in the four flavour case.

2.2.3 Four Flavour Parametrisation

The importance of four flavour models will be more evident later in chapter 3 when
we begin to discuss more complicated theories. There are several possible extensions
into four flavours but all must have N,,4.s = 6 and Nﬁj;ggs = 3. Following conventions

we introduce mixing angles: 6,4, 054 and 03, and CP phases: §;4 and d34,. We use the
parametrisation defined by:

U = R(034, 034) R(024) R(014, 014) R(023) R(013, 013) R(012) (2.39)
which can also be written involving our usual three flavour matrix as:
U = R(0s4, 034) R(624) R(014, 614)Us,, . (2.40)

This gives the matrix

U Ue Ues U
Ua Up Us Uwn
Un Up Us U
U Us Us Usa

(2.41)

with elements:

Uer = ci2c13¢14, (2.42)

_ 1014 3013
U,u = (—8248140136 — C24523513€ ) C12 — C24C23512,
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Ur = ci2

Ues
Uus
Uss
Uss
Uea
Upa
Ura
Usa

+ S12 <S348240236 0as 1 034823) )

—14(034—0514)

ié —10,
—534514C13€ — sz (034623 — S34824523€ 34)} ;

io i6
C1a | —C34514C13€" M + 513" (S34003 + 034524823)] ,

i
S12 (—0345246236 3+ 534523> ;
C13C14512,
C12C23C24 — S12 | S14524C13€ + C24513S23€ s

—is
—C12 (0235248346 34 034323) ;

—i(634—5 i61: —i6:
512 {0248133145346 (034=014) | ) ,¢id10 (023034 — 523824534€ 34)} ;

70:

C12 ( C23C34524 + S23S34€ 34) )

Z'614 i513 i§34
512 [€C13C24C34514€ — S13€ C23534€ + C34523524 ) |
cras13e” M

i(d14—013
C13C24523 — C13514524€ ( ) )

—1id i(034—014+6
C13 (023034 — §93894834€ 34) — (94513514534€ (034—014+013) ’

@6 i(614—5
—C13 (6238346 M+ 034823824) — C94C34513814€" 011 7013)

14601

C14524 ,
1034

C14C24834€ %,

C14C24C34 -

Clearly this would be difficult to fit on the page in 4 x 4 matrix notation so the raw

matrix for n > 3 is rarely written out in full.

2.3 Two Flavour Oscillation

In this section we aim to derive the form of simple two flavour oscillations with L/FE

dependence. In this section we demonstrate the ‘standard’ quantum mechanical plane-

wave derivation for neutrino oscillations. This approach has several flaws which may

not seem apparent at first. These are due to poorly justified (but well intentioned)

mathematical hand-waving in regards to energy and momentum. Miraculously the

results turn out correct! This is due to the fact that when properly accounted for, the

true solution includes several extra factors which are so small as to be vanishingly
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important.We will re-visit this afterwards in section 2.4. Also worth mentioning is
the fact that in general, a two flavour approach will only ever be approximate when
modelling real 3v physics. Despite these shortcomings this approach is useful in
specific cases as well as to explain basic phenomena. We will also see in section 3.4,
that with appropriate effective mixing parameters, this approach is a useful tool for
highlighting degeneracies.

Two flavour formalisms were often used historically because genuine 3v were not
important or unable to be observed. The vastly different scales available in 3 and
smallness of 6,3 are responsible for this fact. So if we compare the sizes of the two
characteristic mass splittings and evaluate sin® 6,3 we see

Am3,

A2 ~0.03 and/or sin*#3 < 0.10. (2.43)
31

It may not be clear from above but these numbers indicate that oscillations can be
broadly split into two separate two-flavour regimes.

To begin with two flavours properly, firstly lets step back and derive the minimal
oscillation case. So choosing the oscillation between two flavours, v, and v, we write
two linear combinations,

v = cosfv, —sinfy,, vy =sinbv, + cosbu,. (2.44)

Where v, and 1, are the mass eigenstates, v, and v, are the flavour eigenstates and
the sinf and cosf terms are normalisation constants defined so that unitarity is
preserved. From these equations we define 6 as the “mixing angle” between the v,
and v, flavour states, because it determines the level of flavour mixing in the mass
eigenstates. Note these mass eigenstates must also obey the Schrédinger equation,
therefore we have:

1%} (t) =1 (O)G_iElt/h7 I/Q(t) = VQ(O)G_iEQt/ﬁ . (245)

It is also simple to rearrange equation (2.44) to express the flavour eigenstates as
linear combinations of the mass eigenstates,

Ve(t) = cosOuy(t) +sinfry(t) and  v,(t) = —sin v (t) + cosOia(t), (2.46)
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all eigenstates have also been promoted to time dependent versions. From equations
(2.44) and (2.46) it becomes obvious that we can express these equations using a

unitary matrix along with state vectors i.e. for the mass eigenstates from equation

(2.44)
vy _ c?s f —sind Ve . (2.47)
Vo sin @ cos v,

We can rearrange in terms of the flavour state vector (where our matrix can just be
transposed because of the unitary property U~! = U') to get the familiar form,

Ve | _ C(.)S 0 sind V1 ’ (2.48)
Vy —sinf cosf/] \1y

which clearly gives the flavour eigenstate equations (2.46). This matrix representation
is especially useful as it generalises to the three flavour case (the PMNS matrix),
where it immensely simplifies things. Now that we have the transformation between
flavour and mass states, we can calculate an oscillation probability equation for these
two flavours e.g. for an initial v, to turn into a v,. For the initial electron flavour
example we have the initial (+ = 0) conditions:

ve(0) =1, v,(00)=0 .. 141(0) =cosf, 1,(0)=sinb, (2.49)

which come from (2.44) or (2.47). Substituting these conditions into equation (2.44)
we get the time dependent mass states:

7E1t/ﬁ

v1(t) = cosfe and  1y(t) = sin feF2/N (2.50)

which can be substituted into equation (2.46) to give the following expression for
vu(t):
v,(t) =sinf cos@( — eTiBrt/h e‘iEQt/h> : (2.51)

Therefore to calculate the probability that our initial v, has changed flavour to a
v, after time ¢ is the modulus squared of the above expression. So we have the
probability of the transition after time ¢:

Py, = .0, (2.52)
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where to shorten the left hand side further we define the convenient notation:

Pua—n/g = af - (253)
So expanding the probability using our time dependent states gives:

Peu — (Siﬂ@COS 9)2( _ e*iElt/ﬁ + eiEgt/h) ( _ eiElt/ﬁ + 6iE2t/ﬁ>

_ Sinz%) (1 _ i(BaBn)t/h _ —i(Ba—En)t/h 1)
in?(20 Ey — Byt
— Sm4() <2 — 9¢0s <2hl>>
in?(20 E,—F
= 31114( )4:s,in2 <22h 125) ,
E,—F
Py = sin? 26 sin? (22h1t> . (2.54)

From equation (2.54) it can clearly be seen that the v, probability is sinusoidal in time
which is where the term ‘oscillation’ comes from. This implies that the neutrinos will
‘oscillate’ between v, and v, and back again. But what are the energies £, and E,?
This is where we make some problematic assumptions involving equal momentum
but unequal energy of eigenstates. We briefly discuss why these momentum and
energy assumptions are invalid (but lead to the correct answers) at the end of section
2.4. So returning to our equations, we know that neutrinos are highly relativistic,
and from special relativity we have E? — |p|?c?> = m?c!, therefore,

Ef = |pi|2c2 + m?c4

2.2
= ‘pi|262 (1 + mlc2> )
’Pi|
1m2c?
— Ez ~ |Pi C(l + - )
il 1+ 5 |,
2.3
- B = pic+ ”;pc . (2.55)

So, making the (problematic) assumption that p; = p, and substituting m; and ms
gives 'y and F, respectively, then subtracting F, from E; gives:

mic® —mic®  mi-m? , Am?,
FEy, — B ~ ~ = c,
% 2F 2

(2.56)
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where
Am? = mg - m% (2.57)

and the E and p in the denominator with no subscripts will be the average neutrino
energy and momentum. We can now substitute equation (2.56) into (2.54) to get
the probability in terms of the neutrino mass squared difference:

(2.58)

A 2.4
P, = sin? 26 sin? ( me t> .

4hE

It can also be useful to express the oscillation probability in terms of distance the
neutrinos have travelled L using L ~ ct:

A 2.3
P.,, = sin? 20 sin® ( 4”;; L) . (2.59)
Note that this is also sometimes written (usually in experimental context) as
Am?L
P.s = sin?20sin2 1.27 g , (2.60)

v

where 1.27 is a conversion factor dealing with the unit conversion to put E in GeV, L
in km and Am? in ¢V? defined from

Am2cL B GeVfm Am? L GeV Am? L GeV

S ~ 1.2 _— 2.61
ARE 4he % V2 km F [ eV? km F ( )

From equation (2.59) we can also calculate the distance over energy (L/FE) requi-
red to operate an experiment at the first oscillation maximum which is useful in

experiment design:
L 2mh

{E}mam T Am2
Note: the L/F for NOvA is ~ 405 km/GeV which is close to maximum, while the SBL
experiment LSND is ~ (.75 km/GeV also from an accelerator neutrino source hence

(2.62)

will measure a different, non-maximal part of the oscillation curve. To fully simplify
our equation we express these probabilities using natural units:

2
"

P, = sin” 20 sin®
p = S s 1B

(2.63)
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then define a more compact parameter that encompasses the L/F and splitting size
dependence:
Am?
A=——L 2.6
o (2.64)

which is known as an ‘oscillating factor’. This further simplifies our expression to:
P, = sin® 20 sin® A . (2.65)

This is the key form of an oscillation probability. From all of these equations there
are two main features to note: P, # 0 if and only if § # 0 and m; # m,. So for
oscillations to occur there must be some mixing (#) and a mass difference (Am?). We
now can illustrate the shape of oscillations by looking at the oscillation probabilities

for initial muon neutrinos from a source such as NOvA.

2.4 Deriving the General Oscillation Probability

Using the framework for flavour mixing in terms of the PMNS matrix, we can work
out the general oscillation probability expression in terms of the neutrino mixing
parameters. This is important because it allows us to get probabilities for cases with
any number of neutrinos for various parametrisations. It is important to note that the
previous derivation of two flavour oscillation probability in section 2.3 required some
‘hand-waved’ equating of momenta between propagating neutrino mass eigenstates.
This weakly-motivated process eliminates two additional phases, one associated with
these wave functions being displaced in time and the other with them decohering over
distance. We can treat neutrinos thoroughly using a wavepacket type analysis and
show that these phases are indeed small and thus show why the naive approximation
still gives the correct answer.

We begin by constructing our states. For single-particle eigenstate expressed in
the momentum state basis |, p) = |p) ® |v) we construct the initial state at ¢ = 0
as

0e(0)) = [ d*pvn(p) v, p) (2.66)

for a some function ¢ (p). At time ¢ we have

() = e |y, (0)) (2.67)
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as usual. Hence we have
0u(0)) = [ dpun(p)e P, ) (2.68)

where Ej(p) = /p?+mj. We can also express our state in coordinate space as
lvk, x) = |x) ® |v) and hence write, in coordinate space representation:
&’p i(px— By (p)1)

(X, 1) |ve) = (x[Yu(t)) = /W@ﬁk(p)e HP ) (2.69)
where (x|p) = ) /(27)%/2, From this we will follow the derivation of oscillation
via wavepackets first brought up by Boris Kayser in 1981 [93]. To get this to work
we want ¥ (p) = frx(p — px) Where fi.(p — px) is to be sharply peaked around p = p;.
for example f(p) can be a narrow gaussian. Therefore we can write a broad spatial

wavepacket:
3

d .
Ur(x,t) = / (mr)z/gfk(p — py)e x> Er P (2.70)

with mean momentum p ~ p. We can take f; to be symmetric, i.e. fi(p) = fx(—p) to
make p = p;. Though this case is simple the arguments made can be generalised for
the asymmetric case.From experiment specifications and the scale of neutrino masses
we have: E; £ 1 MeV and because m; 3 1 €V we have |p;| > m; so from relativity
E; ~ |p;|. This implies that all mass eigenstates will be ultrarelativistic, hence are
travelling close to the speed of light. This ensures little wavepacket dispersion over
reasonable distances. We write the truncated Taylor expansion of Ej(p) about the
p = pj point

OF,
Eu(p) = Bilp) + (0 —p) 55|
p P=Pk
= Ei(pr) + (P — Pk) - Vi, (2.71)

where p = |p|, px = |px| and v, = pi/Ek(p). So overall we have the wavepacket
group velocity v, ~ ¢ and a stable wavepacket shape over oscillation distances.
Therefore, by pulling out a factor of exp(—iE}y(px)t), the wavepacket can be rewritten
as:
Ur(x,t) = e*iEk(Pk)t/ d’p fr(p — pr) i(p-x—[Ex (p)—Ex (pr)t) (2.72)
kX, (2m)372 kP — Pk)€ . .
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Hence using equation (2.71)

) d3 .
wk(X,t) _ e*ZEk(Pk)t/ (2 )2/2 fk(p _ pk)ez(p'X*[P*pk]‘th) (2.73)

— i[Prx—Er(pr)t] ip-(x—vt)
e'Pk & (P / 27T 3/2fk( ) p- k

= el[pk X—= Ek(pk) ]gk(x — th))

with a change of variables (p — p+ps) in the second line and the function g (x — )
is defined as the ‘preserved wavepacket shape factor’.

Typical neutrino mass eigenstates created in charged-current nuclear processes
have energies O(1-10) MeV and are ultrarelativistic. Note that, except under highly
specific cases, non-relativistic neutrinos can be disregarded as they cannot oscillate
due to lack of coherence [94]. These processes result in linear superpositions of all
three mass eigenstates, m,, ms, m3 5 1 €V (can be generalised to n mass eigenstates in
non-standard mixing scenarios later). The production of these eigenstates is extended
over a small region of space and a short time interval so we can make the assumptions
that the wavepacket shape factors and group velocities are roughly the same for all
three eigenstates (9; = g = g3 = g and v; = vy = v3 = v). The assumption on group
velocities works for distances L such that the different eigenstates do not significantly
lose overlap and is most certainly valid in studied oscillation cases. So we now define
the wavepacket shape of the neutrino source as g°(x — vt). Its spatial midpoint is
initially (¢ = 0) set at x = 0 and the shape such that it decreases rapidly away from
x — vt = 0. So now we can write the neutrino flavour eigenstate v, created in a
region centred at x at ¢t = 0 as:

|Va(x,1)) Z Urbi(x,t)|vi) (2.74)

_ Z U* i[pi-x—E;(pi)t }gS(X — Vit)‘l/i>

)

If we have a detector at L where |L| = L is the distance from the source of neutrinos
or the experimental baseline. We are only considering neutrinos heading straight to
our detector, so L is parallel to v. For experiments such as T2K (section 1.4.1) and
NOvA (section 1.4.2) this is not entirely true due to their detectors being located
off the centre axis of the neutrino beam. In these cases however, because the angles
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involved are small, the probability will be approximately the same. If L is not too
large for the given neutrino energies/velocities, as is usually specified in the case
of reactor and accelerator experiments, then the centres of the wavepackets arrive
at the detector approximately simultaneously and thus will be strongly overlapping.
Given that |v| ~ ¢, the arrival time is t ~ L/|v| ~ L/c for all eigenstates. We define
the detected wavepacket similarly to the source wavepacket, with detected flavour v
and shape ¢g”(x — L) which peaks at x = L not x = 0 this time, as

lvg(x — L)) ~ g”(x — L) Z Ugiei[pi'(x*m”w) (2.75)

We can then calculate the oscillation amplitude v, — vg as

Aap(L) = [ dolvpx = L)lvalx, ) 2.76)
= G(L —vt) Z U;iUﬁie—i[Ei(pi)t—prL] :

where G(L — vt) is an ‘effective shape factor’ defined as
GL—vt) = /d3x g°(x — L)*g%(x — vt). (2.77)

The emission and absorption times are not measured for neutrinos so the probability
of v, to v being observed at position L is

Pos(L) = /OO dt| Aas (L, 1)[?,

=2 UpiU3;U5:Uaslij (L), (2.78)
1,J
with an integral term defined as
Ii(L) = [ |G(L = v)Peiass® (2.79)

with term in the exponential

A¢y (L, 1) = [Ei(p:) — Ej(py)]t = [pi = piIL,
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Clearly we have now arrived at a somewhat familiar probability. We can now see that
the properties of this expression are the same as in our standard derivation. Firstly
that P,5 = P i.e. is real (as a probability must be), this works because conjugation
exchanges ¢ and j, both of which are summed over. Additionally it’s clear that if
there are no CP-breaking phases in the oscillation terms, then the PMNS matrix is
real and hence P,3 = Ps,. Similarly, if we consider antineutrinos then our implicit
assumption of CPT invariance implies P;5 = Ps,. Returning to our probability, we
can take the limit of entirely degenerate neutrino masses i.e. m; ~ m;,Vi,j to
check the normalisation. This case implies £;(p;) = E;(p;) hence p, = —p;, giving
A¢;;(L,t) =0and [;;(L) = 1. So we have
o0

[;(L)=1= / IG(L — vt)|%° (2.81)

—00

and therefore we have the normalisation of the shape factor term in the integral
/ G(L —vi)[2=1. (2.82)

Similarly for degenerate masses we also have P,5(L) = (da5)* = 04p implying the
oscillations do not take place if the neutrino masses are degenerate. From the
unitarity property in equation (2.96) we have >>5 Ug;Uj; = d;; S0

> Pus(L ZU*U i (
B
_Z Uai »

_q (2.83)

for any L. This allows P,3(L) to be interpreted as the oscillation probability v, — vg.
We now look to simplify the exponential term. The standard relativistic energy

Ei(pi) = \/p; +m3 (2.84)

and in the ultrarelativistic limit can be expanded

expression gives

2 2 m?2

m
L T T 2.85
o Pt g, TPt g (2.85)

Ei(pi) ~ pi +
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Similarly

~ . m. ? J
~ (pi —pj) + T
Amfj
= Apij + 2p s (286)

defining p and F as the average neutrino momentum and energy. Regarding p as a
function of £ in the mass-energy relation p(E, m?) = v/ E? — m?2 allows us to write

_ 9
- OE

dp

o2 Am?

E

Ap AE +

Am?2

Y

= 1AE — iAm2. (2.87)
v 2p

We then simplify equation (2.80).

_Amyy 1y HAE (2.88)
2 ;( Y Yo )

which then allows us to pull part of this phase outside the integral term from equation
(2.79)
I;(L) = e~iamiLi2p / dt|G (L — vt)|2e!LvDAE /v (2.89)

hence the new probability expression

Pog(L) = Y UgUs Ut Unje " Amit 1 (2.90)

2%
which looks almost like the standard expression but with an additional factor

Fy= / T dt|G(L — i) 2B o (2.91)

which is independent of L. Because we have ultrarelativistic motion then v ~ ¢ =1
and so if (L — vt)AE;; < 1 then the exponential in the integrand of F;; becomes

unity and then F}; = 1. Hence, after interchanging p and E, which are equal at first
order due to the ultrarelativistic limit, we recover the standard neutrino oscillation
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formula
Pag(L) = 3" UgUp, Ul Unge " Am0 120 (2.92)

i,
To get this probability into a less obscure form we add a term that is zero overall and
drop the (from now on, implicit) L-dependence from the left hand side.

n

2.2 |

=0 j=0

n o n AAm?j
3 [UmUﬁJU* Uns + Upil,UriUs ( i 1)1 | (2.93)

=0 j

'Am?j
UﬁzUﬂjU*U —i—UlgzUB]U*U e ' 2E L] ,

We will pull the terms outside of the brackets into separate sums to give
n n ‘Am?j
P, = ZZ UpiUzUsiUoj + > UgiUgUs U, (e"wL - 1) : (2.94)
i=0 j=0 =0 j=0

Now recall the properties of unitary matrices from equation (2.9) in section 2.1.1
which can be re-written in the specific neutrino mixing case to give:

> UsiUaj = dag , (2.95)
=0
Z U;anj - 6ij . (296)
a=0

We want to use this to simplify equation (2.94) but first we will write the double sum
as a product of each individual sum

i=0 j=0

S S UnUL U Uy = (Z UsiU ) (Z U;jUaj) . (2.97)
§=0

Where we now have two factors that resemble equation (2.95). It is now clear that
we can use one the unitarity to further simplify the double sum in equation (2.94) as

Z Z UBZ UB] o — 5&55116 = 5045 ) (298)

=0 5=0

and our probability becomes

.Am?j
Pog = 0up + Z UsiU5,Uz U ( —imE L 1) : (2.99)

1,7=0
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Using Euler’s formula the exponential can be separated into sine and cosine parts

FPog =0 U3 ULU A ) s (A0 L) — (2.100)
op = 0ap + Y UpilU3;UsUa; | cos Yo + isin S L)-1). _

i,j=0
We then use the double angle formula

cos20 =1 — 2sin?4, (2.101)

for the cosine term, and introduce the shorthand terms

Ay =B g (2.102)
U up T :
and
Uy = UpiU3,UsiUsy (2.103)

With these we can now write a shorthand version of equation (2.100)

Pap = 0as+ > Uil (—2sin® Ay +isin 245) . (2.104)

1,j=0

Now we note that because A;; = 0 for all 7 the second and third terms in equation
(2.100) vanish for i = j so we can instead split the sum into i > j and i < j parts.

Pag = Bas+ > U5 (—2sin” Ay + isin 24) (2.105)
i>j
+ znjtu“ﬁ (—2sin® Ay + isin 24)
ij ij ij) -
i<j
We now re-label the second sum using i <+ j to get both sums over the same limits
Pap = Bas+ > U5 (—2sin® Ay + isin 24;) (2.106)
i>j
+ XH:UO‘B (—2 sin? Aj; + i sin 2A )
i ji ji) -
i>j
We now use equations (2.103) and (2.102) to show that

Am2.
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and

U = UgUsUz Ui = U (2.108)

ij
with the overbar representing the complex conjugate. Substituting these into equation
(2.106) gives

Pap = dag— Y U5y (2sin® Ay — isin24,) (2.109)

1>7

— U (2sin® Ay + isin245) .

i>j

We can now group up the sine and cosine terms using linearity of sums

Pag = bas — 23 (U3 + UF ) sin A, (2.110)
i>j
+i an (U?ﬁ - W) sin 24
1) 1) 9
i>j
The terms inside the brackets can be recognised to correspond to real and imaginary
parts of Uf}ﬁ via the relations R[z] = (¢ + 2)/2 and 3[z] = (2 — Z)/2i.

Pop = 65 — 4> R U] sin> Ay (2.111)
i>j
239 [U?ﬂ sin 24 .
i>j
Now note that R [az] = aR[z] and S [az] = aS[z] for a € R and z € C. Using this
property of complex numbers and the fact that the sine function is real, we pull the
real and imaginary signs outside of the sums and expand our shorthand to give the
common form of the probability

* 7T .2 Am?j
Pag = ba = AR Y Ui, UsUag sin® ( =221 (2.112)
i>7

Am?,
2 U U* 1. :si Y )
\Sg UpiUg;UgUaj sin ( %o )
Note that the sign on the imaginary term will depend of the definition of A;; and
whether the element U translating from mass to flavour (all the way back in equation
(2.1)) is defined as the conjugate or not. Sometimes this differs depending on
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convention, especially in older references. The real and imaginary term formalism is
useful because the imaginary part vanishes when all CP phases are 0° or 180°.

The conditions necessary for oscillation, which are ‘hand-waved’ away in non-
wavepacket based approaches are:

1. The no-decoherence condition, which requires that the loss of overlap of the
different mass wavepackets at the detector is negligible,

2. The localisation condition (L — vt)AE;; < 1.

No-decoherence will be satisfied if the shift in the wavepacket centres due to the
difference in group velocities is small relative to the effective wavepacket size i.e.
Avty, = (Av/v)L < 0,, where t;, = L/v is the average time taken for a wavepacket
to reach the detector. The localisation condition can be rewritten as o, Amg; /p < 1,
using the fact that |G(L — vt)|? goes to zero rapidly when (L — vt) %, o, and also
AEg; ~ Amz; [p.

An overview of the difference between the plane wave approximation and wave-
packet derivation is that in the plane wave case we make a choice that the propagating
mass eigenstates have either: equal energy and differing momentum or vice versa.
Neither of these assumptions are good but they do get the right answer. The reason
why these assumptions work can be seen in the wavepacket case where we explicitly
define coherence and localisation conditions. These conditions allow the formalism
to be the same when the energies and momenta are not equal but close within some
range.

Once we have a specific probability we can find the relevant antineutrino version
of it denoted P,; = P(v, — 7s), by performing the transformation P,s — P,; :
d;; — —0,; for all CP phases ¢;;. Once we get to this point we can substitute specific
flavours for o and 3, hence, using the PMNS matrix elements we can get an expression
for a specific probability in terms of mixing parameters. So for example for standard
3 flavour v, — v,:

sl Am2, L
Po= s%sin?20;3sin? — 2= 4 2.2 sin?20;, sin’ % (2.113)
Am2 L . AmZ L Am?2. L
+ 80%3813012812623823 Sin 4;?1 sin 4;}1 COS (4;?1 + 513>
Am3,L . Am2,L  AmiL
— 287,535 sin® 263 sin TJEQCI sin Tgl cOS Zbg
Am3 L

2 2 s 2
+ 4013512513823 <823813512 - 2012C23 COS 513) S1n
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2.5 Quantum Field Theory Derivation of Oscillations

This section is a summary of the difference between QM and QFT wavepackets. We
summarise the key changes that arise in the approach presented by Akhmedov, E.
K. and Kopp, J. in [95]. In this work the authors analyse oscillation theory with
wavepackets using QM and QFT approaches and compare the two. An unconventional
but somewhat enlightening way to express neutrino oscillations is to use QFT, this
is unconventional as we usually skirt the description of production and detection
processes together and treat them somewhat abstractly once it can be seen that they
fit the wavepacket oscillation condition. Using a QFT versus QM wavepackets is even
more proper, but the improvement in terms of assumptions removed is small. The
QFT approach starts with the generic interaction seen in the figure 2.2 including
production and detection of a neutrino.

Py(k) Dy (K

—_ — S — —

Pi(q) Di(q')

FIG. 2.2 Generic Feynman diagram encompassing production and detection of a
neutrino.

The resulting wavepacket from this QFT amplitude can be compared with that of
the QM wavepacket, from this the explicit parameters from the QFT approach can be
related to the QM case. The differences in the QFT case from the QM case can be
summarised:

¢ Momentum uncertainties are effective ones.

* Mean momentum P is modified to an effective value defined as P.g = P +
d. Where the § term describes the shift away from the naive momentum
expectation (p) = P.

* The wavepacket is modified by an extra factor N, = exp [—%;] which modifies
the normalisation of the neutrino wave function.
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The full forms of § and 4; are in Appendix A of [95]. The explicit definitions are
in equations (58) and (59) of [95]. The matching between QM and QFT is similar
for production and detection. The QFT approach in the case of ultrarelativistic
neutrinos (or quasi-degenerate, which we neglect) can show the conditions in which
the standard probability P,5(L/E) is well defined and gives the correct normalisation.
With the condition on the mass splittings

Am;
3 <%, (2.114)

|Di —ij =

where o, is an effective momentum uncertainty dominated by the smallest out of
o,p and o,p. These are furthermore related to the energy uncertainties o.p and o.p
which have the condition

N Amfj
’Ez_Ej| = 2E <L Oep - (2115)

The QFT approach adds little over the QM wavepacket explanation given that
wavepackets already remove the more egregious equal momentum or equal energy
approximations. The main ambiguity that the QFT approach removes is that of wa-
vepacket shape. This is not a bad approximation though as any arbitrary wavepacket
with the right properties should work fine. So the main draw of the QFT explanation
is one of completeness.

2.6 Expressions for Various Oscillation Paradigms

In this section we cover certain specific approximate mixing probabilities that are
commonly used in the literature and experimental analyses. Often these are glossed
over or presented without explicit derivation. Here the aim is to show a few exam-
ples and to give an idea what logic is used to approximate and simplify the often
complicated probabilities involved in oscillation. Some of these examples involve
a fourth mass eigenstate and corresponding mass splitting which we will introduce
thoroughly in chapter 3.

2.6.1 Appearance Probabilities

Here we present examples of appearance probabilities such as those seen by expe-
riments like LSND and NOvA. Both of these examples involve an additional mass
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eigenstate which is the primary source of oscillation at SBL and a small additional
effect at LBL. In the LBL case we introduce averaging over fast oscillations.

Probabilities for MiniBooNE and LSND

We wish to show that the SBL appearance probability can be approximated as

P, = sin? 20, sin? Ayq (2.116)
where
SiIl2 29H€ ~ 4|U,u4|2‘Ue4‘2 = 4sin 914 COS 914 sin ‘924. (2117)

To start, recall the full v, — v oscillation probability

Pop = 0ap — AR D UgiUs;UsUqysin® Ay (2.118)
1>7
25 Z UﬁZUEJU;ZUa] sin QAZ] .
1>7
Then we have
P,=—4R>_ UUSUU, sin® Ay; — 235 U USU U, sin 205 (2.119)
i>7 1>7

but we know that due to the extremely short range of SBL experiments, oscillation
due to Ay and Ags; are insignificant. Hence for ¢j = 21, 31, 32 we make the approxi-
mations that sin® A;; ~ 0 and sin 2A;; = 0. Setting i = 4 in our sum will neglect these
terms, leaving

3 3

P = —ARY UUU U, sin® Ay; — 28> Uy USUUyysin 28y (2.120)
j=1 j=1

Note also Ay > Az > Ay, hence we also approximate Ay ~ Ay ~ Ayz. This

leaves

3 3
P = —ARY UULUUyisin® Ay — 23 UegUL U U, sin 201 (2.121)
j=1 7j=1
We assume that the SBL experiments we are concerned with operate at the short range

oscillation maximum associated with v, implying sin? A4; ~ 1, hence sin 2A,; ~ 0,



82 Neutrino Oscillation Basics

thus we drop the imaginary term to leave the real probability

3
Pue = —4AR |UnaUs, Y UL U, | sin® Ay (2.122)
j=1
From the unitarity property of U(4 x 4) we know
4
D UailU; = bap. (2.123)

=1

So for o = e and 3 = i we have
4
Z Ue*iU#i =0 )
i=1
3
S UL+ ULUL =0. (2.124)
=1
Therefore the remaining sum in Eq. (2.122) can be written
3
> UUu = —UlLUsa. (2.125)
j=1

Therefore by substituting equation (2.125) into (2.122) the probability reduces to
Pue = —AR [~ |Uea |*|Upua*] sin® Ay (2.126)
Hence we reach the concise expression
P = AU |*|U,)* sin® Ay (2.127)
as required.

LBL With Fast Sterile Oscillations

Experiments such as NOvA and T2K have the v, from v, appearance channel as one
of their detection methods. To look at these probabilities we make the assumptions:

1. Can assume sin? A, and sin 2A,; are small for this L/FE.

2. Az; and Ajs terms will predominantly shape the curves and we operate near
maximal mixing.
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3. All sterile mass splittings are roughly the same, hence: Ay ~ Ay ~ Ays.

4. A4 terms will be averaged due to fast oscillations and limited detector resolu-
tion, giving: sin® Ay &~ 1/2 and sin 2A,; = 0.

After averaging over the sterile oscillations the standard probability reduces to:

P, = 42 R [UaUZU5U, | sin Ay (2.128)

ej~ ut IU
i>7

_9 23: [Uer* U Uw} sin 245

ej~ ui
z'>j

ej ™~ p4d

—425}%[ AULULUL]

N —

Expanding the sums and neglecting A,; terms gives:

Pue = — AR [UysU% (Upy Ue sin® Agy + Upy Uz sin® Ay )| (2.129)
— 2 [UM?’UeB (U U, el sin 2A31 + U;2U62 sin 2A32)}

pl

UaaU?, ZU U
7=1

— 2R

We do not go any further here because these expressions get quite tedious but we do
present some probabilities derived this way in section 3.3 where we truncate to some
order in small parameters to further simplify. Such modified LBL probabilities are
also relevant in our areas of study in sections 5 and 6.

2.6.2 Disappearance and Survival Probabilities

Here we present the generic disappearance and survival properties which we can
then adapt for specific baselines. We later present the SBL example and show how
the effective short range sterile mixing is derived. This effective mixing is commonly
used in the experimental literature to constrain the size of the sterile mixing angles.

For oo = [ the general probability reduces to:

Paa =1—4¥% Z |Uai’2|Uaj|2

1>7

SiIlQAij— % Z|Uai’2‘Ua]"2

i>7

sin2A;  (2.130)
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but trivially: J(|z]?) = 0 and R(|z|*) = |z|* for all complex numbers 2. So we have
the “survival probability” for the « flavour:

Poa =1—4> |Uui]*|Uqj|* sin® Ay (2.131)
i>j

and the “disappearance probability” for the « flavour:

1_Paa :4Z|Uai|2‘Ua]’|2Sin2 AZ] (2132)

>7

Electron Flavour Oscillations for SBL Reactors

Reactors experiments such as DANSS [96] and SoLio [97] are recent experiments
explicitly designed to look for short range v, and v; oscillations, with the survival
probability:

Poe =1 =4 |Uni|*|Uqy|? sin® A5 . (2.133)

i>j
Then dropping the non-A,; terms due to them being small at short range and making
the same approximations as in section 2.6.1 gives

Poo = 1= A|Uaa [|[Uet * + [Ueal* + |Ues?] sin® Ay (2.134)

To simplify this we use the unitarity condition from equation (2.123) witha = 5 =¢

4
S UL = 1. (2.135)

i=1

Which we can write out fully and then rearrange

Ut + [Ue2)? + |Ues|? + |Uea|* = 1,
Ut + U 4 |Ues]® = 1 — |Ues]®. (2.136)

So using equation (2.136) the bracketed term in equation (2.134) simplifies to give

Pee = 1= A|Uua|* [1 = [Ues*] sin® Ay (2.137)
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Substituting in the explicit matrix element from section 2.2.3 gives the electron
flavour disappearance probability

Pee =1- 4Sin2 014 (1 - sin2 014> sin2 A41. (2138)
We can equate this to the effective disappearance probability
P.. =1 —sin%?26,,sin® A, (2.139)

to solve for the effective parameters:

Aee = A417 (2140)
sin26,, = 4sin 0y, (1 — sin? 914) (2.141)
~ 4 sin2 014, (2142)

for small 6,4.

SBL Muon Neutrino Survival/Disappearance

Similarly, if we have an experiment to measure muon neutrinos in SBL (this is unlikely
due to the low energy sources and muon production threshold)

§in220,,, = 4|Uu*(1 — |Upal?) ~ |Upa]?, (2.143)

for small |U,4]*.

2.6.3 Summary of Probabilities for SBL

Turns out we can generalise the effective two flavour transition and survival probabi-
lities at SBL detectors:

PIE" & sin® 20,5 sin” Ayy, for oo 3 (2.144)
P3BL ~ 1 — sin? 20,4 sin? Ay, (2.145)

where the transition amplitudes are:

sin® 20,5 = 4|Uns|*|Us4|?, (2.146)
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$in* 2000 = 4 Uaal* (1 = [Uaal?) , (2.147)

with the constraint: )
sin? 2008 = 1 sin® 26,,,, sin’ 2035 . (2.148)

These probabilities only depend on A,; and the absolute values of the 4" column
of the PMNS matrix. No CP phases in this column imply that the neutrino and
antineutrino probabilities are equal.

2.7 The MSW effect

For neutrinos travelling through dense media, such as the Earth we have to consider
the effect of matter interactions on the oscillation probabilities. Unlike space or the
atmosphere, the electron density in Earth is high enough to be considered a dense
medium even for weakly interacting particles. The effect of this on propagating
neutrinos is known as the Mikheyev-Smirnov-Wolfenstein (MSW) effect [98, 99]
after the physicists who helped pioneer the theory. What is often confused is the fact
that matter effects provide two important phenomena, both of which are commonly
referred to as the MSW effect:

1. Resonance enhancement of oscillation in constant density i.e. ‘matter oscillation’
(see sections 2.7.1, 2.7.2 and 2.7.3),

2. Non-oscillatory ‘adiabatic conversion’ in slowly varying density (see section
2.7.4).

It is important not to get these two phenomena mixed up (as Smirnov himself is quick
to point out [13]) because they are important in different regimes despite initially
being described together in the literature. Resonance enhancement, for example,
is important for LBL experiments like NOvA and DUNE, as well as for atmospheric
neutrinos coming from below in detectors like Super-K and Icecube. Adiabatic
conversion, on the other hand, is important for neutrinos produced in the solar core
and is responsible for the deficits in solar neutrinos measured by Homestake and SNO.
Simply put, the reason these interactions change the oscillation probabilities is that
the mass eigenstates which are stationary in vacuum, are modified in the resonance
case and in the adiabatic case, are non stationary.

In the mid to late 1970’s Wolfenstein proposed that coherent neutrino forward
scattering should be accounted for when neutrinos travel through matter [98]. The
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development of this idea and it’s relation to the MSW effect is outlined by Smirnov
in [14]. This forward scattering results in a potential V' related to the difference of
potentials between v, and v, flavours [100] (due to the extra interactions present for
electron flavour on matter electrons)

V=V.-V,=V2GkN.,, (2.149)

where G is the Fermi coupling constant of the weak interaction and NV, is the number
density of electrons. This potential is often referred to as the ‘Wolfenstein Matter
Potential’. A full derivation is presented in the thorough analysis by J Linder [101]. A
related refraction length can be defined by inverting the potential

2w
lh=— 2.150
0 V ) ( )
which determines the scales at which this effects occur.

After showed that oscillations of massive neutrinos are modified in matter, Wolfen-
stein also stated that, under the specific condition where the vacuum oscillation
length equals the refraction length of the medium, oscillation probabilities are highly
modified. This was presented with little discussion and somewhat pre-empted work
on the resonance phenomenon which was fleshed out by Mikheyev and Smirnov. It’s
important to note that Wolfenstein originally considered massless neutrinos, which
cannot oscillate in vacuum, but can oscillate in matter.

For neutrinos in the MeV-GeV range potential, mass splitting and Earth radius are

related by
Am3, 1
~ Ve~ — 2.151
on VY Rp’ ( )

where Rp is the radius of the Earth. Smirnov refers to this coincidence (the remar-

kable fact that we can see matter effects at all despite the smallness of V), as a
“conspiracy of small quantities” [13].

Mikheyev and Smirnov are better known for discovering the full form of the
resonance phenomenon and adiabaticity conditions [14]. Properties of these two
phenomena were also discussed in detail and a graphical representation was develo-
ped. Sometime after the combination of all development in this area became known
as the MSW effect.

A feature of these interactions that can be utilised in detectors such as NOvA and
DUNE is that the corrections due to resonance enhancement have opposite signs for
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neutrinos and antineutrinos. So because these detectors can provide either, the value
of the corrections can be determined by running an experiment with neutrinos and
antineutrinos. The signs of the corrections will also flip depending on whether the
mass ordering is normal or inverted, hence running neutrinos and antineutrinos in
these detectors allows even greater ability to constrain NO/IO solutions.

2.7.1 Mixing Parameters in Matter

In matter, the mixing angles become a function of density thus making the flavour
eigenstates also density dependent. So in vacuum we treat the mixing angles as
fundamental parameters of the vacuum Hamiltonian (H,), while in matter the mixing
angles become variables [13]. We denote the general Hamiltonian as

Hy = Ho+V, (2.152)

where we have added a matrix of potentials V', which account for matter effects.
The mass eigenstates of the matter Hamiltonian H),, are v, and are different to the
vacuum mass eigenstates v for Hy,. We now wish to see how this affects mixing angles.
In the two flavour approximation we will therefore have flavour eigenstates made of
different mixtures of different eigenstates which can be written

Ve = COS nglM + sin QszM , (2.153)

V, = —sinQ%VlM +COS@%V2M, (2.154)

with the mass eigenstates in matter denoted v;,; and the mixing angle in matter
generally differing from the angle in vacuum, that is #,, # 6. Similarly the matter
eigenstates can be written

Uiy = COS 9{\;[1/6 — sin Q%VM , (2.155)

Vo = Sin 9%1/6 + cos G%V“ ) (2.156)

So the mixing angle determines the flavour composition of the mass eigenstates as
usual, though the mixing angle becomes a dynamical variable in matter, dependent
on density and energy. So we have
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with density n(t) and energy E. So for constant density, this appears similar to
vacuum mixing, with the size of the dip in the oscillations being sin? §,,. There
also exists an energy such that for a particular density, the depth of oscillations will
become maximal (sin?#); = 1, hence 0),(n, £) = 7/4) and total conversion between
flavours will occur. This is know as the resonance energy and is denoted Ez. When
the density becomes incredibly high, well above resonance for any reasonable energy,
the mixing angle saturates at 0),(n, £) = 7/2 and the mixing disappears. So as
the density decreases from this saturated value the mixing angle will move towards
resonance then eventually on to the vacuum mixing angle ¢, ~ # when the density
is much less than resonance.

2.7.2 Matter Oscillation Parametrisation

We want to verify how the MSW resonance enhancement effect modifies our oscilla-
tion theory at the probability level and how we can relate it to our vacuum equations.
In this section we will see an illustrative two flavour oscillation example confirming
that matter oscillations can be dealt with by simply using the standard parametrisa-
tion and replacing the standard mixing parameters with matter ones. We approach
this from the Schrodinger equation with the knowledge of two flavour mixing from
section 2.3. For the vacuum oscillations in the two flavour case (Am2, = Am?) we
can write out the Schrodinger equation

d () Zm () (2.158)
dt Vi D

where H, is the vacuum Hamiltonian. We eventually want this in terms of § and Am?
so we can relate the matter case to the the vacuum case using effective versions of
these parameters. We derive this Hamiltonian using the time evolution of the mass

d n E1 0 141
= = : 2.1
) el e

m2

i
2F

eigenstates

Substituting the approximation for ultrarelativistic energy of eigenstates £; = p; +
from equation (2.85) and making the naive p; ~ p, = p from section 2.3 we get

mi
; i 3 ~ [ 2B Tg? V1 X p 0 S| ’
dt \ vy 0 32 Vo 0 p) \o
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(5 o LoV 2.160
(3 g)oC0) e

Note that terms which are constant multiples of the identity will only introduce

constant phase factors into the Hamiltonian. These will cancel out for oscillations and
therefore may be omitted [102]. This is why we are able to remove the momentum

J(myZ (2 ) () (2.161)

Now substituting in the two flavour mixing matrix from the two flavour section,
equation (2.47)

zi —sinf cosf Ve :i m? 0 —sinf cost Ve ‘ (2.162)
dt \ cosf sinf) \v, 2EN 0 md cosf sinf) \v,

Then, knowing that this two flavour mixing matrix is it’'s own inverse (from the two

term, leaving

flavour section 2.3), we can modify equation (2.162) by taking the matrix on the left
hand side over to the right.

d [V, 1 [—sinf cosf\ [(m? 0 —sinf cos6 Ve
= i— = — ,
dt \v, 2E\ cosf sinf) \ 0 m3 cosf sinf) \y,
_ 1 [—sinf cosf —m3sinf m2cos@\ (v, ' (2.163)
2E \ cosf sind micosf m3sind ) \v,
Now we multiply out these matrices

d (%) 1 ( m? sin® 6 + m3 cos? 0 m3sinfcosf —misinfcosb) (v
i— =—
dt 2K

m3sin 6 cos § — m? sin 6 cos 6 m3 cos® 6 + m3 sin® 0 Vs
(2.164)
2

To simplify this we substitute Am? = m3 — m? and m3 = Am? + m?, and use

Vi

sin?f + cos® = 1 to give

d (Ve) 1 (m% + Am?cos?0  Am?sinécosf ) (Ve) . (2.165)

i S
dt \v, 2\ Am?sinfcosf® mi+ Am*sin?6/ \v,
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Then removing the constant multiple of the identity matrix, m?I and pulling out
constants further simplifies our expression to

d (v, Am? cos’f  sinfcosh\ (v,
71— = ) 2.166
dt (y,) 2F (sin Ocosf  sin’0 ) (1/“) ( )

Therefore, using the double angle formulae, cos? 6 = 3(cos 20+1), sin? § = 3(— cos 20+

1) and sin § cos = 1 sin 26 we find
d (v Am? [cos20 + 1 sin 26 Ve
1= = )
dt \v, 4F sin20  —cos20+1) \v,

_Am? 09320 sin 26 N 10 Ve | (2.167)
sin 260 — cos 260 01 Vy

~ 4FE
so again we remove the constant multiple of the identity matrix, leaving

zi ve\ _ Am? [cos20  sin?20 Ve | (2.168)
dt \ v, 4E \sin20 —cos20) \v,

which is clearly the form of the Schrédinger equation with the vacuum Hamiltonian

(2.169)

"o Am? [cos 26 sin 260
Y 4F \sin20 —cos20/

This Hamiltonian clearly gives the standard 2v oscillation probability for v, — v,
from equation (2.65)
P, = sin? 20 sin? A (2.170)

We can then write a similar Hamiltonian for neutrinos travelling through matter by
adding a CC potential term that will interact with the electron flavour state due to
the electron content of matter

Hy = Ho+ diag(V,0) (2.171)

Am? [cos?20 sin 260 V o
- + :
4F \sin20 —cos?26 0 0
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the extra potential term is the Wolfenstein Matter Potential from equation (2.149) in
section 2.7
V = £V2GpN,, (2.172)

where the +(—) signs are for electron neutrinos(antineutrinos), G is the Fermi
constant and N, is the electron density in matter. An explanation of the sign change
between neutrinos and antineutrinos is explained in [101] and is to do with the
relative sign between creation and annihilation operators changing for neutrinos
and antineutrinos. Note that we can also add an NC potential affecting all flavours.
Because such a term would be of the form VycI it would not affect oscillation due to
being a constant multiple of the identity so we simply leave it out. Equation (2.171)
can be rewritten by subtracting a constant multiple of the identity, (1/2)V1, without
modifying the physics (see section 2.3 where we did the reverse of this). So we write

Am? [cos20  sin 260 V o 1({V 0
Hy = i _ - , 2.173
M= YR (sin29 —cos29> (o 0) 2 (0 V) ( )

and collect terms to obtain

Am? 20 + 2L in 26
Hy = 2 (€920 am T s (2.174)
4F sin 20 — o520 — X5
We then define a term to simplify this expression
2VE 2v/2GrN.E
A= =+ 2.1
Am? Am? (2.175)
and our Hamiltonian becomes
Am? 20 + A in 26
Hy = m CcoSs + S1n ' (2.176)
4F sin 26 —cos20 — A

We then write the Hamiltonian in a similar form to before but with effective (subscript
M for matter) mass squared differences and mixing angles

Hyy— Am3, [cos260y  sin26y | 2.177)
4F \sin20, —cos20y
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Clearly this Hamiltonian leads to a similar oscillation probability to the vacuum case
albeit with the parameters exchanged for the effective ones,

A 2
(P.),, = sin’ 29MsiI12< gM ) (2.178)

Equating (2.176) and (2.177) to get the relationship between the effective terms and
the vacuum terms gives us:

Am3, = CAm?, (2.179)
. 2 2
sin2 20, = SH;Q o (2.180)

where (' is a term relating the vacuum mixing terms to the A matter term

C= \/(COS 20 — A)? + sin? 26. (2.181)

We can see from above that for small values of A the probabilities approach the
vacuum approximation, therefore we need a long baseline (hence high £ and high
A) to observe matter effects. There also exists a resonance condition that enhances
oscillation, cos 260 = A, this occurs regardless of the true mixing angle. If we rearrange
this resonant condition using the expression for A, equation (2.175), we can obtain
an equation giving the energy at which this resonance occurs for neutrinos [103]

26
Ep=Am2— 2.182
B VRGN, (2182)
The energy window in which oscillations are enhanced is
AFEgr = Ertan20. (2.183)

These two factors are important in experiment design because they can be used to
optimise the baseline and neutrino energies to increase the chance of detecting an
oscillation signal. Also of note is the fact that, even if neutrinos do not experience CP
violation (i.e. allowing neutrino and antineutrino oscillation probabilities to be equal
in vacuum), the difference between neutrino and antineutrino probabilities in matter
can still be non-zero due entirely to matter effects.
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2.7.3 MSW Effect in the 3+1 Case

Recall that the potential (/) associated with the MSW effect is added to the vacuum
Hamiltionian to give the matter Hamiltonian. For three flavours it is

Vee 00
Vvy=| 0 0 0], (2.184)
0 0 0

where V¢ is the same Wolfenstein matter term seen before in sections 2.3 and
2.7.2. This three flavour matter Hamiltonian will modify the oscillation probabilities
similar to how the two flavour example does. We add the label CC for charged
current to make it explicitly clear what relationship leads to this potential. To obtain
this potential we previously subtracted off the neutral current (NC) component in
the Hamiltonian because it effects all active flavours equally. However, in the 3+1
case, the fourth sterile flavour does not have either of these interactions so the total
potential term would look like

v
V;:otal -

) (2.185)

o o o X
o o N o
o N o o
< o o o

with the explicit potentials V. = Voo + Ve, V, = V> = Vve and V; = 0. So after we
subtract non-contributing constant identity multiple (VycI) off our potential there
will be a left over negative term in the fourth position, therefore we have

0
0
0

—Vne

Vee

VA = (2.186)

o o O O
o O o O

So whereas before we didn’t care about the NC (Z-boson mediated) potential, we
now need to include it. It has a similar form to the CC term

1
Ve = —WGFNH. (2.187)
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but is negative for neutrinos and based on the neutron density (/,). Interestingly
enough the proton and electron NC contributions cancel themselves out full details
are explored in [101]. We do not calculate the corresponding probabilities here
because they will be complicated. In our studies this step is approximated by GLoBES
(see chapter 4) so we do not have to do the hard work ourselves!

2.7.4 MSW in Varying Density: Adiabatic Conversion

Up until now when discussing matter effects we have only considered matter of
uniform density. While this is a good approximation of the outer Earth crust, it
is not a good approximation of the centre of the Sun. Unfortunately we must
consider the high density solar core if we are going to accurately analyse solar
neutrinos. The key property here is the fact that the density varies with radius,
starting extremely high in the core and gradually decreasing towards the surface.
This affects oscillations because as the density changes, the matter mixing angle
will change. Under conditions where this change is slow the system can transition
adiabatically, leading to so-called ‘adiabatic conversion’ of neutrinos which will be
explained here using the methods pioneered by Mikheev and Smirnov in the mid to
late 80’s [99, 104, 105]!. Under these conditions L/FE dependent oscillation itself is
almost irrelevant. Such an effect that is still important is the small v, regenerative
effect on solar neutrinos propagating up through Earth, where v, and v, that originally
transformed from v, can oscillate back into v,.. As we discussed earlier in sections 1.3.1
and 1.3.2, this effect would show a slight day/night asymmetry in detectors that can
measure event timing such as Super-K, or an overall slightly smaller disappearance in
a ‘collect and count’ experiment such as Homestake.

Returning to adiabatic conversion, we consider a medium of decreasing density
pr(E) with minimum density close to zero (i.e. empty space), then

Pmin ~ 0 K pr(E) < pmax - (2.188)

Supposing that the neutrinos are produced at the location of maximum density py.x
implies that the initial mixing angle will be maximal which by definition implies

!Smirnov has released many useful retrospective publications, for example [13, 14], to help explain
the principles behind these works and to debunk some of the confusion surrounding the MSW effect
and so called solar ‘oscillations’.
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0y =~ /2. So for initial electron flavour we have
Vinitial = Ve = V2M<pmax) (2]—89)

i.e. the flavour eigenstate v, almost coincides with the heaviest involved mass
eigenstate, which in this case is the particular matter mass eigenstate 1,,, at this
specific maximum density. Note that in principle, if only a single mass eigenstate
propagates there will be no oscillation because there is no interference. Hence if
electron neutrinos are being roughly produced in one mass state due to the density of
the surrounding medium, then flavour transitions must happen via another method.

We assume the adiabatic condition, which is that density varies slowly and implies
that transitions between mass eigenstates 1), <> v1); can be neglected [13]. So we
assume that over the course of adiabatic propagation

v(p) = vanm(p) — Vorr(Pmin) - (2.190)

that is, if this change is indeed adiabatic then only the 1), eigenstate is involved
and no vy, state is produced [13]. This implies that the change in flavour will
directly correspond to changes in the mass eigenstate due to slowly varying density,
with no interference-driven oscillation occurring. A visualisation of this 15y, — 15
transition and the changing flavour composition can be seen in figure 2.3. So as
the density changes in the adiabatic transition case, the mixing angles change and
hence the flavour content of the mass eigenstates will change. We can therefore
have transformation of neutrino flavour because the mass eigenstate adiabatically
transforms from almost entirely v, to (for example) a mixture of v, and v,. So the
survival probability of v, will be reduced and the appearance probability of v, will
become non-zero similar to standard oscillations. Note that this phenomenon can
even cause transitions if there is no mixing in vacuum i.e. § = 0.

The final density is assumed to be zero p,,;, = 0, i.e. a perfect vacuum, hence the
final mixing angle will be equivalent to the vacuum mixing angle 0,;(pmin) = ¢ this
will then imply that the final version of the mass eigenstate will also be equivalent
to the vacuum case v, = vop(pPmin) = V2. So the electron flavour amplitude in the
final state is

(Ve|Viinal) = (Ve|r2) = sinf, (2.191)
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resonance vacuum
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FIG. 2.3 Wavepacket picture of adiabatic conversion in a medium decreasing from
incredibly high density to vacuum. In this case we make the approximation that
initially there is just one neutrino mass eigenstate and it is almost entirely electron
flavour. Taken from A. Yu. Smirnov 2016 [13].

which is the height of the v, component of the neutrino wavepacket in figure 2.3
c. The survival probability for electron flavour after this non-oscillatory adiabatic
conversion is

P = |{v.|w)|? = sin?¥, (2.192)

which is the same as equation (1.25) from section 1.3.2. A more general example
where the initial density is not overly large (so initially 15, % v.) with two mass
eigenstates transitioning (vo); — 2 and vy, — v1) is shown in figure 2.4. In this
case the v, in the initial case can not be ignored and initial mixing (#9,) will not be
maximal. In this case, if the density still changes adiabatically, then a combination of
oscillation and adiabatic transition will occur. This leads to the averaged adiabatic
survival probability that SNO calculated (see section 1.3.2), which we repeat here

P = sin® 0 + cos 20 cos* 09, . (1.29)

Recall also, that 09, is the matter mixing angle in the production point from equation
(1.30) which we also repeat here

0%, = |(vin|v()))? . (1.30)
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FiG. 2.4 A general wavepacket picture involving two mass eigenstates showing
adiabatic conversion in a medium decreasing from high to low density. Taken from A.
Yu. Smirnov 2016 [13]. Oscillation will also take place in this case but is not shown
here.

The initial matter mixing sin 69, and cos 69, correspond respectively to the electron
flavour components of v, and vy, in figure 2.4. This clearly reduces to the idealised
case of figure 2.3 for maximal initial mixing, because if sin 69, ~ 1 then cos 6%, ~ 0,
so the second term of equation (1.29) goes to zero leaving us with equation (2.192).

Note that there is an energy dependence on the survival probability in this
decreasing density regime, for particularly low energies the probability instead is
given purely by averaged oscillations

1
P(Epy) =1 —sin?20(sin®* A) = 1 — 3 sin? 20, (2.193)

where (sin? A) = 1/2 is the L/E average of sin? A. Similarly for energies above that
of the adiabatic conversion case, a non-adiabatic conversion occurs and the survival
probability approaches unity as energy increases i.e. no oscillations occur.



CHAPTER 3

STERILE NEUTRINOS AND OTHER EXTENSIONS

Theories involving extra neutrinos beyond the known three have existed for a long
time as potential solutions for various problems including oscillations, dark matter
and light neutrino masses. The term ‘sterile’ introduced in most of these cases is used
to denote that such neutrinos are singlets and therefore lack the weak interaction
characteristics of the active neutrinos. This implies that there are no Z and W+
vertices involving v, leaving such neutrinos with very few possible interactions with
the rest of physics, at least in the standard model. Due to the lack of weak interaction
these additional flavours will not contribute to the invisible decay width of the Z
boson and its relationship to the number of active neutrino flavours. Despite all of
this, because these neutrinos may be massive they can still potentially oscillate as
well as contribute to dark matter.

The relationship between such sterile and right-handed neutrinos is also of interest
because both are singlets with regards to the weak interaction. But it should be noted
that they aren’t necessarily one and the same.

3.1 Constraints on Number of Neutrinos

What constraints do we have on the number of neutrinos? Is there even room for
another neutrino flavour? How can sterile neutrinos get around these constraints?
Light active neutrinos are constrained by post Big Bang processes as well as the
invisible decay width of the Z boson. An example of the former is the process
et + e — v+ v if Fig 3.1, which should, due to universality, portion energy
from nuclear processes amongst neutrino flavours in an even fashion. The resulting
proportion of energetic electron neutrinos helps fuel processes such as v, +n — p+e~
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so the rate of this reaction is modified by the number of neutrino flavours the Z boson
interacts with.

e 1%

et Z

FIG. 3.1 e™ 4+ e~ — 7; + v, interaction used to constrain the invisible width of the Z
boson. Where the subscript [ indicates that the neutrinos can be of any active flavour.

Similarly the LEP (Large Electron-Positron collider) measured the Z resonance
by colliding electrons and positrons. Eventually, a global fit containing data from
multiple collaborations produced a high-precision constraint on the number of light
active neutrino flavours as N, = 2.9841 4+ 0.0082 [106].

This would seem to preclude the addition of an additional flavour eigenstate to
the neutrino picture. However this constraint can be dodged with additional flavours
that have corresponding large masses (i.e. predominantly mix with very large mass
eigenstates) or flavours that lack the weak interaction or even both. This comes from
the fact that if the neutrinos have a large enough mass such that the decays and
interactions are unavailable. In the case of Z decay this will be true for m, > mz/2.
So if the we have an eigenstate with mass over half that of the Z boson then it will not
contribute to these decay widths. Similarly, if they are sterile they will not participate
in the first place, hence not adding to these numbers. Recall that this is where the
term ‘sterile’ in reference to neutrinos comes from, denoting neutrinos that lack the
weak interaction and as such only interact with active neutrinos via some sort of
mixing. Returning to the description of chiralities from Sec. 1.10 we see that if the
neutrinos are sterile, then we expect them to be singlets and they may or may not
be right-handed. If sterile neutrinos exist as left-handed singlets (that somehow lack
weak interactions) then the standard formalism becomes broken, while right-handed
singlets fit rather normally with the current understanding.

Overall the main motivations for extra neutrinos can be summarised as

* Short Baseline (SBL) anomalies (see Chapter 3.1.1)
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e Dark Matter candidate(s)

* See-saw mechanism for small active » masses from large v5 masses.

3.1.1 SBL Anomalies

Sterile neutrino models are motivated in a large way by the anomalies present
in SBL neutrino data. At short baselines the addition of at least one extra mass
eigenstate causes additional high-frequency oscillations, these can potentially explain
the anomalies. Such an eigenstate is assumed to be sterile to fit with the rest of our
knowledge of charged leptons.

LBL experiments are not directly sensitive to these high frequency oscillations
because they tend to be averaged out of the data, this leaves these experiments
with poor discovery potential. However, if the presence of a sterile neutrino can be
confirmed (or denied) then LBL experiments have a much greater ability to measure
the CP phases and to distinguish if any degeneracies are present due to much higher
matter effects. This is especially important if more than one CP phase is non-zero.

Reactor Neutrino Anomaly

This anomaly is a deficit in the 7, rate observed at several SBL reactor experiments
compared to revised flux calculations [107]. The preference for new mass splitting is
around |Am?_, | ~ 1.5 eV? [108]. It has also been argued that statistical uncertainties

n

in antineutrino fluxes are too large to infer an ‘anomaly’ in this sector [109].

Gallium Neutrino Anomaly

The Gallium anomaly refers to the deficit in the v, rate measured by radioactive source
experiments using gallium in the detectors, specifically the GALLEX and SAGE solar
neutrino detectors. The detection method is the observation of specific gallium to
germanium inverse beta decays corresponding to electron neutrino capture (repeated
from section 1.2):

ve+ "1Ga— "Ge+e . (1.16)

When tested with radioactive neutrino sources 3’Ar and ®'Cr for calibration purposes,
these experiments produced anomalous results compared to predicted rates [12, 110].
Particularly, measurement of the aforementioned electron-capture decays showed
a deficit in electron neutrinos. The combined significance of this anomaly from
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GALLEX and SAGE was found to be around ~ 30 [111]. Recent analyses show
lower significance (reduced from 3.00 to 2.30) but are still compatible with a sterile
oscillation solutions to reactor 7, disappearance [112] and a new ~ eV? scale mass
splitting.

LSND Neutrino Anomaly

The Liquid Scintillator Neutrino Detector at the Los Alamos Neutron Science Center or
LSND, observed an excess of 7. in a 7, from a muon decay at rest source using stopped
pions [113]. This was inconsistent with standard mixing so could be interpreted
as evidence for a fourth mass splitting in the neutrino sector. The similar KARMEN
experiment, however, saw no excess [114].

The MiniBooNE experiment is an accelerator source able to produce v, and 7,
and intended to provide follow up measurements of the SBL v, — v, channel probed
by LSND. The results from MiniBooNE were originally thought to be inconclusive,
but recent analysis has since yielded significant excesses (total 4.8¢0) in v, (4.50) and
v, (2.80) channels [115]. These results seem somewhat consistent with LSND and
combined statistics gives 6.10 significance to the existence of these excesses with
a mass splitting A,; ~ 1 V2. It has been mentioned that the MiniBooNE data for
energies below 475 MeV correspond to L/E values outside the LSND range. The
authors of [116] consider the MiniBooNE low-energy excess to be potentially separate
from the corresponding LSND anomaly. They call this the “MiniBooNE low-energy
anomaly” to distinguish it.

Summary of SBL. Anomalies

These anomalies can be summarised by the different effective mixings involved
and the PMNS matrix elements they depend on. The probability at short baseline
assuming that Am3, > |Am3,|, Am3, can be simplified to

Pog = 0ap — 4Uap|* (905 — |Uap|*) sin Asy . (3.1)

Hence substituting in a and S for each experimental channel and comparing to the
effective mixing probability P,; = sin? 26,5sin? A5 gives a different value for the
effective mixing parameter 6,3,

Ve — Ve 1 8in% 20, = 4|Ue4)? (1 - |Ue4|2) (Reactor, Gallium anomalies),  (3.2)
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Vy — vy sin? 20, = 4|U 4 (1 - |Uu4|2> (no anomaly observed) , (3.3)

vy — Ve 8in% 20, = 4|U4|* | U (LSND, MiniBooNE anomalies) . (3.4)

See alternate explicit derivations in sections 2.6.1 and 2.6.2. Note that for SBL
oscillations A3 ~ Ay for all « and . An important note is that tension still persists
between the appearance (LSND, MiniBooNE) and disappearance (Reactor, Gallium)
anomalous measurements [87, 116].

3.2 Extensions Featuring 4 Neutrino Mass Eigenstates

Neutrino models with an additional v, eigenstate are the minimal extension to the
SM neutrino model. This model can offer explanations for the SBL anomalies. This
model, known as 3 + 1, adds one mass eigenstate (v4) primarily composed of a new
sterile flavour (usually denoted v,) with minor mixing to the standard 3 flavours of
neutrino. As with the standard neutrino oscillation case this introduces a new mass
difference (Am2, ~ 107°-10? eV?) which can be positive or negative. In this case
however the positive case is usually taken to be true as otherwise the three standard
mass eigenstates must be more massive than estimated. The comparatively large
value of this mass difference allows the two flavour approximation to be used when
calculating active-sterile mixing. Other theorised extensions are introduced in section
3.4.2 but these are less important in the main cases we consider.

It is also worth noting that extra neutrinos are often brought up when discussing
dark matter (DM), however the 3+1 case is usually not suitable for this. Models with a
light sterile neutrino do not provide a DM candidate that fits with current constraints,
instead these prefer other light WIMPS (Weakly Interacting Massive Particles) such
as the neutralino [117] which are the SUSY (SUper-SYmmetric) partners of the
neutral electroweak gauge bosons and Higgs bosons. Experimental data and models
place limits on the potential WIMP mass and nucleon cross sections [118] as well
as multi-component cases where DM is not just one type of particle [119]. Despite
current fits, it is possible that neutrinos may contribute in some manner. For an
overview see the 2018 review by Boyarsky et al. [120].

Adding a new flavour does complicate the model somewhat, as the mixing matrix
is now 4 x 4. Therefore we have some new parameters which we saw in section 2.2.3:

* Mixing angles: 614, 024 and 63,.
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* CP phases: 14 and 34 (recall these are labelled as such to denote where they
occur in the mixing matrix).

* Mass-squared difference: Am?,.

Also recall the mixing matrix parametrisation with rotation matrices R

Upiins = R(0s4, 34) R(04, 0) R(014, 814) R(023,0) R(613, 613) R(612, 0) . (2.39)

3.3 LBL Oscillations With One Light Sterile Neutrino

When an extra neutrino flavour is added, the oscillation probability equations become
more complex due to the additional mixing parameters, despite this, they are obtained
in the same way as before. In this section we will explicitly differentiate the n flavour
cases by writing the oscillation probabilities in the form

P (3.5)

for a neutrino of « flavour oscillating to a neutrino of 3 flavour and where n is
obviously the total number of flavours. We do this because some of these probabilities
will be related to the standard three flavour ones and we do not want to mix them
up. We will perform several simplifications too because this makes it easier to see
what the major contributions to the probabilities are, especially the behaviour related
to +A,;; and +J,; terms. To do this we follow the approach of [121].

In the vacuum, 3v case, it can be seen that the v, — v, oscillation probability
can be expressed as a series expansion up to a? in a = Am3,/AmZ, and is given by
the sum of three terms

Pul = PR+ PO+ P (3.6)

where the first two terms are introduced by the atmospheric and solar mass squared
differences respectively and the third term is the related interference term. Note that
the first two terms are positive-definite while the third is not. We now want to start
throwing away small terms. To do this we make the approximation that o ~ s13 ~ ¢,
for some small parameter epsilon. This is not entirely valid as o =~ +0.03 while
s13 ~ 0.15 implying o ~ €2. The authors of [121] mention this, alluding to a different
expansion in [122] that accounts for the different order of these terms. However, due
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to the smallness of these parameters, this naive but simple second-order expansion in
e will be fine. The three flavour expressions for these terms to second order in the
small parameter ¢ are:

PA™M ~ 452,57, sin? A, 3.7)
PO x5 4c2,c2, 52, sin? (@A), (3.8)
P;VNT ~ 8513812012523623(0(A) sin A COS(A + 513)7 (39)

where we rewrite the oscillation terms:

AQl
oa=— (3.10)
Az
RN 7ANES Azl (312)

with the usual relation between oscillation factor and mass-squared splitting,

_ Am?jL (3.13)
i ?7 .
and the splittings have the usual sign convention
Ami; = mi —m}. (3.14)

Because the ratio « is smaller than the smallest mixing-dependent term s;3, the
probabilities PAT™ PSOL and PINT have different contributions to the probability.
This comes from choosing the order of our parameters loosely but it will not drastically
change our results.

The four flavour equivalent of equation (3.6) can be obtained from (2.129) by
filling in the matrix elements and again removing any terms second order in e¢. SBL
best fit values for s, and sy, are similar in size to s;3 so they are assumed to be of
order e. The four flavour expression can be written

P~ (11— sty —s3,)PY (3.15)
+4514524513S23 sin A sin(A + 013 — 014)
—4514524C93512¢12(QA) 81N 014

2 2
+2574894 »
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remembering that we have averaged over the high frequency oscillations due to Ay
using sin? A4; ~ 0.5 and sin 2A4; ~ 0. The first term in this expression is merely the
three flavour probability multiplied by a factor of 1 — O(e?). So, similar to before,
the four flavour case can be written in terms of six separate terms, three from mass
splittings and three interference terms, three of these will essentially be the three
terms from the three flavour case (though modified by the order ¢ terms). Thus

Py = PN 4 pSOt g pSTR (3.16)
+ PIINT + PIIINT + PIIIIIITw

where PAT™  PSOL and PINT are modified from the three flavour probability terms by

the factor (1 — s%, — s3,), i.e.,

PAT™M — (1 — 2, — 52 ) PT™ (3.17)
PN = (1 — 82, — s3,) PSO, (3.18)
PINT = (1 — 52, — 2, )PINT, (3.19)

The new terms from equation (3.15) are

P~ 24,53, (3.20)
PIIINT ~ 4814824813823 sin A sin(A + (513 — 514), (321)
PIIIIIIT R —4514524C23512C12 () 8in d14. (3.22)

However, in the case of T2K and NOvA we can simplify this with further approximati-
ons. From SBL anomalies (and in the case where s?, = s2,) we have a constraint on
the parameter si, + s3, = 2s3, = 2514524 (often denoted sin 26,,., called the “effective
appearance mixing angle”) on which all terms are dependent. The allowed range is
roughly: sin 26, € (0.030,0.065). In this range the absolute values for PS°L, pSTR
and PINT are less than 0.003 so can be neglected [121], while the rest of the terms
are larger and will contribute, leaving the probability

P/ilé/ ~ PATM + PIINT + PIIINT- (3.23)
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Finally, as in section 2.7.2 we must modify this again to account for the MSW effect.

The ratio v oV E
- = , 3.24
YTk Am3, (3.24)
where V is the usual Wolfenstein matter term we covered in section 2.7
V = +vV2GrN,, (3.25)

a thorough derivation of which is in [101]. To obtain the matter probability from the
vacuum probability we make the substitution

PI™ ~ (1 + 20)PA™, (3.26)

This incorporates third order matter corrections. The corrections to the interference
terms however, are fourth order, thus when truncating to third order we can drop the
corrections to them. Note that the full matter effect may be more complicated but
this works for this specific case. For some extra details on matter potentials in 3 + 1
see section 2.7.3.

So in summary we have an approximation of the four flavour probability we are
interested in

Py~ Py™M 4+ PNT + PRT (3.27)

This is useful because the A, ¢35 and ;4 behaviour and the size of such effects in
these approximate terms is a lot more obvious than in the full probability. We can

summarise these properties:

PAT™ o sin? A, (3.28)
PNT o sin A cos(A + d13), (3.29)
PINT o sin Asin(A + 13 — 614). (3.30)

The usefulness will be especially evident when we start to analyse parameter dege-

neracies in these complicated probabilities in section 4.3 as well as chapters 5 and
6.
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3.4 Two-Flavour Approximations of 3~ and 4 Cases

In section 2.3 we mentioned that for some cases it is simpler to analyse the oscillations
a detector sees in the framework of an effective two-flavour oscillation due to the fact
that detector channels are usually limited to one or two of the active neutrino flavours.
Measuring the neutrino mass hierarchy is one of the key goals of the current and
future detectors, often in simulations this comes down to determining whether the
sign of Am2, is positive (Normal Hierarchy or NH) or negative (Inverted Hierarchy or
IH). This is incorrect however, for two reasons, firstly because, as it can be seen from
figure 3.2 that the magnitude and sign of the mass difference we use in simulations
(Am3,) must change when the hierarchy change. We can therefore write formulae

NH

Va4 Ll

Ameyy

V3

2
Am 31

V2

I Am221

Vi

L ove o v Vs

Va 00

2
Am<yq

V2

] Am?y4

Vi

Am231

V3 I

O A T N R P 7 Vs

FIG. 3.2 Schematic of normal and inverted 3+1 hierarchies of the 4 case with
mixings of each flavour indicated by amount of each colour in each mass state (not-to
scale).
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defining these in terms of the magnitudes of the NH differences:

Am3, (NH) = |Am3,], (3.31)
Am3,(NH) = |Am3,| — Amj3,, (3.32)
Am3 (IH) = —|Am3,|, (3.33)
Am3,(IH) = —|Am3,| — Am3, . (3.34)

Firstly we note that, as the small mass difference is positive and unchanged by
hierarchy
Am3, (NH) = Am3, (IH) = |Am3,| = Am3, . (3.35)

We take the first splitting (3.31) as a definition. That is we define the size of the 3-1
splitting by the measured NH value and write equations for the other splittings in
terms of the NH values. So overall we have

|Am3,| = |Am3,| + Am3,  for NH, (3.36)
|Am3, | = |Am3,| — Am3, for IH. (3.37)

If we assume that the largest mass difference we measure corresponds to Am2; in
NH and Amj3, in IH and that the sizes are are equal, then

| Ay | (NH) = | A, |(IH) (3.38)
which also implies
|Am3,|(NH) = |Amj3, |(TH) . (3.39)

So we will often then define the Am3, oscillation mass difference we are interested
in terms of the NH mass differences:

Am3, (NH) = |Am3, (NH)|, (3.40)
Am3, (TH) = —|Am3, (NH)| + Ams3,. (3.41)

As we will see however, defining our oscillation case based on these splittings is not
the best method when we are trying to make fits or perform simulations.
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Because there are two closely spaced mass eigenstates, two of the mass-squared
differences, AmZ, and Am3, have similar magnitudes. This implies that the oscil-
lations they cause will have similar frequencies and as such, individual peaks and
troughs may be indistinguishable. Because of this only one peak will actually be
seen by an experiment at the oscillation maximums and hence the measured mass
difference (for v, disappearance experiments) Am?, # Am3, and is instead some
linear combination of Am3, and Amj3,. In fact the form of this combination has been
shown to be ‘flavour weighted’ averages of the two large mass splittings [123]. The
« flavour weighted average for an « disappearance experiment can be expressed as

_ \Ua1|2Am§1 + |Ua2|2Am§2

A 2 3.42
or alternatively,
Am? = Am?2, — ’ a2|2 Am? (3.43
me. ms, T2 + [Uoa P may , 43)

depending on which two mass splittings used to specify this 3v case. This implies
that at different flavour disappearance experiments, a different effective splitting is
measured. These equations lead to the corresponding disappearance effective mass

splittings:
Am?, = Am3, — sin® 0;3Am3, (3.44)
Amzu = Amgl + (cos 813 sin 05 sin 26015 tan fe3 — cos? 912> Am3, (3.45)
Asz = Amgl — (cos 813 sin 05 sin 26015 tan fay — cos? 6’12> Amgl , (3.46)

which correspond to what an atmospheric/LBL scale experiment will actually measure

in these channels.

So because neither Am3, or Am2, are what detectors themselves truly measure,
for our simulations we must consider an effective two-flavour approximation related
to the three flavour parametrisation to find the correct effective parameters. An
important note is that this will also give us an effective mixing angle 6,,, which will
replace 6,3 in our two flavour approximation giving us

P,=1- sin? 28% sin? Ail; . (3.47)
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This will also ensures that the degeneracies are exact in the effective parameter space,

ie.,
Puu(Ami,u) = uu(_Amiu) ) (3.48)
Bup(Opp) = Puu(90° — 0,,,) - (3.49)

Now because the three neutrino case has been done before we intend to try and find
a four flavour equivalent.

3.4.1 2v Effective Parametrisation of 4v case

So can we deduce what the muon disappearance version of this would be in four
flavour? To attempt this we start with the probability and simplify as much as
possible. Note that working with splittings (Am};) or oscillation factors (A;;) give
the same effective parametrisations because they are linearly related. In the 4v case
the p-flavour disappearance probability (divided by 4 for convenience) is

Ay
1— Puu

4 = ‘Uu3|2’Uu1|2 sin® Agy (3.50)

+‘Uu3|2’Uu2|2 sin® Ay
+|Uu2|2’Uu1|2 sin” Ay
+Ua)?| U, |? sin® Ay
+Uua|?*|U 2 |? sin® Ayy
Ul |U i3] sin® Ays

Am?jL

where: A;; = —7—. Because we know Ay > Ay, Ay, Ayy = Ay — Ay and

Ay3 = Ay — Az, (and knowing we will later average over trigonometric terms

involving A4;) we can approximate Ay =~ Ay ~ Ay3. Therefore the probability
becomes
1 — 4v

TW = ]Uu3]2|UH1|2sin2 Agl (351)

+’U#3’2|U#2|2 Sin2 A32
+|UM2’2|U“1|2 Sin2 AQI
Ul ([0l + [Upal? + Uy ) sin® sy



112 Sterile Neutrinos and Other Extensions

Then as Ay; < Ag; at the baselines we are considering and as our detector is near
the As;; oscillation maximum, sin® As; ~ 1, we let sin? Ay; — 0. So we lose the Ay
term

1_P3Z 2 2 i 2
T = ’ngl ‘U/d’ Sin Agl (352)

+’UM3|2|UH2|ZSiH2 Agg

+’Uu4|2 (|Uu1|2 + ’Uu2’2 + |Uu3|2) sin® Ay, .
We now want to expand sin? Az, = sin?(As; — Ay). Using trigonometric identities
we get

1 1 1
SiHQ(A;ﬂ — A21> = 5 — 5 sin2 Agl sin2 Agl — 5 COS2 Agl COS2 Agl (353)

1 1
+ 5 sin? Ag; cos® Agy + 5 cos? As; sin? Aoy

— 2sin Az cos Az sin Agy cos Aoy .

We then discard terms proportional to sin? A,; as before so,

1 1 1
sin?(Asp) = 573 cos? Az cos® Ay + 3 sin? As; cos? Aoy

— 2sin Ag; cos Ag; sin Ayq cos Ay . (3.54)

To simplify this we use the formulae:

1 1 1
—3 cos® Agy + 3 sin? Ay = —5 cos2As3 (3.55)
1
2 sin Ag; cos Agq sin Agp cos Ay = 3 sin 2Az; sin 2A9; (3.56)

and approximate cos Ay; ~ 1 = cos? Ay, ~ 1 and sin 2A,; ~ 2A,; due to the small
angle A,;. This gives

Sinz(Agg) = (1 — COS 2A31 — 2A21 sin 2A31) . (357)

N —

We now want to expand the sin® As; and sin? A4, terms in equation (3.52) using the
trigonometric double-angle formula

1

3 (1 —cos2A;) . (3.58)

Sin2 A“ =
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Therefore equation (3.52) becomes
1 - P/ﬁ: 1 2 2
T = §|U‘u3| ’Uull (]_ — COS 2A31) (359)
1
+§|UH3|2’U;¢L2|2 (1 — COS 2A31 — 2A21 sin 2A31)
1
+§\U#4|2 (104 + U2l + [Ups]?) (1 = cos 2A4) .
We now simplify by defining the terms:
a = ’UM3|2|UH1|27 (360)
b= ’Uu3|2|U#2|2, (361)
¢ = Ul (|U]* + U2l + 1U,s]?) - (3.62)
Then collecting terms simplifies the probability
1—P% 1 _
T’“‘ =3 [(a+b+c) — (a+b)cos2A3; — 2bAgy sin 2A3; — ccos2Ay] . (3.63)
Then we further define:
, a
= — 3.6
et (3.64)
b
V= —— 3.65
a+b+c’ ( )
, c
= 3.66
P, (3.66)
such that o’ + b’ 4+ ¢ = 1. So we further refine our equation
1— P:LLZ 1 / / / . /
—1 :§(a +b+c)[1—(a'+b)cos2A35 — 20" Agy sin 2A31 — ¢’ cos 2A41] .
(3.67)
We can average over Ay, fast oscillation terms using
(cos2A4) =0, (3.68)
to give the even simpler
1— P 1 / / / .
— :§<CL + b + C) [1 — (a + b ) COS 2A31 —2b A21 S1n 2A31] . (3.69)

4
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We now wish to combine our oscillation factors into one sine squared term so we can
equate our expression to the two-flavour approx. To do this we define:

a+b a4
i@ + )2+ 4203, \/(a + )2
20 A 2 A 2 A
sin 3 = Z ~ Z_=-—_2. (3.71)
J@ + )2 440203 (J(@ +)2 @ +D

~ 1, (3.70)

cos g =

12

Then solving for

. 1 sinﬁ . 1 2b/A21
£ = tan (cosﬁ) ,= tan (a’ R (3.72)

Note however that as the term ¢ includes small sterile phase terms

coc [Uul?~ 0, (3.73)

then we can further approximate some of our terms in the denominator of equation
(3.72)

a’+b’=cﬂicz1, (3.74)
which means that (3.72) further reduces to
B =tan"" (20'Ay) = 26 Ay . (3.75)
The probability will then become
W = ;(a +b+c)[1— (cosBcos2A3; — sin Bsin2A3;) (o’ +b')] . (3.76)

We can further collect some sine and cosine factors
cosacosb + sinasinb = cos(a — b) (3.77)

to give the probability

4
1_Puu

I ;(a +b+c)[1—cos(2A3 — B)(d' + V)],
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1 1
=(a+b+c) [2 — icos(QAgl - B)} ,
1
— (a4 b+ c)sin’ <A31 - 25) . (3.78)
So finally, after substituting for 5 we have a relatively simple probability
P;Z =1- 4(CZ + b + C) Sin2 (Agl — b/Agl) . (379)

We then equate this to the effective two flavour probability

P,=1- sin? 260* sin? Aﬁ; (3.80)

o

to give our effective mixing terms:

sin® 20 = 4(a +b+c), (3.81)
1

c O =g sinT 2Va+ bt e, (3.82)

Ai’; = ASl - b/Agl . (3.83)

So the mixing parameter in full is
sin® 20 = |Ups*|Upi|* + [Ups | Upol + [Ual* ([Ua* + U + [Us]?) . (3.88)

with the explicit forms of the parameters:

, 1.
eﬁu = B sin~" 2\/’UM3’2‘UM1|2 + ’Uu3’2‘Uu2|2 + ’Uu4’2 (‘UMP + ’Uu2’2 + |Uu3‘2) )

(3.85)
Upis 2| U |2
A4V = Aay — ‘ p3 K JAVSD
w8 R U + U P Ue 2+ [Upa? (U2 + [Ua? + |Ua?) ~ 2
(3.86)

This seems to be reasonable because we can see that for vanishing sterile mixing
U4l — 0 and (3.86) will approach the three flavour case from (3.43). Further
studies need to be performed to see if this is sufficient to model the four flavour case
accurately or if sterile terms need to be kept at higher order.
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3.4.2 Measured Mass Differences in Different 4~ Hierarchies

Identifying which numerical mass splitting corresponds to what measured oscillation
can be complicated by non-standard hierarchies. Here we show some illustrative
examples to clearly point out the reasons that the measured experimental splittings
shouldn’t be directly associated with the underlying analytical ones. As such, these
should only be definitively related when the hierarchy is known (potentially averaging
between multiple close splittings). Note that in the literature the measured experi-
mental mass splittings are often labelled with abbreviated names of their sources. For
example the measured splittings considered in our four flavour case are Am?2,, Am?2,
and Am3g; corresponding to the solar, atmospheric and SBL oscillations. These are
effective parameters as discussed earlier in chapter 3.4 and as such do not necessarily

correspond to the numbered splittings Am;; in a straightforward manner.

We define the measured splittings to be positive-definite due to the sign ambiguity
of the splitting in the effective two-flavour terms measured at experiments. For
example, the probabilities for appearance P,s o sin? A, and survival 1 — P, o
sin® Aqq. The sign part is left to the ordering dependence of the underlying Am;;
terms. Obviously due to our conventional ordering of the numerical mass differences
Am7; = m; — m? these themselves may be positive or negative depending on the
ordering.

3+1 NO/IO

This corresponds to the standard 3v NO/IO with a large mass splitting to a relatively
heavy v,. A schematic can be seen in figure 3.3. These are the only two 4 orderings
we consider fully in our analysis due to them being the most simple solution for
standard oscillations + SBL anomaly resolution without bumping the neutrino mass

hierarchy up to potentially conflict with cosmology measurements.

2
atm

In this hierarchy the measured solar and atmospheric splittings Am?2, and Am
correspond to Am3, and an average of Am?, and Am3, respectively, as with the
standard 3v case. It can be seen that the introduced v, state adds a much larger
independent splitting Am?, which can be attributed to the measured Am?; for the
oscillation interpretation of SBL anomalies. Note that this correspondance will also
likely not be exact and theoretically the measured SBL splitting may actually be an
average of Am?,, Am?, and Am3,. To fit the SBL anomalies the choice of splitting is
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NO 10
V4 V4
AmZgg
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AméggL l Am=gq)
V3 | VA | |
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V2 | ) atm Am=aim
l Am#=gq
Vi o | V3 \

F1G. 3.3 Schematic of the 3+1 hierarchy in 4~ for NO and IO with sizes of splittings
not to scale.

such that Am3?, > Am32, > Am3,, because of this all three of the new splittings are
all quite similar in scale despite the difference in the size of Am32, and Ams3,.

1+3 NO/IO

This choice is also a straightforward extension of the standard case, with no new
close pairs of states being introduced. Compared to the 3+1 case however, this time
the new mass eigenstate v, is the lightest state, bumping up the overall mass scale
of the original mass states vy, v, and vz by Am?, for NO and Am?, for 10 (see figure
3.4). In this case the solar and atmospheric splittings are defined as in the 3v or 3+ 1

NO 10
| I I_\.m230|
V1 \ |
2
Vo o I Am©atm
Am?2
V1o 1 = AmZagm
V3 | |
AmZSBL AszBL
Va4 | | Vs |

FIG. 3.4 Schematic of the 1+3 hierarchy in 4~ for NO and IO with sizes of splittings
not to scale.

case and again, similar to before Am3, ~ Am3, ~ Am3,. The key difference is in
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this case the limiting cases of largest possible SBL splittings are Am%,; = —Am?,
and Am?%z; = —Am?2, for NO and IO respectively. Similar to 3+1 the measured SBL
splitting theoretically corresponds to an average of all three large splittings though
will likely be averaged out regardless. It can also be seen that in this case the lightest
possible mass state being v, implies that the scale of the first three neutrino masses
is dependent on the SBL splitting and exact mass of v,. If we are certain that SBL
splitting exists then this can make the astrophysical constraints on the sum of active
neutrino masses hard to fit with this hierarchy. For example, even if v, is massless
(my = 0) and Am3g; ~ 1 eV?, then ¥;u; ~ 3 ¢V which would be well outside current
estimates.

2+2 A+S/S+A

These examples place v, much closer in mass to v3 and the splitting between them
becomes associated with the Am?2,  splitting. This clearly gives two closely spaced
pairs of mass eigenstates (hence 2+2), rather than the small, medium and large
gap of our other four flavour examples. The labels 25 and 24 refer to the solar and
atmospheric mass splittings respectively. The two possible orderings of this hierarchy
can be referred to as 25 + 2,4 and 24 + 25 with the former and latter corresponding to
being the lower and higher mass pairings respectively as seen in figure 3.5. In this

2g+2, 2pt+2s
V4 | | V2 \
Am?
|Amza‘"" Vi \] !
V3 | |
/_\mZSBL AmZZSBL
Vo | ! , V4 | |
Vi Il Am©gq | Amzatm
V3 | |

FiG. 3.5 Schematic of the 2+2 hierarchy in 4v for S+A and A+S with sizes of
splittings not to scale.

case the small mass splitting corresponding to solar mixing is the same as the standard
case. The other two splittings are very different however, with the the atmospheric
splitting corresponding to Am3, for both orderings, while the SBL splitting will
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correspond to one of the large differences between the 1-2 and 3-4 pairings with
maximum size defined by Am?, in S+A and —Am3, in A+S (and in general might

involve an average of all four possible splittings in each case).

3.5 Models With More Than One Sterile Neutrino

Here we briefly touch on the prospects and formalism of further extensions where the
number of extra states is greater than one. Sometimes this is done to attempt to fit
several models at once by including several mass scales. An example common in the
literature is the 3+ 3 extension. This is similar to the previous 3+ 1 extension but adds
one ‘light’ (~ 107°eV - 102%eV) sterile neutrino and two ‘heavy’ (~ 1eV - 10°GeV) sterile
neutrinos. The light neutrino is usually intended to facilitate SBL oscillations while
the heavy neutrinos cater for neutrino mass via a see-saw mechanism (we briefly
outline this in section 3.6.2). The heavy neutrino mass is essentially unconstrained in
terms of affecting the SM, and as such depends almost entirely on the requirements
of the mass model.

3.5.1 3+n, Extension

Let us now investigate a more general extension where we add n, new (mostly sterile)
mass eigenstates. We obviously have a whole range of extensions to the SM if we
allow n, new sterile flavours. The more of these we add, the more we can fine tuning
our mixing and neutrino mass parameters. Not to mention potential contributions
and candidates for dark matter. Of course the more states we add, the more easily
they may be dismissed via naturalness arguments.

Regardless of real applications, lets investigate the n flavour formalism, where
the total number of neutrino states is related to the number of additional states by
n = 3+ n,. Some of the formalism presented here is adapted from section 2 of [116].
So as we saw in section 1.10, in the SM we have 3 active neutrino fields: v, v, , v,
from the standard SU(2), lepton doublets. We then add n, sterile neutrino fields:
VsipsVsapy** " » Vsn, p Which are SU(2), x U(1), singlets. So the general Lagrangian

in flavour basis becomes

1
L= iyg’%wygﬂ +hee, (3.87)
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where the full n x 1 column flavour matrix is defined

Ver,
Vur,
» L@
= T = e (3.88)
yis I/R
I/SnSRC

and we have defined the 3 x 1 (active) and n, x 1 (sterile) respective sub arrays:

C
Ver, Vsir
(a) _ ()¢ _ :
VTL VSnSRc

We can then change into the mass basis via some unitary n x n matrix U:

149
A =™ where M = (3.90)

and U is defined such that
UT MU = diag(my, -+ ,m,) . (3.91)

Then the Lagrangian mass term becomes

1 n
- my (V) Clug, + hec.
23

Z myVi vk + hee.,

Lmass =

[M]=

miUslk + h.c. , (3.92)

N = N
i
—

i
I

where the elements v, are the Majorana neutrino fields v, = v, + vf; which follow
the Majorana constraint: v, = vf. We can now write the leptonic charged-current
(CC) lagrangian in the flavour basis where the mass matrix of the charged leptons
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le=-e, 1, =pand (. =7 is diagonal

S Y Ly vaW] + e,

2 a=e,l,T

g -
S 7 a;TlaLypyaLWg +h.c.. (3.93)

Loc =—

S

Written in matrix form this becomes

g +— a
Loc=— —QZLypl/é )Wg + h.c.,

7
g N
_ ﬁlLypUV(LM)WJ +hec., (3.94)

with the charged lepton array defined as

(&

L=|ul. (3.95)
T

The truncated flavour array and mixing matrix are:
A = U™ and U = Ulsp,. (3.96)

The matrix U is the 3 x n rectangular matrix formed by taking the first 3 rows of /.
This is because the only CC interactions occur with the 3 active flavour eigenstates
but can involve mixing via all of the n mass eigenstates. The rectangular matrix U
can be parametrised in terms of: 3 + 3n, mixing angles, 3 + 3n, physical phases, of
which 1 + 2n, are Dirac phases and n — 1 Majorana phases \;; (so clearly U reduces
to the standard 3v PMNS matrix when n, = 0). This can be expressed as

3 n
U= (H 11 Rab> RPRUR" |diag (1,6, ™) (3.97)
a=1b=4 3y PMNS  |3xn

where we have defined the shorthand for the individual rotation matrices from
equation (2.2)

R® = R(04, 0up) , (3.98)
R™ = R(04,0) (3.99)
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and truncated to 3 x n as we did with the diagonalised mass matrix ¢/ beforehand.
The Majorana phases are of course not relevant in oscillation physics but we leave
them in here because they important are in other extended neutrino theories like
neutrinoless double beta decay. An example n flavour parametrisation is

U= |R"R™R™. 3341%243143231?213}212} diag (1,2, ™) . (3.100)
xn
This sort of rectangular mixing matrix is how our simulations using GLoBES (section
4) handle extra neutrino states, given that we only care about observable flavours.
Note however that UUT = I3,3 but UTU # I,,.,,. We can also write the neutrino NC
Lagrangian corresponding to (3.94) in terms of the mass eigenstates using the same
rectangular matrix

9 —(a) (a)
Lnc = — PV Z
Ne 2 cos O YLTVL %

_ _MgsewyéM)ypUTUyéM)Zp. (3.101)
Hopefully we have shown that it is relatively simple to keep adding more neutrinos
to such models. Going any further with these parametrisations is outside the scope
of this work, but example studies are easy to find. Many authors have attempted
to resolve tensions in MiniBooNE, LSND and other SBL experiments using 3+2
[124-126] and 3 + 1 + 1 [127, 128] five neutrino models, as well as 3+3 [124] and
general 3+n [129, 130]. Unfortunately even these models with extra neutrinos are
hard-pressed to explain the appearance-disappearance tension present in this sector
as mentioned in section 3.1.1.



3.6 Neutrino Mass Models 123

3.6 Neutrino Mass Models

Neutrino oscillations give us solid evidence that neutrinos do have mass and that
the SM needs to be expanded to account for this. There are a few methods in which
neutrinos can gain their physical mass, these depend on whether neutrinos have
Majorana and/or Dirac masses as we briefly mentioned when discussing SM leptons
in section 1.10.

In this work so far we have primarily discussed light sterile neutrinos due to the
fact that mass splittings in the eV? scale will affect oscillations, therefore are the
concern of modern oscillation experiments. That said, the parameter space for sterile
neutrinos is rather broad, with the number of extra neutrinos and their mass scales
mostly unconstrained. It is in the interest of many fields then to know as much as
possible about any extra heavy neutral leptons.

In this section where we discuss mass models we will mention extra neutrinos
(some authors prefer the more generic ‘neutral leptons’) in a more general sense.
With the unconstrained number and mass range of extra neutrinos, models can be
concocted where the existence of heavy sterile neutrinos can explain the light active
masses e.g. see-saw type models. More conventional mass models are also discussed.

The nature of neutrinos as particles is still somewhat unknown due to having
an unknown method of mass generation. If neutrinos have mass as oscillations
suggest, then an extension to the SM must be made including terms that account
for these neutrino masses. Examples of such terms are ‘Dirac’ or ‘Majorana’ masses
corresponding to Dirac or Majorana fermion properties. Dirac particles are the norm
in the SM with most particles gaining their bare mass from a Higgs-Yukawa coupling.
However, because of the incredibly light neutrino mass, the same method of mass
generation applied to neutrinos results in incredibly small Yukawa couplings which
are suggested to be unphysical via a naturalness argument. So now that we have
an introduction to extra and/or RH neutrinos, we can approach Dirac and Majorana
mass terms specifically in the case of neutrinos.

3.6.1 Dirac Mass Models

Neutrinos, like all the other SM fermions can be Dirac particles, in this case the
Lagrangian contains the relevant term

LD =Y, iocoH vy + h.c. (3.102)
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If the neutrinos are conventional Dirac particles then the sterile, right-handed
neutrinos (vg’s) are, in a sense, not distinct new particles (but what makes a particle
distinct anyway?). These RH neutrinos are merely non-interacting spin states and
thus there will only be 3 distinct masses which would correspond to the known
mass eigenstates. The consequences of such a case however mean that the Yukawa
couplings corresponding to these neutrinos are of order ' ~ 10~'? which can be
argued to be unnaturally small and too “fine-tuned”. This model does not allow for
neutrinoless double beta decay (0v/33), which is a strictly Majorana property. See
section 3.7 for an overview of this phenomena and potential experimental detection.

The mass basis term in the Lagrangian associated with Dirac mass will be

vrmpvg + h.c. (3.103)
However we know the relation between particles and antiparticles terms is
Urmpur = Ugmhus . (3.104)
So the Dirac mass term is often written “expanded” as
—1 <D mpv —i—DcmTz/c)—i—hc (3.105)
2 LIT'DVR R''DVT, -G .
where the factor of 1/2 and conjugate terms make it more obvious how these can be

incorporated into a general mass matrix. We will see this in the next section 3.6.2.

3.6.2 Majorana Neutrinos

Majorana particles have the unique property that they are their own antiparticles, thus
only neutral particles of this sort are possible. Majorana neutrinos are perhaps the
more interesting of the two, simply because they would be the only such elementary
particles we know of in the SM with these properties. Some facts and properties of
Majorana neutrinos are:

* For Majorana neutrinos ¥ = v [131]. That is neutrinos are their own antiparti-
cles.

* This violates conservation of total lepton number L.

* Neutrino particles can no longer be classified as ‘neutrino’ or ‘antineutrino’.
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¢ Because weak interactions are chiral we can define neutrinos and antineutrinos
in the ultra relativistic limit when chirality coincides with helicity [132].

* Particles are now defined by the helicity, hence this defines the particles they
produce in CC interactions.

* So a left-handed (negative helicity), /-type neutrino will produce a (left-handed)
[~ lepton while a right-handed (positive helicity), [-type neutrino will produce
a (right-handed) /" lepton.

* So the CC interactions involve v;;, — [~ and v;p — [T.
* In this sense, we can say that for Majorana neutrinos, v;;, = v; and v = .

Majorana neutrinos are favoured in some models because the mostly sterile heavy
mass eigenstates can have large Majorana masses which, via the see saw mechanism
raise the light mass eigenstate masses without requiring small Yukawa couplings. An
aside to this is that clearly 53 (neutrinoless double-beta) decay is allowed, searches
will be performed at facilities such as KamLAND and the proposed SNO+.

What follows is not intended to be a full discussion of mass models featuring
Majorana neutrinos, rather a rough outline of the formalism of so called ‘See Saw
Mechanisms’. For more thorough reviews of neutrino mass models, including variants
of see saw theories, see [133, 134]. Adding a term to the SM lagrangian of the form

1
§vLmVVE + h.c. (3.106)
does not add any degrees of freedom. This term does break gauge invariance however.

The term associated with Majorana mass is:

1
—5 (DLli/E + ERMMV%) + h.c. (3107)

In general, neutrinos can have both mass terms, so combining the equations (3.105)

o 0 mp vy
¢ + h.c.
() (o m ) ()
(3.108)
Where we have assumed that the Majorana mass associated with the left handed

and (3.107) we may express these as

—;(DL D%)M(Vz>+h.c.z—

N —

VR

neutrinos is close to zero (m,; ~ 0). This means that the active neutrinos behave
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entirely as Dirac particles, or at least close to it. To get the physical masses from this
equation we must diagonalise M and the eigenvalues will be the physical masses of
the LH and RH neutrinos. For a matrix of the form:

0 A
()

where A << B, we have two highly disproportionate eigenvalues:

A2
M=, (3.110)
A = B. (3.111)
From this we can see that the physical masses are:
s (3.112)
mp —=—— .
L MM7

Note: these are actually matrices, so the true form of m; in (3.112) is m; =
T

—mpM;,;/m%. So a large Majorana sterile neutrino mass, can be responsible for
the tiny active neutrino mass even if their Yukawa couplings with the Higgs are of a
reasonable order. This would imply further that
2
(vy)

= 3.11
mrp, MM ’ ( 4)

for neutrino Yukawa coupling y, and Higgs VEV v. So if M), is on the order of the
GUT scale (at least 10'® eV in string models) and v = 246 GeV, then the Yukawa
coupling required for a physical neutrino mass of order ~ 1 ¢V is

1016 eV

~ x 1074 3.115
(246 x 10° eV)* 246 ( )

Yy, ~ 1eV

This size is more within reason considering naturalness as motivation. Such a form of
mass generation is known as a see-saw mechanism due to the fact that large Majorana
mass terms can lead to small physical mass eigenstates. Unfortunately the ranges
of mp and M), are almost entirely unconstrained, ranging from massless, up to the



3.7 Double Beta Decay 127

GUT scale (~ 106 eV) [84]. This can make the see-saw case seem rather fine tuned,
but the motivation behind them is reasonable.

3.7 Double Beta Decay

Double beta (3/3) decay is a process available to some unstable nuclei wherein the
nucleus undergoes two standard beta decay events simultaneously, as visualised in
figure 3.6(a). This interaction contains two weak vertices so is second order and as
such is very rare. However some nuclei are energetically forbidden from decaying via
single beta decay but can via double beta decay. Double beta decay has directly been
observed in 11 nuclei [135]. Related phenomena have also been seen such as two
neutrino double electron capture. Experiments in this area have been around for a
while, for example the NEMO (Neutrino Ettore Majorana Observatory) collaboration
started in 1989. The latest experiment by the collaboration was NEMO-3, situated in
the Fréjus Underground Laboratory off the Fréjus road tunnel connecting France and
Italy. It started in 2003 and saw 219,000 2v 33 events as of 2005 [135, 136]. The
collaboration is currently constructing a new detector known as SuperNEMO which
should improve on NEMO-3 Majorana mass constraints by more than one order of
magnitude [137].

For Dirac neutrinos, double beta decay events will always emit two neutrinos i.e.
two neutrino double beta decay (2v3/3), but in the Majorana neutrino case there is
an additional possibility which is neutrinoless double beta decay (0v3) as seen in
figure 3.6(b). Double beta decay is therefore a test of the Dirac/Majorana nature
of neutrinos. Such a process also breaks the baryon number minus lepton number
(or B — L) symmetry of the SM [138]. Originally the process was know as ‘Double
Beta Disintegration’ [139] and was already understood to potentially occur when
neither emission itself is possible (via conservation of energy) but both simultaneously
are. It wasn’t long before it was noticed that for Majorana neutrinos, less overall
particles (only two e~ or e*) would need to be emitted in the final state [140], with
the neutrino being virtual. An important point was that this would not change the
behaviour of standard beta decay, simply provide an additional pathway. The most
important feature overall is that if the neutrino exhibits this Majorana property, then
decays kinematically forbidden in the Dirac case may occur, hence the rate of detected
double beta decays would increase. The smoking gun however, would be seeing a
deficit in an associated neutrino/antineutrino rate measurement. Methods other than
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light Majorana neutrino exchange that would also contribute to 53 decays have been
considered, including new unconventional operators and heavy neutrinos [132].

VM

(a) 2vpp (b) OvBp

F1G. 3.6 Both double beta decay possibilities for two neutrons going to protons. In
(a) two neutrinos are emitted while in (b) there is an intermediate Majorana neutrino.
The neutrinoless case relies on Majorana neutrinos while the other can have Dirac or
Majorana neutrinos.

The observable that is considered in Ov33 analyses is the half life, notated 77},.
If this is indeed mediated by a Majorana light neutrino then it can be related to the
effective mass of such a neutrino mgg [141].

2

m

T = G*(Q, Z)|M™]? (55 ) (3.116)
me

where m, is the mass of the electron, G* is the lepton phase space integral, M" is

a nuclear matrix element to describe any effects due to structure and the effective

neutrino mass mgs is defined

mgp = ZUfjm] . (3117)
J

The matrix elements U,; in equation (3.117) are not those of the standard PMNS
matrix, but rather the more fundamental version including Majorana phases (recall
section 2.1) in an extra diagonal matrix of the form Py,; = diag{e'™,e"*2, ¢}
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postmultiplied onto Upyns. Adding these phases explicitly will give

mps = Z €' |Uy;|*m; (3.118)

J

where the moduli of elements |UZ;| will directly correspond to standard oscillation
PMNS elements. Note that as discussed in 2.1, one of the Majorana phases can be
set to zero without loss of generality (due to lack of physical significance), leaving
Puaj = {1, €2, ¢ }. Approximating G% and M gives rough, hierarchy dependent
limits on 77},.

o > 1028 yr, for Normal Hierarchy,
11/, (3.119)
~ 10%¢—10% yr, for Inverted Hierarchy.

In a ton scale detector these possibilities would account for less than one event per
year in NH to a few events per year in IH [138]. Thus measurement is very difficult
but not impossible with current detector technology and the greatest challenge seems
to be background mitigation. For an up to date full review of the status of experiments
in this area see Cardani 2018 [138].

In some cases we can relate the effective neutrino mass from this decay with other
physics involving Majorana neutrinos, for example seesaw mass generation [142]. If
we have a mass term such as in equation (3.108), then we have a mass matrix of the

0
( ; mD) (3.120)

with Dirac and Majorana mass terms mp and M), as before. In this case the mass of

form

the v, will come from the small eigenvalue of the matrix (see 3.6.2), which is

m,, = — b (3.121)
This will be related to the effective mass mgg.
(a®)

(1 + W) . (3.122)

mpg = |my,

Time will tell if such searches for Ov3( bear fruit or not. For now, as with many
neutrino studies, we will just have to wait for more data.






CHAPTER 4

GLOBES SIMULATION

4.1 Introduction to GLoBES

GLOBES (General Long Baseline Experiment Simulator) is a C library containing
algorithms associated with neutrino oscillation and statistics as well as experiment
definition via AEDL (“Abstract Experiment Definition Language”) text files. GLoBES
can calculate oscillation probabilities analytically as well as matter effects by evolving
the matter Hamiltonian through small layers of constant matter density. Once set up
with an appropriate AEDL file, GLoBES works as a self contained program so the user
can call probabilities and hypothesis tests without calculating any effective oscillation
terms or matrix elements. A schematic of this idea is shown in figure 4.1. GLoBES
has built in capability to used modified probabilities and read in extra parameters to
simulate non-standard physics.

GLoBES uses channels that are defined via reconstructed detector event rates
which will depend on oscillation probabilities and detection efficiency. These are
each dependent on one actual physical observable, for example the observation of
an excess or deficit in the amount of NC or CC events. A schematic of this is shown
in figure 4.2. Which channels are important will depend on the experiment beam
composition and baseline. For example NOvA primarily attempts to ‘see’ electrons
produced in CC events from oscillated electron neutrinos in a neutrino beam initially
of muon flavour, these can be directly detected above background events. NOvA also
can analyse the muon flavour disappearance channel by comparing the number of
predicted muon CC events to the measured CC event count. This channel will expect
a deficit of events compared to predicted for the non-oscillation case and combined
with the electron appearance data can give an idea of tau oscillation. The NC channel
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AEDL GLoBES User Interface

Lol Tl C-library which loads
Definition L —_— —_— .
efinition Language AEDLfile(s) and :
* provides functions to

Defines Experiments

and modifies them simulate experiment(s)

G EEEEEEEEEEEEEEEEEEEEEEEEEEEEW

Application software to compute
high—level sensitivities, precision etc.

FiG. 4.1 Rough definition of the GLoBES interface and AEDL (from the GLoBES
user manual available at the documentation page on the GLoBES website [143]).

is insensitive to neutrino flavour so can be used to test detection efficiency compared
to expected number of events. In some cases a deficit in NC events, after accounting
for efficiencies and rates, can potentially indicate sterile oscillations since these lack
CC and NC interactions of possibly other interesting new physics. It is important
to note that GLoBES can’t output P, probabilities at all. Though these don’t make
much experimental sense anyway since they should be entirely invisible. If one wants
to print sterile appearance for illustrations sake they will have to calculate it from
the other probabilities. This is related to the fact that after calculating the PMNS
matrix GLoBES will truncate it because we only care about transitions between active
flavours. See the discussion on rectangular mixing matrices in section 3.5.1 for a
similar idea.

Once we have defined channels they are then grouped into rules which consist
of signal and background channels. These define what an experiment ‘sees’ overall
once all separate channels are accounted for. Figure 4.3 shows the flowchart of
signal+background to rule to x? value. This is similar to how a physical experiment
requires analysis to convert relatively useless direct particle/interaction counts into
useful signals or rates above background. This allows for an output of oscillation
probability or comparison between multiple test/true hypotheses.

GLoBES is limited in its ability to describe experiments and cannot take into
account geometrical/directional source effects e.g. in the sun or the atmosphere or
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RE“‘l’rf.y_ Cross Initial / final
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Fi1G. 4.2 Schematic describing AEDL channel definition showing several inputs
(from the GLoBES user manual [143]).

------------------------------------------

i Signal — (Channell) ( . ] i
Background — (Channelzj (]

Rule

Signal + Backgrounds |
with systematics '

[

......................

O mm o Em EmEmEEEEEEEEEEEEEEEEEEEEEEEEEEEmEEE®E®®®:®S®s~

Fi1G. 4.3 Definition of rules in AEDL (from the GLoBES user manual [143]).

time dependent physics e.g. supernovae. However experiments which in principle
have geometric effects, such as reactor experiments featuring multiple reactors as
sources can be approximated. In addition, experiments where beams are pulsed to
better veto background events (which are technically time dependent), can also be
simulated, since the time dependence doesn’t have physical significance to the actual



134 GLoBES Simulation

oscillations. Figure 4.4 shows how a set of rules is combined in an experiment to give
a sum of Ax? values that can be used for hypothesis tests. The standard install of

(Rule1) (Rule2] (Rule3 ) [ ... |
NN KT

[ Experiment }

FiG. 4.4 AEDL experiment definition (from the GLoBES user manual [143]).

GLoBES comes with files for simulating experiments including the commonly studied
T2K and NOvA as well as some generic cases such as neutrino factories and [ beams.
In addition, files for proposed experiments T2HK and SPL (Superconducting Proton
Linac), as well as reactor experiments DoubleCHOOZ (named after its two detectors
near the Chooz Nuclear Power Plant in France, so not an acronym!) and RENO

(Reactor Experiment for Neutrino Oscillation) are available.

4.2 Simulation In 3+1 Scenario

Now that we have an idea of how we use GLoBES to simulate experiments, lets have
a look at how we structure an analysis based on the 3 + 1 hypothesis. To perform
this analysis we will have to take true values from best fits for standard and extra
parameters, these are specified in table 4.1. We also will need to know how to average
our probabilities to represent finite detector resolution. Remember the sterile induced
terms in our probability can be averaged because their oscillations will be rapid. So
for j = 1,2,3 we have the averaged terms (sin” A,;) ~ 1/2 and (sin2A,;) ~ 0 for
all v, induced oscillation factors A,;. How do we implement this in our GLoBES
probabilities?
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Parameter True Value Marginalisation Range

sin? 0y, 0.304 Fixed
sin? 205 0.085 Fixed

sin? o3 0.50 [0.34, 0.68]
sin? 014 0.025 Fixed
sin? 6y, 0.025 Fixed
sin? @, 0.0 Fixed

013 [—180°, 180°] [—180°, 180°]

014 [—180°, 180°] [—180°, 180°]
034 0° Fixed
Ami, 7.50 x 107° eV? Fixed
Am2, (NH) | 2.475x 1073 eV? Fixed
Am2, (IH) | —2.400 x 1073 eV? Fixed
Am? 1.0 eV? Fixed

TABLE 4.1 True value input parameters and marginalisation ranges in 3+1.

4.2.1 Averaging Probabilities in 3+1

0.1
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3v
-90 —— |

0o —— |
90 —
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FiG. 4.5 Example oscillation probabilities for NOvA with various values of ¢y,.
Clearly we have not averaged over fast oscillations induced by v, resulting in a rather

messy plot!
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Due to the finite resolution of the NOvA (or similar LBL experiment) detector in
reality, these oscillations will inherently be averaged over. In GLoBES however we
only obtain exact results according to the formula, as in figure 4.5. Therefore we will
need to manually average these out to obtain nice smooth probabilities like those of
figure 4.6.

We now outline how this can be performed during calculation of the unaveraged
case. To do this we first run the standard probability function to output P;(E;)
where i = 0,--- , N — 1 (indexing from zero due to our use of the C programming
language) and N is the total number of data points. We define our energy axis
as E; € [Eunin, Emax] where the minimum and maximum energies considered are
experiment dependent (for NOvA, E € [0, 3.5] GeV while for DUNE, £ € [0, 8] GeV)1.

To temporarily store these outputs they are put into vectors E and P which have
length N. To smooth our probability we want some form of averaged output P
with corresponding energy axis points £4. Note we label E4 separately from the
unaveraged E because the number of points N4 in PAand E4 is actually less than
N due to the width of the averaging window, in fact N4 = N — n* + 1 where n*
is the number of points per average. This can be seen by observing that the first
point in P will come from the average centred on the index (n* —1)/2 in ]3, (which
may not be an integer because it can be between two of the points in P) with while
the final point in P4 is an average including the final (N — 1) point in P, hence
is centred on (N — 1) — (n? — 1)/2. Taking the difference between these indices
and adding one to account for the indexing from zero gives the length of P4 as
(N—-1)—(n*—=1)/2— (n*—1)/2+1= N —n? + 1. This clearly increases to the
same length as the unaveraged case when n = 1, i.e., each point is only averaged
with itself and hence no average is actually performed. The equation for our box

windowed averages are:

N 1 jHni—1
Dj :n—A Z D;, “4.1)
i=j

where D;(D#) is P;(P*) or E;(E?") depending on which vector we are averaging
and j = 0,--- , N4 — 1. The width of the averaging window is proportional to n*
which must be chosen such that N > n? > 7 where 7 is the characteristic length of
these sub oscillations i.e. we don’t want to smooth out the larger scale behaviour

10Of course detectors will not see neutrinos with zero energy, their cutoff will clearly be way higher!
We simply plot from zero (or close to it) to ensure we see the various peaks and troughs associated
with the oscillation energy spectrum.
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but also don’t want to resolve small scale bumps and troughs. Rather than trying to
find an exact size for this window we simply make a guess, especially as these plots
are mostly used for demonstration purposes and varying the window size around a
reasonable region barely affects the plot. In our case N = 10000 and n* = 550, hence
N4 = 9451. To compensate for the fact that £4, P4 are shorter than E, P we often
take the range of E to be larger than necessary. This ensures that our average can
run the full range of E we are interested in and we don’t run into any edge effects
where the average starts to fail. Note that we clearly do not actually have to average
the energy E and could simply set each point of E4 to the midpoint of the energies
in each average, but because of the way the code is written and the fact that speed of
execution is no issue this turns out to be more straightforward.
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F1G. 4.6 Example oscillation probabilities for NOvA with §,3 = 0° and various values
of §,4. This is averaged over fast oscillations though some dithering can be seen on
the right side of the plot.

These averaging algorithms only become necessary when we have fast oscillations
relative to the primary oscillations our detector is designed to see, in our case this only
occurs for Am?, driven oscillations. In the standard case this approach is unnecessary
though should, in principle, not affect the results greatly if at all.
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4.2.2 Example Oscillation Probabilities

Several example probabilities for a given experiment can be compared on the same
axes to give an ‘at a glance’ test of whether degenerate solutions might be measured
at said experiment. To see a standard oscillation example we plot NH and IH bands
for various d;3 in figure 4.7. Figure 4.7 clearly outlines favoured and unfavoured
regions of parameter space to resolve the hierarchy in 3v. True values corresponding
to areas far from the overlap (NH, d;3 = —90°) and (IH, 6,3 = 90°) will be favoured
while areas that are overlapping such as (NH, d;3 = 90°) and (IH, é;3 = —90°) will
be disfavoured. To get an idea in 4v we perform additional computations based
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F1G. 4.7 Three flavour probability bands for NOvA showing the overlap of NH (red)
and IH (blue) probability bands for 4,3 = 90° (bottom line of each band) and —90°
(top line of each band).

on the averaged plot 4.6 to give several iterations based on values of 4,3, the mass
hierarchy and whether we are simulating neutrinos or antineutrinos. As with figure
4.6 we plot five traces on each plot, the 3v probability and the 4v probabilities for
014 = 0°,90°, —90°, 180°.

Figure 4.8 contains several NH cases for §;3 = 0°,90°, —90°, 180° with neutri-
nos(antineutrinos) notated by the unprimed(primed) labels. It can be seen at a
glance that different combinations of d;3 and §;4, are maximal and minimal in each
case for a given hierarchy e.g. 4.8(a) has d;, = 0° maximal, while the plot for the
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other CP conserving value of d;3, 4.8(d) has the §;4 = 0° curve as the lowest. It can
also be seen that the trend for probabilities lowers in general when we move from
neutrinos to antineutrinos in NH with the exception of (b) to (b’). We expect the
opposite to be true for IH as, recalling this is related to the reason for the MH-6;3
degeneracy in 3v as we will see in figure 4.7. Figure 4.9 validates this prediction.
Unfortunately it can be seen that the same 04 curves overlap in each case so it is
unlikely that this will assist in the same way for MH-§,, degeneracies. We explore
this in section 4.3.2.
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FIG. 4.8 Probability plots with NH as true hierarchy for NOvA with various values
of 013 and 4,4. Unprimed (primed) plots are for neutrinos(antineutrinos). The relative
heights of each probability with a given 014 choice changes depending on the value
of §;3. Going from neutrino to antineutrino (e.g. (a) to (a’)) does not change
this relative ordering. This will have consequences for degeneracy resolution when
we marginalise over d;3 and 0,4 in hypothesis tests. Note that figure 4.8(a) is 4.6

repeated.
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Figure 4.9 is the same as 4.8 but for IH. Flipping the hierarchy interestingly,
shows the same relative ordering for the lowest and highest curves in each case, but
opposite ordering for the intermediate ones in some cases. The fact that not all of the
intermediate values flip implies that this is likely based on sub-leading effects and
that the MH has no direct effect on these orderings at first order.
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FIG. 4.9 Probability plots similar to figure 4.8 except with IH as true hierarchy.
Comparing to figure 4.8 shows that almost exactly the same relative ordering of
probability curves are present, this implies that extra 4 terms in the probability don’t
flip sign under hierarchy change. Conversely, the overall heights do vary between NH
and IH. Therefore allowing ¢y, to float when fitting an experimental measurement
will increase the amount of wrong solutions for a given true MH and 0;3.
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Between the plots 4.8 and 4.9, any two curves that have around the same pro-
bability within the NOvA beam energy window (around 2 GeV) have the potential
to produce degenerate solutions. Trying to pick degenerate values out of these
plots by eye is perhaps not the most exact or efficient way of investigating detector
response, especially due to the lack of any statistical effects or combined neutrino-
antineutrino runs. In general, plots with degenerate curves in neutrinos can be quite
non-degenerate in antineutrinos. This is potentially the most useful comparative tool
these probability plots give us because they can directly inform experimentalists on
how to balance the runtimes of either mode in such an experiment. Our examples do
seem to show that such differences are much less pronounced in our 4v case, which
is why we expect the effect of extra flavours to be a net degradation in sensitivity.

Because looking at these individual probabilities overlaid is not always the best
way of visualising degenerate values, often we will instead plot a band of probabilities
and inspect how such bands overlap. Using bands shows more clear comparison
between the two binary options chosen, usually NH/IH or LO/HO. For an example of
this see figure 5.1 in our sterile analysis, which corresponds to the specific probabilities
in 5.2. This also naturally leads us to our statistical analyses involving true and test
hypotheses.

4.3 Parameter Degeneracies

Soon after oscillation was verified to occur precision measurements of mixing para-
meters began. Not long after it was found that the parameter space is fraught with
degeneracies due to multiple sign flipping invariant terms as well as angular ambigui-
ties [144]. It is around this time that the beam experiments of today started to be
dreamt up and simulated for the first time with the hope of solving said degeneracies
[144, 145]. First we investigate the theoretical underpinning of these degeneracies
directly from equations, then we investigate the historical and current attempts to
solve these problems with global fits and combined analyses. We will take an aside
here to properly describe degeneracies in a general sense before we go further with
our studies.
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4.3.1 Degenerate Properties of Mixing

For a given oscillation process and experiment we can specify an effective two-flavour
mixing (see 3.4) that is specific to this case as

P, = sin® 20,5 sin” Aup, fora # 4.2)
for (8 flavour appearance, and
P, =1—sin%20,,sin? A, , (4.3)

for « flavour survival. We will focus on the appearance probability for now. It is clear
from equation (4.2) that for a given value of P,3 we can solve for two solutions of
A,p, one positive and one negative. Hence this individual channel only constrains
the overall size of the term |A,z|. Furthermore, for simplicity’s sake lets say we are
at an accelerator and we can specify the conditions such that sin* A3 &~ 1 by tuning
L/E. Then we have the simplified probability for this case

P,s~ sin? 20,5, (4.4)

which also appears to have a sign degeneracy. However because the probability must
be positive and unlike the mass splitting, the underlying mixing parameter is not a
physical measurable so recalling section 2.1 we simply define the positive angle to be
our choice.

This is not the end of our problems however, if we see the probability to be
maximal P,z =~ 1 then sin® 26,5 = 1 and hence the solution for 6,5 will be 6,5 ~ 45°.
But for values close, but not equal to maximal, we will have the so-called octant
degeneracy. This is where the probabilities for 45° + ¢ will be the same due to the
points 45° — ¢ and 45° + ¢ in the sin? 20 plot being on opposite sides of a peak.
For example for ¢ = 5°, sin?(2 x 40°) = sin?(2 x 50°). This can be more generally
expressed as P(6) = P(90° — 6).

The name octant degeneracy comes from the fact that solutions for sin?26 = 1
divide the 6 parameter space into four sections i.e. ‘quadrants’, which are then
further split into eight sections or ‘octants’ when we take sin? 26,5 to be slightly off
maximal. It unfortunately turns out that this is the case in the atmospheric neutrino
P,, channel. Using the form of the survival channel in this case from equation (4.3),
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this channel can be expressed as:

P, =1—sin’20,,sin* A, , (4.5)

where the effective mixing angle and oscillation factor are
sin? 20, =4 cos? 015 sin? O3 (1 — cos? 03 sin? (923) (4.6)

and
A/#L = Agl — (COS2 912 — COS (513 sin 013 sin 2912 tan 923) Agl y (47)

at first order in small terms. Because we wish to show clearly that this probability
will experience the octant degeneracy in #»3 we will make the assumption that 6,3
is small such that cos? f;3 ~ 1. This is not well motivated with real parameters as
it turns out that 6,3 is relatively large (see section 4.3.2), but will demonstrate the
behaviour. These assumptions allow us to simplify the mixing parameter via

sin? 20, = 4 8in? Oy (1 — sin? 6’23) ,
2 2
= 4sin 023 COS 023 s

= Sin2 2023 . (48)

Where we used sin? § + cos? § = 1 from first to second line and the squared version of
the double angle formula sin 20 = 2sin # cos § from the second to third. With these
simplifying assumptions we get to a probability which displays the essence of our
degeneracy similar to the previous effective case,

PNM ~1-— sin2 2923 sin2 Agl s (49)

the oscillatory part of which is of the same form as the effective parameter equation
(4.2). Note that for 6,3 # 0°, 623 # 6,,, so the atmospheric angle measured does not
exactly correspond to the underlying parameter 6,3 [146] but the degeneracy still
appears in almost exact form. This is the muon flavour appearance probability, hence
the term controlling the amplitude of muon disappearance must be

Aiisapp = SiIl2 2023 . (410)
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Note that the equations (4.6, 4.7) are accurate approximations at accelerator expe-
riments designed to be sensitive to the atmospheric channel but not necessarily at
atmospheric experiments themselves. This is because the L/FE value can be tuned
at accelerators such that A, is very small compared to As; so the related terms can
be treated as a small perturbation [147]. Conversely, because atmospheric oscilla-
tions have an uncertain L/FE, then sin®* A, # 1 in general so we cannot assume an
equation similar to (4.4) or that (4.6, 4.7) apply to P{**** when measured by such
experiments. The lack of an easy approximation means that there is uncertainty
in relating measured atmospheric effective mixing parameters to the underlying
three flavour parameters. Despite this, early fits of such measurements showed that
disappearance of muon flavour was around maximal, implying 6,,, ~ 45° and that, at
least from the naive assumption, 6,3 =~ 45°. Therefore an octant degeneracy for 6,3
appeared in the data [148]. This problem persists in recent data [88] and may be
resolved in the coming years, potentially by new detectors. We refer to the possible
solutions around maximal as lower octant (f < 45°), maximal mixing (¢ = 45°) and
higher octant (f# > 45°). These are then usually abbreviated to LO, MM and HO
respectively. Fortunately the other mixing angles are much further from maximal so
do not have this ambiguity.

Recall that in section 1.9 we claimed that sometimes it is useful to refer to the
mass ordering somewhat incorrectly as the mass hierarchy. This is because when
simultaneously discussing the octant we can reduce the confusion in abbreviations
e.g. NO-LO versus NH-LO. Sometimes we also will refer to octant and/or hierarchy
solutions in parameter space as right or wrong depending on their relation to the
true values. These will be abbreviated in the form WO-RH, RO-WH, WO-WH (for
degenerate regions) and RO-RH (for the region surrounding the true value). If we
were using the word ordering instead, we then have abbreviations such as RO-RO.
This is a poorly chosen, ambiguous shorthand because we have to remember the
convention for referring to our parameters. This notation will be used extensively in
chapters 5 and 6.

When we expand this to the three flavour case we introduce the first CP phase,
013 (often simply dcp when there are no other phases to confuse it with). This
parameter is also highly degenerate due to interplay with the sign of A3; where it
comes into several probabilities. For example the expanded and simplified muon to
electron appearance probability P,. from equation (3.6) has two terms dependent on
sin? Az, and one term dependent on Ag; x sin Ag; x cos(As; — d13). So for an entirely
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degenerate term we need to transform d;3 — 90° — ;3 in addition to flipping the
sign of A3 to account for all of the sign flips necessary. This is called the MH-CP or
MH-§,3 degeneracy and it extends the MH degeneracy to terms also involving the CP
phase 3 which are often not sensitive to MH alone.

4.3.2 Degeneracies at Experiments

It was quickly observed that due to the interplay between matter effects, mass
ordering and CP, a long baseline experiment with the capability of running neutrino
and antineutrino beams has some chance of solving the MH-CP degeneracy. The
matter effect modifies oscillation probabilities in the opposite way for neutrinos and
antineutrinos. In the NOvA case, where matter effects are reasonably significant this
separates the NH and IH probabilities such that less possible combinations of 4,3 and
MH are degenerate. An example of this in the 3 + 1 case can be seen from the bands
in figure 4.10. In this case the matter effect enhances probability of v, appearance
more for NH than IH. Conversely the probability for 7, appearance is diminished
more for NH than IH for the same mixing parameters. It can be seen that the bands
do not totally overlap which is what we’d expect from the vacuum case given the
MH-CP degeneracy. Most of the parameter space of either mass ordering is separated
except for the parts of the bands near (NH, 90°)/(IH, —90°) for neutrinos and (NH,
—90°)/(IH, 90°) which will remain degenerate at the probability level and will likely
show degenerate values in allowed region plots. The range of 4,3 is usually separated
into upper and lower half plane sections (UHP and LHP) so we can categorise which
sets of true values are favoured and unfavoured regions for degeneracy resolution. So
again from figure 4.10 we can conclude that (NH, LHP) and (IH, UHP) are favoured
combinations for MH-CP degeneracy resolution, while (NH, UHP) and (IH, LHP) are
unfavoured.

Accelerator experiments such as NOvA can measure P,, and P, it is interesting
to see what sensitivity to #,3 can be gained from either channel. Unfortunately due
to degeneracy P, has no sensitivity to the octant, though it can put limits on A,
and sin®26,,,. So from (4.6), these limits will have two corresponding regions (which
can intersect in parameter space) for sin? 653, one for each possible octant. The P,
channel on the other hand does have sensitivity to octant depending on how well
we know the CP phase, as can be seen in figure 4.11. Similarly, in the 3 + 1 case the
additional phase 4 can modify this overlap as seen in figure 4.12 for 6,35 = —90°.
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FIG. 4.10 Probability band plot showing overlap of different mass-ordering solutions
at NOvA for neutrino and antineutrino. In both cases ;5 is fixed at —90° and bands
are drawn between the curves corresponding to 44, = —90° and 90°.

Unfortunately for these experiments, the octant degeneracy sensitivity is not
affected by the difference between neutrino and antineutrino matter effects. This is
because the contribution of the matter effects flip when the sign of A or ¢ changes as
well as between neutrino and antineutrinos. This allows combined runs to distangle
effects. No such behaviour exists for the octant. This can be seen in figure 4.12 where
the same parts of the bands are degenerate for both neutrinos and antineutrinos.
This implies that if present, this octant-CP degeneracy will likely have to be solved
using combined statistics or similar methods.

Overall the three neutrino parameter space has three degeneracies, the MH-CP,
octant and intrinsic #,3-CP. The combination of degeneracies leads to the so called
‘eightfold’ degeneracy due to the total 2 x 2 x 2 = 8 possible binary combinations of
each degenerate pair of solutions. However, nowadays 6,3 is known to be non-zero
and relatively large, somewhat reducing the possible combinations of parameter
degeneracies to four. From equation (4.6) it could be surmised that this non-small
value could somewhat break the exactness of the octant degeneracy. It has been
shown that this is not the case and indeed the LO and HO solutions will instead
merely be slightly shifted when accounting for this by using the full equations (4.6,
4.7) for the effective parameters rather than assuming 6, = 623 and A, = A, or
As; which was the norm when 6,3 was thought to be zero [146].

The likely solution to these problems, especially given the current abundance of
experiments, is the combination of statistics from several detectors measuring the
same interactions but with differing baselines. The reason this is useful is because the
true values should line up in parameter space but the degenerate values may differ
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FiG. 4.11 Probability band plot showing overlap of different octant solutions at
NOwvA for neutrino and antineutrino in 3v with varied §,3. Taken from Agarwalla et
al. 2013, Figure 1 [147].
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FIG. 4.12 Probability band plot showing overlap of different NH octant solutions at
NOvA for neutrino and antineutrino with the same variations in ¢;3 and ¢4 as figure
4.10. Note how for d,4 variation the octant bands don’t flip, unlike ;5 in figure 4.11.

in exact position between experiments due to the differing matter effects. This can
allow experiments to disentangle these degenerate regions.
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4.4 Example Analyses

Here we outline a few examples of analyses commonly performed with GLoBES. In
general the outputs used for analysis can either be raw numbers such as oscillation
probability/number of events or statistical y? hypothesis tests. Comparing event
rates and probabilities is useful for determining what models will be degenerate at
the probability level. It is obvious when this is the case because their curves will
overlap or be nearby in such plots. With hypothesis tests we sometimes will pick one
true value and vary the test parameters over their full allowed range to see what
values agree at some confidence interval. This will highlight what values will appear
degenerate given experiment combination, setup and runtime at this chosen level.

Another common analysis involves varying one or two parameters in the true
hypothesis (often CP phase or phases and 53) and explicitly setting the test hypothesis
to the same model except with a degenerate value flipped e.g. mass hierarchy, CP
phase or octant of fy3. This will show the level of confidence we can reject that
explicit degeneracy for the particular value of the varied parameter(s). In general this
confidence level will change, even if these parameters do not appear to contribute to
the degeneracy from equations via sign flips etc.

Common hypothesis tests can be one or two dimensional. One dimensional
plots are commonly used to compare true models differing by one parameter such
as different values of CP violating phases. Two dimensional tests are often more
useful in comparing test hypotheses with entangled degeneracies such as MH-CP
(see allowed region plots). Another use of two dimensional tests is viewing the true
regions where such cases are resolvable (see MH exclusion plots in chapters 5 and
6). Hypothesis tests will usually be performed by choosing a true set of oscillation
parameters and comparing a set of test parameters with some degree of variation in
the ones considered free. Such free parameters are marginalised to find the minimum
x? value for each location in the parameter space to ensure that we are looking
at the lowest y? values when we plot curves or confidence regions. These results
will therefore correspond to the worst possible case for telling the true and test
hypotheses apart. To fully account for neutrino+antineutrino combined runs, as well
combining statistics of multiple experiments, hypothesis tests must be performed. It
is also possible that highly degenerate regions in probability may not be degenerate
at reasonable confidence level when a x? test is performed due to statistics. This is
why hypothesis tests are where real conclusions can be made.
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4.4.1 Hierarchy Determination (3v)
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FIG. 4.13 Hierarchy determination plots for NOvA in the standard 3v case. NH is
the true hierarchy and 4,3 takes various values these are labelled below each plot. The
areas included in the regions are allowed at 90% C.L. where the solid(dotted) lines
represent NH(IH) test solutions. We can conclude that for any true values other than

those of (c), degenerate IH regions can appear in NOvA analyses at this confidence
level.

Presented here are several example plots that demonstrate the idea of test so-
lutions in the sin?26,5(test)/d;3(test) plane for a specific underlying true set of
parameters. In the plots 4.13 to 4.20 the smooth lines demonstrate the test NH
solution which is the correct guess for the true ordering. The dashed lines represent
test IH solutions which also appear at the chosen significance due to degeneracies.
Both are drawn at 90% C.L. and should be taken as illustrative only because they
do not encompass current values for parameters. We again use NH/IH rather than

NO/IO to clearly separate ordering/hierarchy solutions from octant ones. From
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the four different true values of 4,3 the position and significance of the correct and
incorrect regions changes. For example, notice how the degenerate solution vanishes
for figure 4.13 (c) due to it being the favoured true parameter combination for NOvA
to resolve the ordering/hierarchy. The correct guess for the ordering creates a region
that includes the true solution and should usually be centred over it. Conversely, the
region corresponding to the incorrect guess can appear anywhere in the parameter
space where the degeneracy is such that the significance of this wrong guess is high.
The plots with CP conserving 3, 4.13 (a) and (d) are very similar with an extended
NH solution including the respective true values and a degenerate value for IH and
013 = —90°. The plot for the specifically disfavoured region, 4.13 (b) has almost
mirrored solutions about §,3 = 0°, with the wrong IH solution having flipped sign
in CP as expected from the hierarchy-CP degeneracy due to these two sign flips

cancelling out in several leading order terms in the probability.

4.4.2 Hierarchy Determination (4v)

The analysis from before can be extended with the additional parameter space of the
3+1 case, we wish to see how the correct guess and (perhaps more interestingly)
the degenerate incorrect guess change. Due to the extra parameter space we have
another CP-phase, which is §;4 in our parametrisation (we actually have two, §14
and J34, but as can be seen in section 2.2.3 only one of these new ones comes into
the 1 and e matrix elements). This additional phase is the least constrained of the
4-flavour induced parameters and perhaps the most impactful. Therefore we will
vary this between the same two CP conserving and two violating phase angles as ¢;3.
This gives us four times the plots which we arrange into figures 4.14 and 4.15 for
conserving and violating values respectively.

4.4.3 Octant Determination (3v)

To test the octant determination potential in 3v we perform a similar analysis as in
figure 4.13 but we choose true 653 # 45° and plot in the test §,;3 — 053 plane instead.
If we utilise similar combinations of parameters to before, then plotting each again
except with LO and HO inputs will double our number of subplots. In the resulting
plot 4.16 we can clearly see the right and wrong octant solutions reflected about
0,3 = 45° in every subplot but 4.16 (d). Some plots have wrong hierarchy solutions
located only in the right octant such as 4.16 (d), (A) and (D) where we can see
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degeneracies already existed by comparing to 4.13 (a) and (d). This would imply that
in cases like these the octant uncertainty doesn’t introduce additional MH uncertainty.
However for 4.16 (a), (b) and (B) we have wrong MH solutions for right and wrong
octant simultaneously. This gives us three regions at our chosen confidence, or even
four in the case of (a) and (B). This would lead to multiple best fits obviously which
illustrates the essence of these compounding degeneracies.

So to summarise, there can in general be three spurious solutions in addition to
the true solution which are the: (i) right hierarchy-wrong octant (RH-WO), (ii) wrong
hierarchy-right octant (WH-RO) and (iii) wrong hierarchy-wrong octant (WH-WO)
solutions. The ‘right guess’ or true solution will clearly be the right hierarchy-right
octant (RH-RO) one, which is perhaps less useful as an abbreviation than just ‘true’.

4.4.4 Octant Determination (4v)

Similar to the 4v hierarchy extension in 4.14 and 4.15, we can extend the octant
analysis of 4.16 into the sterile parameter space. For plots 4.17, 4.18, 4.19 and
4.20 we vary the ordering between normal and inverted, octant between LO and HO
and the CP phases between four values: 0°,180°,90° and —90°. The combinatorics
of even this limited (43,14 = £90°) situation give us many (2 x 2 x 4 x 4 = 64)
potential sets of true parameters to plot, which is more than we care to analyse. It is
for this reason that we neglect inverted ordering true solutions in this demonstration.
What we really care about demonstrating is the appearance of right and wrong test
solutions corresponding to the true and degenerate parameters respectively. Such
regions should be present for a decent subset plots regardless of which ordering is set
to be true. In realistic analyses the number of combinations considered will usually
shrink based on best fits of parameters from previous works and plots can be tailored
to suit.

We directly compare lowercase(uppercase) figures in 4.16 to 4.17(4.19) and
4.18(4.20). Note that the unprimed/primed nature of plots in the 4v case is used
to notate which of the CP values is used. So we match up letters to compare values
other than fy3 and capitalisation to match LO/HO. The primes are used to denote
specific values of 0,4 in each plot. For example, true NH, HO ;3 = 90° corresponds
to the 3v subplot 4.16(B’) and the 4v subplots (B) and (B’) in 4.19 and 4.20 for
the four total §,4. It can be seen that as soon as we allow the additional parameter
space, every region immediately expands (as expected) regardless of the value of
d14. This gives the rather trivial immediate conclusion that our sensitivity in the 4v
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case is worse that 3v. In terms of analysing specifics, we are interested in seeing how
the wrong solutions change in the parameter space, more so than the right solution,
because these indicate degeneracy resolution power, not just the width of error bars.

In the true LO case we can see that only 4.17(c’) has no WH solution and 4.17(d)
has the smallest WO solutions which would imply that these true values would be
the most favoured for MH and octant degeneracy resolution respectively. It is clear at
a glance that there are no true values in this array that yields a plot with no WH and
WO solutions.

With CP-violating values of 4,4, figure 4.18 shows resultant plots similar to 4.17.
The most obvious changes are the reduction of the WO solution in (c) and the
expansion of it in (d). The cases 4.18(c) and (¢’) both have insignificant WH
solutions and in general the WH solutions seem to be smaller e.g. 4.18(d) and (a’)
though considerable WH solutions still exist for many of the cases. Overall the octant
sensitivity with CP violating d,4, seems slightly worse, while the hierarchy sensitivity
may be slightly higher. But from these plots it is not clear whether there is any
underlying explicit mathematical connection, and if so it is probably minor.

The true HO plots differ greatly from the LO ones, as both 4.19 and 4.20 have
many plots where allowed regions do not clearly separate into LO and HO. This is
similar to the corresponding 3v plots (the primed plots in 4.16) but to a much greater
degree. This would imply that experiments would have wider 6,3 best fit ranges
rather than split solutions, potentially further obfuscating any maximal mixing or
octant information. Most of the subplots in 4.20 have MH solutions that span the
entire range of d,3 implying that true CP violating 4,4 leads to particularly poor 4,3
resolution. Plots 4.19(C) and 4.20(C’) are remarkably similar and both have no
wrong hierarchy solution and a small excluded §,3 region making these the most
favoured of the 4,4 conserving and violating cases for MH and CP resolution.
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FIG. 4.14 Hierarchy discrimination plots with NH as true hierarchy for NOvA with
various values of d;3. 614 = 0° for the unprimed plots and 6,4 = 180° for the primed
plots. Out of these extended 4 cases with CP conserving d4, only (a’) and (c¢’) will
have no degenerate MH solutions.
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4.5 Global Fits for Mixing Parameters

Our current knowledge of neutrino mixing parameters comes from a variety of sources
which can be summarised roughly:

01> - Solar neutrino experiments

613 - Reactor neutrino experiments

63 - Atmospheric and accelerator experiments

Am?3, - Solar neutrino experiments

Am?, - Atmospheric and accelerator experiments

013 - Accelerator experiments.

In addition to these, we also have additional parameters, including potential sterile

mixing:

* 14 - LSND, MiniBooNE, other SBL experiments

694 - SBL

634 - SBL

Am2, - SBL

013 - SBL

014 - SBL

Y (the sum of active neutrino masses) - Cosmology, decay width of Z boson.

These global fits help motivate our simulations so it is important to be up to date.
There are also neutrino mass scale measurements that can be taken from beta decay
and neutrinoless double beta decay (if it occurs) but like the sum of active neutrino
masses, these do not correspond to single mass eigenstates.

Early data released from NOvA featured disconnected LO and HO regions with
no allowance for MM at 90% C.L. contrary to what was seen at MINOS and T2K [58].
This was important when we were performing our work seen in chapter 5 and 6. This
constraint has since relaxed and NOvA has potential solutions in all three areas [60].
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Parameter NH best fit IH best fit
sin? 0, 0.310 0310
012 33.82° 33.82°
sin? fas 0.580 0.584
fas 49.6° 49.8°
sin? 05 0.02241 0.02264
013 8.61° 8.65°
O13 215° 284°
Am3, 739 x 107 eV? | 7.39 x 107° eV?
Am2, | 2525 x107%eV? | —2.512 x 1073 &V?

TABLE 4.2 table of best fits for standard mixing parameters in NH and IH from [89].
With Am2,(NH) = Am?, and Am3,(TH) = Am3,.

4.5.1 Current Global Fits

The standard best fits from [89] are summarised in table 4.2. The authors present
two fits, one without Super-K atmospheric data and one with?, we have presented
the latter, though both are reasonably close. The full table is Table 1. in [89]. Note
that analyses in subsequent chapters 5 and 6 were performed prior to these fits
so instead use the parameters in table 5.1 which have been somewhat superseded.
The presented fit prefers normal ordered mass spectrum and high octant and the
significance of both of these preferences is strengthened with the inclusion of Super-K
data. At this point the degeneracy conclusions and precision angle measurements
are reasonably strong, while the constraints on the CP phase are much more loose.
Refer to the paper for the full table including 10 and 30 ranges. We can also take the
midpoints of the presented 30 ranges for PMNS elements to get an idea of the size of
the matrix elements,

0.820 0.552 0.150
=10.362 0.564 0.713]. 4.11)
0.414 0.597 0.678

| U | midpoints
30

2The reason the authors of [89] state for presenting both fits is because it is hard to reproduce
atmospheric experimental data outside of the associated collaboration. This makes it is difficult to
include in a global fit. The largest effect of including the Super-K data is the increase in significance
toward disfavouring inverted ordering and lower octant. Refer to the paper for an in-depth discussion.
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Note that these elements are constrained to be unitary. We can overall summarise the
general position of three flavour global fits:

* Solar experiments place heavy constraints on 6,5 and Ams3,,

* Reactor experiments heavily constrain ¢,3 to be non zero (~ 9°) and the uncer-
tainties in Am2, but are insensitive to hierarchy,

* Atmospheric experiments constrain 6,3 to near maximal, and put some con-
straints on Am?, and hierarchy,

* Accelerator experiments have overlap with atmospheric ones but have better
hierarchy and octant sensitivity though these are still uncertain.

e T2K and NOvA results on 6,3 differ somewhat between neutrino (0s3 ~ 45°)
and antineutrino (f23 ~ 40°/50°) runs while MINOS ones do not [89].

* Normal ordering is slightly favoured in global fits especially from Super-K, T2K
and NOvA data.

4.5.2 3+1 Fits

Analyses usually use the fact that 6,4 is constrained to be small (due to reactor
constraints), therefore cos?f;, ~ 1. Hence 6, and 05, can be extracted from the
aforementioned matrix elements via the relations

|Ues|? = cos? 014 sin’ Oy = sin® Oy, 4.12)

U, u4|2 = 082 014 c0S? Oy sin® O34 ~ cos? Oy, sin? Oy . (4.13)

Subsequent global fits involving the 3 + 1 case [149, 150] indicate preference for
non-zero Am3, and |U.4|* using data from v, /7, disappearance as well as SBL and
LBL v, /7, — v./T..

Constraints on |U,4|? are incredibly hard to constrain because v, sources are
unavailable in general. Constraints can come from observing both matter effects
in v./v, disappearance experiments and deficits in neutral current events at any
detector that can distinguish them. Matter effects and neutral currents are present for
all active flavours but are not possible for sterile states due to lack of W and Z boson
vertices. So in summary, we cannot study P,,, P,, or especially P,, or P,, (because
by definition we can’t directly create sterile neutrinos from weak decays), where
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« is any active flavour, due to the lack of sources. Instead we must study P,, and
P., holistically via disappearance and use our prior knowledge of P,. and ., from
appearance experiments to narrow down the combined tau and sterile contribution
to such disappearance. When we get enough statistics, we can use neutral current
data to separate out the contributions due to P,,/P,, and P.,/P,; to fill out the rest
of the matrix elements.

One experiment that can potentially determine if active-sterile oscillations are
boosted by matter effects is IceCube [151-153]. Any upward travelling atmospheric
neutrinos seen in this detector will have travelled through the Earth and consequently
will have been effected by a MSW resonance for a huge distance. Unfortunately
due to the resonance acting on neutrinos and antineutrinos in the opposite manner,
this resonance only affects the antineutrinos seen by IceCube which have roughly
one third the cross section of neutrinos. Additionally, because IceCube is a simple
neutrino telescope and cannot tell neutrinos and antineutrinos apart in the event by
event level, this effect becomes even less pronounced in the data. Current IceCube
results do place reasonable limits on mixing, but are relatively inconclusive in the
area considered by LSND/MiniBooNE. IceCube is still taking data however, so more
years of data will be interesting.

Sterile mixing can also potentially be constrained by the Planck cosmological
Negr = 3.046 (effective number of neutrino species in the early universe) measure-
ments from the CMB. For example, to allow a certain mixing parameter value, a
change in the size of N.z from the Plank result (AN.s) may be required. Hence,
this can be used to constrain sterile mixing [154]. If NH is assumed to be true and
the smallest neutrino mass eigenstate is assumed to be zero (i.e. the case in which
Planck constraints on a fourth mixed neutrino are smallest) then we can approximate
my = 0eV, my ~ 0eV and ms = 0.06 eV, with the fourth mass eigenstate being almost
directly related to the active-sterile splitting m? ~ Am3,. In this favourable case
Planck rules out a large region of the parameter space, some of which IceCube and MI-
NOS also cover. The results do rule out the high mass splitting range (Am?, > 3 eV)
more thoroughly than other experiments. This is to be expected, because more mass
makes any mixing this heavy eigenstate more significant in the early universe. Despite
this, Planck does not seem to provide any remarkable conclusions in the area SBL
experiments are interested in and has worse constraints in the low mass splitting
range (Am?, < 1072 eV?). Despite this, CMB data is still potentially an interesting
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extra source of information on potential sterile mixing, especially given this example
of a particularly lenient case.

We can summarise the experimental status of the 3 4 1 case:

* LSND results heavily skew fits toward 3+1 case. Including LSND results implies
rejection of the no sterile oscillations case at > 6o,

* Appearance-disappearance tension between v, — v., v, — v, and v, — v,
channels potentially indicates that sterile oscillations cannot account for the
all anomalies. This is especially true for the v, source case, though if LSND v,
disappearance data were to be erroneous then the tension would be a lot less
significant,

* Old MiniBooNE data wasn’t really consistent with 3+1, it’s anomaly may have
been related to some non-oscillatory effect,

* Recent MiniBooNE data seems to further hint at an LSND-like anomaly with
high significance,

* Gallium and Reactor anomalies give 2.60 disfavouring of no-oscillations when
LSND data is excluded i.e. still a hint for Am?2, ~ 1 eV* even when ignoring
LSND,

* Daya Bay reports different fluxes from the two dominant isotopes present: 235U
and 2%°Pu [155]. It is unclear whether these measurements can be reconciled
with sterile oscillations [89],

* Overall reactor data does preference the oscillation solution at around 3¢ with
best fit parameters Am?, ~ 1.3 eV? and |U.4| ~ 0.1 [89].



CHAPTER D

DEGENERACY SIMULATION WITH FOUR MASS STATES

At this point in time, the basic mechanics of neutrino oscillation are well known. This
includes estimates of mixing parameter and mass difference values as seen in section
4.5. The next logical step is performing high precision experiments to ascertain the
exact values of such parameters and reducing experimental uncertainties. Given the
fact that some of these parameters are relatively well known, the most important
problem to solve becomes that of degeneracies which we introduced previously in
section 4.3. Before we jump into our analysis we’ll first recap the current state of

neutrino oscillation physics.

In addition to the aforementioned parameter uncertainties, several short baseline
experiments have reported results inconsistent with the three flavour oscillation
paradigm (presented in section 3.1.1), for an overview of the anomalies we refer
to [85]. The key idea of the 3+1 case is assuming that this can be explained by
oscillation effects. If we assume that short range oscillations are the culprit, then
this implies that there is a third independent mass-squared difference which we label
Am?,. This additional mass splitting must be much larger than the other two (roughly
1 eV?) to get such a significant effect over such short distances. Then, recalling section
2.1, this additional mass splitting implies the existence of a fourth mass eigenstate
v, and hence, to avoid super heavy active flavours and non-unitarity, a new flavour
eigenstate v,. Recall that the v, must be ‘sterile’ to not interfere with astrophysical
and particle physics constraints on the sum of active neutrino masses from the decay
width of the Z boson.

Once we have this new splitting we discover(from the equations in sections 2.1 and

2.2.3) that in turn we must introduce new oscillation parameters: 614, 624, 034, 914, 034



168 Degeneracy Simulation with Four Mass States

and Am3,!. Given the fact that these SBL anomalies still have statistical signifi-
cance it is clearly worth considering the 3 + 1 sterile hypothesis when investigating
experimental results whether real or simulated.

5.1 Motivating Our Simulation

The particular goal of this analysis is to analyse the capability of LBL experiments to
resolve degeneracies in the 3+1 case. This is important because the 3+1 hypothesis
introduces extra possible degrees of freedom and this allows additional degeneracy
and uncertainty (we saw illustrative examples of this in sections 4.2.2 and 4.4). We
can add a fourth mass eigenstate with primarily sterile flavour mixing to account
for the SBL anomalies but this will change the mixing observed at LBL experiments
even if the primary effects of short range oscillations will not be observable at such
distance.

Recall that in the standard three flavour scenario, neutrino oscillation is parametri-
sed by three mixing angles: 0,5, 623 and 6,3, two mass squared differences: Am3, and
Am?, and one Dirac type CP phase 4,3 (derived in section 2.1). Current unknowns
to be studied at LBL experiments are: (i) the sign of Am2, which gives rise to the
normal and inverted orderings of the neutrino masses, the octant of the mixing angle
653 which can be LO or HO, and finally (iii) the phase ;3. The running experiments
intending to discover these unknowns at the time this study was performed were
T2K [156] in Japan and NOvA [59] in the USA. These experiments are primarily
analysed based on the standard 3v oscillation case which has so far fit the majority of
experimental tests very well.

In the standard three flavour scenario, there are currently two extant degeneracies:
(i) MH-6,3 degeneracy [157] and (ii) octant-d;3 degeneracy [147]. The dependence
of MH-§,3 degeneracy is same in neutrinos and antineutrinos but the octant-d;3
degeneracy behaves differently for neutrinos and antineutrinos [158, 159]. Thus
the octant-d;3 degeneracy can be resolved with a balanced run of neutrinos and
antineutrinos but a similar method cannot remove the MH-4,3 degeneracy. However,
despite the MH-¢,53 degeneracy being unremovable in general, the parameter space
can be divided into a favourable region where it is completely absent for long-

LOf course the choice of which splitting to treat as independent and which CP phases to use is up
to the physicist. For example, some papers parametrise with do4 instead of d14. The choices we use
appear to be the most common amongst LBL analyses.
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baseline experiments, and an unfavourable region where it is present. For NOvA,
the favourable parameter space is around {NH, 6,3 = —90°} and {IH, d;3 = +90°}
whereas the unfavourable parameter space is around {NH, ¢;3 = 90°} and {IH,
013 = —90°} (this can be seen illustratively in section 4.2.2, figure 4.7). Recent data
from NOvA shows a mild preference towards 6,3 = —90° and NH [59]. From the
above discussion we understand that for these combinations of true hierarchy and
true 013, NOvA can have good hierarchy sensitivity and thus it is believed that the
first evidence for the neutrino mass hierarchy will come from the NOvA experiment.
However the understanding of degeneracies can completely change in new physics
scenarios such as the 3+1 case we are interested in.

Early results for NOvA on active-sterile mixing show no evidence for v, oscillations
[160] (as do most other non-SBL experiments) but can only put mild constraints
on |U.4|* and |U,4|*. Though recently there has been some significant experimental
evidence from MiniBooNE supporting the existence of a light sterile neutrino at
the eV scale based on the LSND result [161]. This has motivated re-examination
of oscillation analyses of the long-baseline experiments in the presence of sterile
neutrinos [121, 162-171] with [163] and [165] dealing with a similar analysis to us
but discussing the more general case where 4,3 is varied rather than fixed at the best
fit at the time of —90°. For details regarding the first hints of the existence of sterile
neutrinos and for the current status we refer to the references [85, 153, 172-181].

From the probability level analyses in figure 5.1 we find, at a glance, that in the
3+1 case two new degeneracies are present at NOvA. These are the (i) MH-0,4 and
(ii) octant-9,4 degeneracies. Note that we will refer to the degeneracies involving
the sign of AmZ, as mass hierarchy rather than mass ordering as discussed in 1.9 to
avoid confusing terminology that can arise if we abbreviate ordering and octant the
same way. Our results also show that in this case the scenario is different to that of
the hierarchy and octant degeneracy arising with ;5 in that the MH-¢;, degeneracy is
opposite for both neutrinos and antineutrinos but the octant-d;4, degeneracy behaves
similarly in neutrinos and antineutrinos. Thus unlike octant-d,3 (see figure 4.11),
the octant-d;4, degeneracy can not be resolved by a combination of neutrino and
antineutrino runs while the MH-4,4 degeneracy can be resolved with a balanced
combination of neutrino and antineutrinos which was not the case for the MH-6;3
degeneracy . To show the degenerate parameter space in terms of y2, we present
our results in the 6,3(test)-d13(test) plane taking different values of §,4. We do this
for two values of 053 (true), one in LO and one in HO. The rest of the parameters are
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defined by the current best-fit of NOvA which is §;3 = —90° and NH, thus coinciding
with the favourable parameter space. We show this for considering (i) NOvA running
for six years in pure neutrino mode (6+0) and (ii) NOvA running in equal neutrino
and equal antineutrino mode (3+3). Next we discuss the effect of these degeneracies
on the hierarchy sensitivity of NOvA. We find that because of the existence of the new
degeneracies, the hierarchy sensitivity of NOvA is highly compromised at the current
best-fit value of NOvA (i.e. ;3 = —90° and NH). To show this we plot hierarchy
sensitivity of NOvA in the 0y3(true)-053(true) plane taking different true values of d,4
for NH. We also identify the values of 4,4 for which the hierarchy sensitivity of NOvA
gets affected. We discuss these curves more thoroughly in the discussion section
5.4.1.

5.2 Oscillation Theory

Let us do a quick recap of the basics of 4v oscillation parametrisation and probability.
In this analysis we use our standard PMNS parametrisation defined in equation (2.36)
of section 2.2.2

Upting = R(023,0)R(613, 613) R(612,0) . (5.1)

using the conventions from 2.1. When we extend our simulations to have four mass
eigenstates we use the other previously defined parametrisation from in equation
(2.40) of section 2.2.3

Upins = (034, 034) R(024,0) R(014, 614) Uphinss - (5.2)

Remembering that the three new matrices introduce the new mixing angles: 64, 054, 034
and phases: 4,4, 034. The final new oscillation parameter is the fourth independent
mass-squared difference which comes into the probability and is chosen to be Am3,
to remain consistent with the 3v parameters. Assuming that Am3, > Am2,, and that
we are operating near the oscillation maximum where sin? Ag; ~ 1, then the sterile-
induced oscillations from sin? A4, terms will be very rapid. Hence the four flavour
vacuum v, to v, oscillation probability can be averaged over the sterile oscillation
factor Ay i.e.

<SiIl2 A41> = <COS2 A41> = 5 (53)

(sin Ayp) = (cos Ay) =0 (5.4
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this reflects the inherent averaging that the long-baseline detectors see due to the
very short wavelength of the sterile induced oscillations and their limited energy
resolution.

Once the averaging has been done the probability expression can be written using
the conventions and approach from [121] which we previously covered in section
3.2

Py =Py™ + PN + PIT, (3.27)

which, in the limit of low matter effects and small 614 and 0,4 mixing, can be written
out as

Pﬁ‘é’ = 453,52, 8in Ay (5.5)
+ 8813812C12823C23 sin AQl sin Agl COS(Agl + 513)

+ 4814824513823 sin Agy sin(Agy + 913 — 014).

Note that the above expression is for vacuum and free from the sterile induced
parameters 3, and d3, but will be sufficient to explain our probabilities.

From this probability we can see that the A3y, d;3 and d4; dependent terms are
responsible for the MH-CP degeneracies. This is due to the unconstrained sign of
As; and the (mostly) unconstrained CP phases ¢;3 and 04, which can compensate for
sign changes in Aj3;. The above formula is for neutrinos, recall from 2.4 that to get
from a neutrino formula to the antineutrino equivalent we replace d;3 by —d;3 and
014 by —d14.

5.3 Experimental Specification

For our analysis we consider the currently running long-baseline experiment NOvA.
For NOvA we assume 3 + 3 (three years neutrino and three years antineutrino
running) unless specified otherwise. The detector is 14 kt liquid argon detector. Our
experimental specification of coincides with that presented in [182]. To perform
analysis we use the GLoBES software package along with files for 3+1 case PMNS
matrices and probabilities [183-186]. We have set 05, and d34 to zero throughout our
analysis due to them not appearing in the vacuum equation for P,.. These may in
principle show up in matter effects that GLoBES simulates but the contributions will
be small. Our choices for the neutrino oscillation parameters are listed in table 5.1.
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neutrinos and right panels are for antineutrinos. The upper panel shows the MH-9,,4
degeneracy and the lower panels shows the octant-d,, degeneracy. These figures are
4.10 and 4.12 repeated from section 4.3.2. This is for convenience and because they
were originally presented this way as part of this analysis.

5.4 Identifying New Degeneracies in the Presence of
a Sterile Neutrino

For this analysis, the information for the standard oscillation parameters came from
the latest global analyses of world neutrino data at the time [187-189]. For the
sterile neutrino parameters 6,4, 24 and Am?, our best-fit values are consistent with
the studies presented in [125, 180, 190, 191].

5.4.1 Identifying degeneracies at the probability level

In this section we will discuss parameter degeneracies in 3+1 case at the probability
level. In figure 5.1 we plot the appearance channel probability P, vs energy for the
NOvA baseline. For plotting the probabilities we have averaged the rapid oscillations
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4y Parameters True Value Test Value Range
sin® 0,5 0.304 N/A
sin? 26,5 0.085 N/A
fLO 40° (40°, 50°)
g 50° (40°, 50°)
sin® 04 0.025 N/A
sin? Oy 0.025 N/A
O34 0° N/A
813 —90° (—180°, 180°)
S14 —90°, 0°,90° (—180°, 180°)
834 0° N/A
Am3, 7.5 x 1075 eV? N/A
Ami, 2.475 x 1073 eV? | (2.2,2.6) x 1073 &V?
Am?, 1eV? N/A

TABLE 5.1 Expanded 4v parameter true values and test marginalisation ranges
used in our simulation. Parameters with N/A are not marginalised over.

due to Am?,. The left column corresponds to neutrinos and the right column corre-
sponds to antineutrinos. In all the panels ¢;3 is taken as —90° and the bands are due
to the variation of d,4.

The upper panels of figure 5.1 show the MH-6;, degeneracy. For these panels
63 is taken as 45°, i.e. the maximal mixing case. NH (IH) corresponds to Am3, =
+(—)2.4 x 107 eV, In both the panels the green bands correspond to NH and the
red bands correspond to IH. Note that in the neutrino probabilities, the green band is
above the red band and it is opposite in the antineutrinos. This is because, the matter
effect enhances the probability for NH for neutrinos and IH for antineutrinos. For
each given band, 0,4 = —90° corresponds to the maximum point in the probability
and +90° corresponds to the minimum point in the probability, for both neutrinos and
antineutrinos. These features in the probability can be understood in the following
way. From equation (5.5), we see the neutrino appearance channel probability
depends on the phases as: a + bcos(As; + d13) + csin(Agy + 013 — d14), Where a, b
and c are positive quantities. At the oscillation maxima we have A3z, = 90°. As our
probability curves correspond to d;3 = —90°, for neutrinos we obtain a + b — ¢sin d14.
Now it is easy to understand that the contribution to the probability will be maximum
for 14 = —90° and minimum for 4,4 = +90°. Now let us see what happens for
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antineutrinos. For antineutrinos, we change sign of §,3 and §14 in equation (5.5) and

we obtain for ;3 = —90° as a — b — c¢sin ;4. Thus even for the antineutrinos, the
probability is maximum for d;4, = —90° and minimum for 0,4, = +90°. This is in stark
contrast to the behaviour of d;3, as in the standard three flavour case, ;3 = —90°

corresponds to the maximum probability while §;3 = +90° corresponds the minimum
probability for neutrinos (vice-versa for antineutrinos). From the plots we see that
there is overlap between {NH, 6,4 = 90°} and {IH, §;4 = —90°} for the neutrinos
and {NH, ¢, = —90°} and {IH, ;4 = +90°} for antineutrinos. This is why we can
state that unlike the nature of MH-4,3 degeneracy, the MH-¢,, degeneracy is different
in neutrinos and antineutrinos. Therefore as we mentioned earlier, in principle a
balanced combination of neutrino and antineutrino runs should be able to resolve
this degeneracy.

In the lower panels of figure 5.1, we depict the octant-§;4, degeneracy. In these
panels LO corresponds to 6,3 = 40° and HO corresponds to 50°. Here the hierarchy is
chosen to be normal with Am2, = 4+2.4 x 10~3 eV?. In both the panels, the blue band
correspond to LO and the red band correspond to HO. Note that in both the panels, the
red band is above the blue band. This is because the appearance channel oscillation
probability increases as 6,3 increases for both neutrinos and antineutrinos. As already
explained for the MH case in the above paragraph, for each given band, ¢4, = —90°
corresponds to the maximum value in the probability and ;4 = +90° to the minimum
point in the probability for both neutrinos and antineutrinos. From the panels we
see that (LO, 6,4 = —90°) is degenerate with (HO, ;4 = +90°). It is interesting to
note that this degeneracy is same in both neutrinos and antineutrinos [165]. So to
reiterate, this is a remarkable difference compared to the octant-9,3 degeneracy which
is different for neutrinos and antineutrinos. Thus we understand that in the 3+1
scenario, it is impossible to remove the octant degeneracy by combining neutrino and
antineutrino runs.

5.4.2 Identifying Degeneracies at the Event Level

Now we analyse the relevant degeneracies at the x? level. In figure 5.2 we have
given the contours in the 6o3(test)-d;5(test) plane for three different values of 4,4 at
90% C.L. The first and second column correspond to the case when NOvA runs in
pure neutrino mode and the third and fourth column correspond to the case when
NOvA runs in equal neutrino and antineutrino mode. Note that though the current
plan for NOvA is to run in the equal neutrino and antineutrino mode, we have
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F1G. 5.2 Contour plots in the f,3(test) vs d13(test) plane for two different true values
of 03 = 40° (first and third column) and 50° (second and fourth column) for NOrA
(6 + 0) (first and second column) and (3 + 3) (third and fourth column). The first,
second and third rows are for 6,4 = —90° , 0° and 90° respectively. The true value for
the 4,3 is taken to be —90°. The true hierarchy is NH. We marginalise over the test
values of 6,4. Also shown are the contours for the 3v flavour scenario.
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produced plots corresponding to the pure neutrino run of NOvA to understand the
role of antineutrinos in resolving the degeneracies. Again we have chosen the true
parameter space to coincide with the latest best-fit of NOvA which is §;3 = —90° and
NH. While generating the plots we have marginalised over 6,4, and |Am3,| in the test
parameters while all the other relevant parameters are kept fixed in both the true and
test spectrum. The top, middle and bottom rows correspond to ;4 = —90°, 0° and
+90° respectively. In each row the first and third panel correspond to LO (653 = 40°)
and the second and fourth panel correspond to HO (A3 = 50°). These values of
0,3 are nice round values closest to the current best-fits according the latest global
analyses. For comparison we also have given the contours for the standard 3v case.
Note that because of the existence of MH-4,4 and octant-j,, degeneracies, the three
incorrect solutions from section 4.4.3 (i) right hierarchy-wrong octant (RH-WO),
(ii) wrong hierarchy-right octant (WH-RO) and (iii) wrong hierarchy-wrong octant
(WH-WO) solutions are even more likely to be present. Also both the MH-§,, and
octant-0;4, degeneracy occur for any given value of §,3 (which is —90° in this case).
This will imply that at least at the event level, all three spurious solutions should
appear at the correct value of §;3(test) = —90°. Below we discuss the appearance of
these spurious solutions in detail.

Let us start with the three generation case. The red contour is for RH solutions and
the purple contour is for WH solutions. For NOvA (6 + 0) and LO (first column), we
see that apart from correct solution (the contour around the true point), there is a RH-
WO solution around §;3(test) = +90° and a WH-WO solution around d;3(test) = —90°.
Note that both of these wrong solutions vanish in the NOvA (3 + 3) case (third
column). This is because as we mentioned earlier, the octant degeneracy in the
standard three flavour scenario behaves differently for neutrinos and antineutrinos
and a combination of them can resolve this degeneracy. On the other hand for NOvA
(6 + 0) and HO (second column), there are no wrong solutions apart from the true
solution but in NOvA (3 + 3) (fourth column), a small RH-WO solution appears
around d;3(test) = —90°. This can be understood by thinking about the statistics
in the following way. Running antineutrinos helps in the sensitivity only if there is
degeneracy in the pure neutrino mode. But if there is no degeneracy, then replacing
neutrinos with antineutrinos causes a reduction in the total statistics because the
neutrino cross section is almost three times higher than the antineutrino cross section.
As {013 = —90°, NH, HO} does not suffer from degeneracy in the pure neutrino mode,
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addition of antineutrinos makes the precision of 3 worse as compared to NOvA
(6 + 0) and a WO solution appears for NOvA (3 + 3).

Now let us discuss the case for the 3+1 scenario for 4,4, = —90° (first row). In
these figures the blue contours correspond to the RH solution and the green contours
correspond to the WH solutions. For NOvA (6 + 0) and LO (first panel), we see
that there is a RH-WO solution for the entire range of d,3(test). Note that NH and
014 = —90° don’t suffer from the MH-4,, degeneracy but we find a WH solution
appears with WO around 4;3(test) = —90° which disappears in the NOvA (3 + 3)
case (third panel). The RH-WO solution around §;3(test) = —90° on the other hand,
remains unresolved even in the NOvA (3 + 3) case. This is because that the octant
- 014 degeneracy is same for neutrinos and antineutrinos. This is one of the major
new features of the 3+1 case when compared to the three generation case. In the
three generation case, NOvA (3 + 3) is free from all degeneracies for 6,3 = —90°, NH
and LO but if we introduce a sterile neutrino, then there will be an additional WO
solution at the 90% confidence level. For HO, we see that (6 + 0) configuration is
almost free from any degeneracies except for a small RH-WO solution (second panel).
For NOvA (3+3), the lack of statistics decrease the 3 precision and there is a growth
in the WO region (fourth panel).

Next let us discuss the case for ;4 = +90° (third row). For 6 + 0 and LO (first
panel) we see that there is a WH-RO solution around d;3(test) = —90°, a WH-WO
solution for the entire range of d;3(test) and RH-WO solution around d;3(test) = +90°.
In this case the inclusion of the antineutrino run of NOvA (third panel) almost
resolves all the degenerate solutions but a small WH solution remains unresolved.
This indicates that in this case the statistics of the antineutrino run are not sufficient
to remove the RH-WO solution. For HO, we have the RH-WO and WH-RO solutions,
both at §;3(test) = —90° for NOvA(6 + 0) (second panel). For NOvA (3 + 3) we see
that the WH solution gets removed but the WO solution remains unresolved (fourth
panel).

For 6,4, = 0° (middle row), we see that there is a RH-WO solution in the entire
range of d;3(test) and WH-WO solution around d,3(test) = —90° for NOvA (6 + 0) in
LO (first panel). By the inclusion of antineutrino run, the WH-WO region gets resolved
but the RH-WO solution remains unresolved at d;3(test) = —90° (third panel). Apart
from that, there is also the emergence of a WH-RO solution at d;3(test) = —90°. For
the HO, we see that apart from the true solution, there is a RH-WO region for both
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NOvA (6 + 0) and (3 + 3) configurations around at d;3(test) = —90° (second and
fourth panel respectively).

5.5 Results for hierarchy sensitivity

We now discuss the hierarchy sensitivity of NOvA (3 + 3) in the presence of a sterile
neutrino. In the figure 5.3 we have given the 20 hierarchy contours in the 64 (true) -
0,3(true) plane for three values of d,4. The red contours are for standard three flavour
case and the blue contours are for 3+1 case. For the region inside the contours (to
the right of the lines) one can exclude the wrong hierarchy at 20. Here the true
hierarchy is NH. While generating these plots we have marginalised over test values
of 413, 814 and |Am2,|. We have assumed the octant to be unknown and known in the
left and right panels respectively, while the top, middle and bottom rows corresponds
to 014 = —90°, 0° and 90° in turn.

For the standard three flavour scenario we see NOvA has 20 hierarchy sensitivity
around —90° for all the values of 3 ranging from 35° to 55°. This is irrespective of
the information of the octant. This is because for NOvA (3 + 3), the §;3 = —90° case
does not suffer from hierarchy degeneracy in NH. This can be understood from figure
5.2 by noting the absence of purple (3v test IH) contours in NOvA (3 + 3) for both
LO and HO.

In the 3+1 case, if 4,4 is —90° then the hierarchy sensitivity is lost when 6,3 is
less than 43° in the known octant case (top left panel). Note that though NOvA
(3 + 3) does not have a WH solution at 90%, the loss of hierarchy sensitivity implies
that this degeneracy re-appears at 20. If the octant is known then the sensitivity of
3+1 coincides with the standard 3 flavour case (top right panel). This signifies that
the loss of sensitivity in the 3+1 case for the value of §;, = —90° is mainly due to
the WH-WO solution. In the middle row we see that in the 3+1 case, one cannot
have hierarchy sensitivity at 20 for true §;4 = 0° if 653 is less than 46° (42°) when
the octant is unknown (known) as can be seen from the middle panels. This implies
that for this value of true 4,4 the hierarchy sensitivity of NOvA is affected by the WH
solution occurring with both right and wrong octant. But the most remarkable result
is found for 614 = 90° (bottom panels). For this value of 4,4, we see that the hierarchy
sensitivity of NOvA is completely lost. This is mainly due to the WH-RO solution.
Thus we understand that if there exists a ~ 1 eV sterile neutrino in addition to the
three active neutrinos and the value of 4,4 chosen by nature is +90°, then NOvA can
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180 Degeneracy Simulation with Four Mass States

not have even a 2¢ hierarchy sensitivity for 4,3 = —90° and NH which is present best
fit of NOvA.

5.6 Conclusion

In this analysis we studied the parameter degeneracy and hierarchy sensitivity of
NOvA in the presence of a SBL motivated sterile neutrino. Apart from the MH-§3
and octant-d,3 degeneracy in the standard three flavour scenario, we have identified
two new degeneracies appearing with the new phase §,, which occur for every value
of d;3. These are MH-4,4 degeneracy and octant-9,, degeneracy. Unlike the standard
three generation case, here the octant degeneracy behaves similarly for neutrinos and
antineutrinos and the hierarchy degeneracy behaves differently. Thus a combination
of neutrinos and antineutrinos are unable to resolve the octant-4,, degeneracy but
can resolve the MH-0,, degeneracy. To identify the degenerate parameter space we
present our results in fo3(test) - d13(test) plane for three values of §;4(true) assuming
(i) NOvA runs in pure neutrino mode and (ii) NOvA runs in equal neutrino and
antineutrino mode. We have chosen NH and 6,3 = —90° motivated by the latest fit
from NOvA data. In those plots we find that there are different RH-WO, WH-RO and
WH-WO regions depending on the true nature of the octant of #y3 and true value of
d14. From these plots we find that the addition of antineutrinos helps to resolve the
WH solutions but fails to remove the WO solutions appearing at J;3(test) = —90°.
However we find that for ¢,4(true) = 90° and LO, the antineutrino run of NOvA is
unable to resolve the WH solution appearing with right octant at 90% C.L. While for
d14(true) = 0°, the WH-RO solution grows in size for NOvA (3 + 3) as compared to
NOvA (6 + 0). Comparing these with that of standard three flavour case we find that
apart from the small RH-WO regions for the true higher octant, there are no other
degenerate allowed regions for this choice of ,3(true) and hierarchy in the three
flavour case for NOvA (3 + 3). Note the region ¢;3 = —90° and NH is the favourable
parameter space of NOvA which does not suffer from MH-0,3 degeneracy in the
standard three flavour scenario where NOvA can have good hierarchy sensitivity. But
now in the 3+1 case, the hierarchy sensitivity of NOvA for this parameter value can
suffer due to the existence of the new degeneracies. To study that we plot the 20
hierarchy contours in the y3(true)-d;3(true) plane for three values of true 4,4, in NH.
While in the standard three flavour case one can have 2¢ hierarchy sensitivity for all
the values of 0,3 ranging from 35° to 55°, in the 3+1 case we find that for §;4, = —90°
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and 03 = 43° the hierarchy sensitivity of NOvA is lost. For the value of 4,4 = 0°,
the hierarchy sensitivity of NOvA is also compromised if #3 is less than 46°. But the
most serious deterioration in hierarchy sensitivity occurs if the value of ;4 chosen
by nature is +90°. At this value of 4,4, NOvA suffers from hierarchy degeneracy and
thus it has no hierarchy sensitivity for any value of #y3. Therefore if: (i) the hint of
013 = —90° persists; (ii) the data begins to show a preference towards LO; and (iii)
the observed hierarchy sensitivity is less than the expected sensitivity, then this can
be a signal from NOvA towards existence of a sterile neutrino with 6,4 # —90°.

The original work described in this chapter was originally published as ‘Study
of parameter degeneracy and hierarchy sensitivity of NOvA in presence of sterile
neutrino’ in Phys.Rev. D96 (2017) no.7, 075018.






CHAPTER 6

A LIGHT STERILE NEUTRINO AT NOrA AND DUNE

As a follow up to our 3 + 1 study of NOvA in the previous chapter 5 we perform
an extension of that work including the future experiment DUNE and some new
best fits including 0,3 = 45°. For this analysis we focus our attention the MH-
913 and octant-d,3 degeneracies. As before these conditions imply that for certain
combinations of 3, AmZ, and d,3 we will have multiple sets of parameters that
give the same oscillation probability, thus an experiment may not be able to tell
these situations apart. The true and test parameters we investigate can be roughly
divided into upper and lower ranges. So we continue to use the abbreviations NH/IH
(normal hierarchy/inverted hierarchy), LO/HO (lower octant/higher octant), with
the midpoint of the octant range corresponding to maximal-mixing (MM). These
ranges are defined by:

NH = |Amj,| >0, (6.1)
IH = |Am3,| <0, (6.2)
LO = 093 < 45°, (6.3)
HO = 3 > 45°, (6.4)
MM = p3 = 45°, (6.5)

while §;3 and d;4 can be anywhere in their full —180°, 180° range, so we do not
define named regions. Similarly, when discussing test ranges, we also extend the
previously used shorthand: WO/RO (wrong octant/right octant), WH/RH (wrong
hierarchy/right hierarchy) and W¢é;3/Rd;3 (wrong §,3/right ,3) to describe the test
solutions surrounding the correct or incorrect regions in the parameter space.
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For an overview of the phenomenology and experimental constraints on a fourth
neutrino at this time we refer to references [85, 153, 161, 172-181, 191-193].
Similarly, for LBL analyses featuring sterile neutrinos see references [121, 162-171].
For a more thorough analysis of 0,5 and ;5 in the 3v case for DUNE see [194].

For true values, we use the three best fits from The NOvA Collaboration 2017
results [59] which are good examples of degenerate results, as well as the same
results but with 6,3 = 45°. Note that the significance of some of these results dropped
in the 2018 release [60] but all are still allowed at around 2¢. These solutions are
outlined in table 6.1 with the rest of the oscillation parameters identical between
each case. We aim to expand on our analysis [1] as well as [195] to analyse all three
true solutions in the case where a sterile neutrino is introduced. We also produce
plots with 6,3 = 45° (which was previously ruled out by NOvA but is now allowed
[60]) in each case to examine how the degeneracies and allowed regions change.

We will refer to these three solutions using the shorthand from table 6.1. It is
important to analyse these results because they are examples of solutions degenerate
in probability and thus must be resolved by detector effects or combined analyses.
We also analyse hypotheses with 0,3 = 45° because these ‘maximal-mixing’ solutions
are allowed by MINOS, T2K and recently NOvA at 90% C.L. [156, 196]. However,
we do not fully explore the maximal-mixing parameter space because it is beyond the
scope of this analysis and in general should have less issues with degeneracies.

Solution | d;3 | octant | hierarchy
A —90° LO NH
B 135° HO NH
C —90° HO IH
A —90° | MM NH
B’ 135° MM NH
c —90° | MM IH

TABLE 6.1 The three HO/LO and three MM true solutions considered in this analysis.

The main part of our analysis is introducing the sterile parameters then varying
the new sterile phase §;, between several values and investigating its effect on the
octant and mass hierarchy sensitivity, specifically their degeneracies. The standard
three neutrino (3v) and the extended 3+1 parameters with the three representative
values for 0,5 are in table 6.2.
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3v Parameters True Value Test Value Range
sin? 012 0.304 N/A
sin? 26,3 0.085 N/A
035 40° (35°, 55°)
IO 50° (35°,55°)
O3M 45° (35°,55°)
013 —90°,135° (—180°,180°)
Am?, 7.5 x 107° eV? N/A
Am3, (NH) 2.475 x 1073 eV? (2.300,2.500) x 1073 eV?
Am2, (TH) —2.400 x 1073 eV? | (—2.425, —2.225) x 1073 eV
4y Parameters
sin? 04 0.025 N/A
sin? oy 0.025 N/A
034 0° N/A
014 —90°,90° (—180°,180°)
034 0° N/A
Am3, 1eV? N/A

TABLE 6.2 3v and 4v true and test parameter values and marginalisation ranges.
Parameters with N/A are not marginalised over.
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6.1 Oscillation Theory

Extending to 4v requires modification to the standard neutrino oscillation equations,
it is important to pay attention to the parametrisation chosen, because comparing
mixing angles and CP phases between different choices is non-trivial. We utilise the
same parametrisation and probability as presented in section 5.2.

Recall that if these degeneracies can be solved at all with the current experiments
T2K [156] and NOvA [59] then they may give the first hints of the values of i3, 623
and the sign of Am2, at some significant confidence level.

The addition of sterile neutrinos to the oscillation model can greatly lower sensi-
tivity to degeneracies for NOvA and T2K [163], and DUNE is already predicted to
have very good degeneracy resolution [197, 198] for 3v so it’s important to see how
much a new ~ 1 eV? splitting affects this. In addition, to see the how the sensitivity
scales for runtime, we simulate DUNE for 2 + 2 and 5 + 5.

It is predicted that DUNE, along with other proposed next generation long-baseline
experiments such as T2HK (Tokai to Hyper-Kamiokande) [199] and/or T2HKK (Tokai
to Hyper-Kamiokande and Korea) [200] (which we introduced in sections 1.3.1 and
1.4.1), will be very sensitive to sterile induced CP phases [201, 202]. As such, they
will contribute much further to oscillation physics once the current degeneracies and

issues are resolved, and will be increasingly important if sterile neutrinos are present.

6.2 Identifying Degeneracies in the 3+1 Case

We will use a similar approach to previously in section 6.4, firstly analysing probability
plots by eye then moving on to various hypothesis tests.

6.2.1 Degeneracies at the Probability Level

We take the standard best fits for oscillation parameters from sources such as glo-
bal fits and oscillation experiments [187-189] and then choose sterile parameters
consistent with [125, 180, 190, 191]. As in chapter 5 we then set 034 and d34 to zero
because they are not present in the vacuum equation for P,. (5.5), and we are under
the assumption that matter interactions will not add any significant dependence to
these terms. Finally we smooth our curves with a moving box-windowed average to
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represent the small oscillations that will be present but cannot be seen in real data,
as mentioned in section 4.2.1.

When we plot the probability plots for our three true values into the 4v sector and
vary 014 from —90° to +90°, our lines will become bands. This may cause additional
overlap where there was none before, thus introducing or re-introducing specific
degenerate solutions. This is the primary feature we are interested in as it will
determine the sensitivity degradation that would be present in the 3 + 1 case.

For the plots where they are not axis variables we marginalise |Am3,|, 65 and
it to minimise x? in the fit. All of the marginalisation ranges are summarised in
table 6.2.

It can be seen from figure 6.2 that the curve separation for antineutrinos relative
to the neutrino case seen in HO/LO is lessened for MM. This implies that it will be
less important to run antineutrinos to distinguish these three values. This is due to
the octant-0;3 degeneracy vanishing as #,3 approaches 45°. The MH degeneracy for
results B’ and C' is still significant in all cases as with B and C.

NOvA

It can be seen in figure 6.1 that for the 3v unprimed parameter case, all three
probability curves for NOvA running neutrinos are almost entirely degenerate, though
in the antineutrino case only the B and C solutions are degenerate. This is clearly
the reason they cropped up in real data! In the primed case (figure 6.2) the B’
and C’ solutions are distinct from the A’ solution for neutrinos and antineutrinos.
Extending to 4r shows bands that are also almost totally overlapping for neutrinos
while for antineutrinos, 4 the bands get closer together again but solution A is still
mostly separate (figure 6.3). For the primed solutions the A’ band is still mostly
distinct but now has gained significant overlap with B’ and C’ both neutrinos and
antineutrinos (figure 6.4). So overall true MM is superior to LO/HO for distinguishing
these parameter sets, aside from a small overlap increase in antineutrinos.

DUNE

In contrast with the NOvA plot, the 3v DUNE plots (figure 6.5) show only the A and
B neutrino curves overlapping and no overlap for the antineutrino case, as shown in
[195]. This points to much better degeneracy resolution than NOvA, especially while
running antineutrinos. The 4v plots (figure 6.7) do show overlap, specifically A, B
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FIG. 6.1 Three-flavour probability plots with all three true value lines overlaid for
NOwvA showing the largely degenerate curves except in the antineutrino case where
the LO curve is distinct. The dotted red, dashed green and solid blue probabilities
come from the A, B and C parameter sets respectively.

and some C for neutrinos; and B and C for antineutrinos. So comparing 3v lines to 4v
bands shows it is possible that some degeneracies can be reintroduced by extending
our parameter space, even with the DUNE detector. Comparing these plots with
the NOvA ones shows that solution A is still the favoured solution for degeneracy
resolution. The probability plots do not tell the whole story however as they do not
reflect the statistics of the detector, therefore we must do more analysis to get an idea
of what significance degeneracies arise at. The primed MM case curves (figure 6.6)
are widely spaced and have no overlap for DUNE in the 2-3 GeV range. So if MM is
the true case, DUNE should have better resolution power when running neutrinos
and slightly worse power when running antineutrinos, similar to NOvA. Thus the MM
case does not have a disparity in neutrino/antineutrino degeneracy resolution power
unlike the octant cases. Similar to NOvA, in the 4v case (figure 6.8) the neutrino
overlap improves slightly, while the antineutrino overlap gets slightly worse though
DUNE is still overall vastly superior to NOvA in terms of overall band separation.

6.2.2 Degeneracies at the detector level

We now analyse our test hypotheses using several x? type analyses to see for which
values we can resolve the MH degeneracy, see what regions are allowed at 90% C.L.
and also to look at the CP sensitivity for a variety of true values. This is necessary
because we need to account for statistical effects and combined neutrino/antineutrino
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FI1G. 6.2 Three-flavour probability plots for NOvA as with figure 6.1 but for 0y = 45°
so in this case the red, green and blue probabilities come from the A’, B’ and C’ instead.

runs. When performing the y? analysis we take the true parameters to be A, B or C
(then A’, B’ and C’) and the test parameters to be as specified in table 6.2 including
marginalisation ranges for the free parameters.

NOvA

Exclusion Plots To investigate the explicit range of true values for which the MH
can be resolved we can create hierarchy exclusion plots. As usual we vary the true
oscillation parameters, flip the hierarchy in the test hypothesis and marginalising over
every other variable. When we examine the exclusion plots for NOvA (figure 6.9)
we can see that the excluded region for true NH (true IH) includes the ;3 = +90°
(013 = —90°) favoured region, this should be expected because for the favoured
parameters it is predicted that in the 3v case NOvA alone can resolve the mass
hierarchy. Extending into 4v changes these regions somewhat, e.g. for true NH,
914 = 90° the exclusion zone retreats towards the HO side of our plot, indicating
that the MH degeneracy can only be solved for true values roughly in the ranges:
o3 > 45° and ;3 € (—45°, —135°). The change in the corresponding true IH plot with
014 = 90° is much less extreme, still allowing MH resolution for some LO true values.
On the other hand for ¢4, = —90° both NH and IH are mostly similar to the 3v case
and as such the favoured half planes are mostly excluded.

So to summarise, true NH is ok for 3v and 4v(d;4 = —90°) but 4 (6,4 = 90°) is a lot
worse. True IH on the other hand has decent MH resolution in 3v and 4v(6;4 = +90°)
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FiG. 6.3 Four-flavour probability plots with all three true value bands overlaid for
NOvA. The comparison between the neutrino and antineutrino cases is similar to the
3v case, but the LO and HO curves in the antineutrino case do get closer. The red,
green and blue probabilities come from the A’, B’ and C’ as with figure 6.1 but now
the dotted lines correspond to §;4 = —90° and solid ones to §;4, = 90°.

with the regions wher we can exclude the wrong MH moving higher and lower in §;3
respectively.

Allowed Region Plots From figure 6.10 it can be seen that in the 3v case, the plot
for A shows one allowed region surrounding the true value, while the B and C plots
have WO-WH-Wd;5, RO-WH-Wd;3 and WO-RH-RJ5 regions as well as the correct
solution. For the 4v cases, in general the regions are broadly the same, though for
914 = +90° true value A gains a WH region while for 6,4, = —90° it gains a WO region.
More significantly, for true values B and C the regions mostly get larger (though the
WO-WH-W),3 solution for C vanishes). Overall figure 6.10 shows that solution A
can be resolved more easily than the other cases, by relating the probability plots to
the allowed regions, the particularly large separation of the curves for antineutrinos
compared to neutrinos contributes strongly to this.

Similarly in figure 6.11 the A’ case is still the one with the least degeneracy
having only a small WH solution when §;, = +90°. In the other MM cases the MH
degeneracy exists with regions almost reflected about §;3 = 0°. For most of these
cases the LO and HO solutions we tested (f»3 = 40°,50°) are just outside the 90%
C.L. regions, though o3 ~ 42.5°,49° are included in all regions, implying that some
HO/LO solutions with less extreme values can’t be ruled out by NOvA in the MM
case.
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FiG. 6.4 Four-flavour probability plots for NOvA as with figure 6.3 but for the
primed parameters with 03 = 45°.

DUNE

Exclusion Plots Evaluating the exclusion plots for the reduced or partial run of
DUNE 2 + 2 (figure 6.12) and comparing to NOvA shows that the excluded region
expands to include much of the unfavoured half plane. On the 6,3 < 45° side of
the plots there are reasonable sized areas still allowed, this implies that true LO is
unfavoured for degeneracy resolution, even at DUNE. In the §;4 = —90° cases there
are still small sections at (6,3 = 45°, 613 ~ 90°, NH) and (0,3 = 45°, 613 =~ —90°, IH) in
which MH degenerate solutions will still exist.

Extending the DUNE run to 5 + 5 further increases the parameter space for
which the wrong mass hierarchy can be excluded (figure 6.13) and only small
areas in the unfavoured half-planes remain for 6,3 < 40° which is roughly 20 to
30 outside of NOvA’s current fits depending on the value of [Am3,|. Because these
non-excluded values are only valid for #3 well below current LO estimates this
reinforces the prediction that after it’s full run, DUNE will be capable of resolving the
MH degeneracy independently of other experiments, regardless of 6,3, even in the
case of small sterile mixing.

Allowed Region Plots Evaluating the allowed regions for DUNE 2 + 2 shows an
almost complete disappearance of WH solutions. Many of the WO solutions are gone
too, for example the 3v IH plots in figure 6.14 have almost none. Though some cases
are still particularly bad, for example true value B has a degenerate octant solution
that almost spans the entire range of 9;3.
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FIG. 6.5 Three-flavour probability plots with all three true value lines overlaid for
DUNE, highlighting the larger separation of curves for the longer baseline detector.
Parameter sets are arranged the same as with figure 6.1.

For the MM case with only 2 + 2 running (figure 6.15) the MH degenerate regions
present for NOvA vanish for most cases and only remain for B’ in 3v and 64, = —90°
as small regions. The size of the regions does not change much compared to NOvA
so the allowed 6,5 range is roughly the same, though the allowed regions do avoid
0,3 = 40°, 50° in more of the cases. Overall for DUNE (2 + 2) the trade off is between
octant true values with degenerate solutions or max-mixing true values with more
uncertainty in the exact value of 3.

From figure 6.16 it can be seen that despite the additional probability overlap
induced by the sterile parameters, for DUNE 5 + 5 the degeneracies are practically
resolved at 90% C.L. aside from small wrong octant regions for values A and C with
914 = —90° and for B with ;4 = +90°. We would expect this following what we have
seen in the probability bands and exclusion plots. This is due to the fact that hierarchy
resolution ability is related to the baseline of the experiment and as seen in figure 6.7
(b) at 2.5 GeV neutrino energy, DUNE has no overlap for our three parameter bands
when running antineutrinos, this allows excellent degeneracy resolution.

In the MM case (figure 6.17) the allowed regions for DUNE get larger but have
no MH degenerate regions. In all cases the HO/LO solutions are outside the 90% C.L.
regions implying good rejection of HO/LO solutions and a good contribution to the
precision measurement of 6,3. This means that the small MH overlap in antineutrinos
must be resolved by statistics or the combined runs.
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FI1G. 6.7 Four-flavour probability plots as with figure 6.3 but for DUNE. The minimal
overlap introduced by the sterile CP phase ;4 can be seen.

6.3 Conclusion

We have extended the analysis from chapter 5 in light of the discussions from [195]
regarding the results in [59]. We include a light sterile neutrino specified as such to
rectify the short baseline oscillation anomalies. From our analysis we see that the
degenerate solutions are predicted to be worse at the probability level for the 4v
case due to the additional free parameters. We find that for certain values of §,4 the
sensitivity of NOvA to the octant degeneracy and (to a much lesser extent) hierarchy
degeneracy may be reduced. We also predict that DUNE 2 + 2 can solve the MH
degeneracy at 90% C.L. while some octant ambiguity still exists. However, extending
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Fi1G. 6.8 Four-flavour probability plots for DUNE asimilar to figure 6.7 but for
923 - 450.

to the full DUNE 5 + 5 run removes almost all ambiguity at 90% C.L. in all cases
regardless of d14. So it can be seen that for any of these true values with the sterile
hypothesis being correct or not, that DUNE can resolve these degeneracies at 90%
C.L. whilst NOvA alone loses some potential for degeneracy resolution in the sterile
case.

We also find that if the 6,3 value chosen by nature is 45°, then the need for
combined neutrino/antineutrino analysis to distinguish certain results is diminished.
This leads to increased MH resolution power but less precision for the exact value
of Ay3. However it can be seen that DUNE has similar MH resolution power at 90%
C.L. no matter the case. It remains to be seen over the next few years how important
DUNE will be in this field, depending on what best fit parameters NOrvA and T2K
favor.

The original work described in this chapter was originally published as ‘The Effect
of a Light Sterile Neutrino at NOvA and DUNE’ in Phys.Rev. D98 (2018) no.3, 035042.

6.4 Additional Notes

New results from NOvA have been published recently [60, 203, 204] and indicate
new lo parameter ranges:

AmZ, = 244470079 x 1073 &V? (6.6)
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FIG. 6.9 MH exclusion plots for NOvA (3 + 3). Upper plots are for true NH/test [H

and the lower plots are for true IH/test NH. These plots contain similar information
to the octant unknown plots from figure 5.3 but we also analyse [H-NH and omit the
914 = 0° case. For ease of comparison we have also shaded the true parameter region
for which the wrong test hierarchy can be excluded.

0.5587 0033 (HO)

SiIl2 023 = (67)
0.4751093¢ (LO)

with best fits of: §;3 = 1.21wr &~ —142.2°, HO, NH. These align somewhat better
with previous T2K and MINOS results and no-longer explicitly rule out 653 = 45°
at 90% C.L. We will still continue to analyse our three values despite the fact that
neither A or B are fully favoured and C is disfavoured, because we are interested
purely in degeneracy resolution. With regards to these new preliminary best fits from
NOVA, our sensitivity predictions do not really change, these results still fall into the
favoured area for mass hierarchy resolution and as such the NOvA only loses MH
sensitivity in the specific 4v case with ¢4, = —90° (figure 6.18). The octant region
does have more spread for this true value, but the allowed region doesn’t include
the wrong octant, instead including the maximal-mixing (A3 = 45°) case. For DUNE
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<2 + Q) the results are similar (figure 6.19). Therefore in this case MM can not be
ruled out at 90% C.L. and may require a combined analysis to differentiate.
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CHAPTER 7

SUMMARY, CONCLUSIONS AND OUTLOOK

During my PhD my focus has been on writing scripts for GLoBES calculations as
well as contributing to or writing the associated analyses. At the beginning of
study this involved installing and understanding the expanded 3 + N, version of
GLoBES. Once this was understood I adapted earlier work to such a formalism.
This involved probability calculations as well as degenerate region and hierarchy
exclusion hypothesis tests. The other focus of my work was to understand the
more fundamental nature of neutrino oscillations and sterile neutrinos. This was
communicated to my colleagues so that analyses could be proposed to explore the
field in a phenomenological manner.

Once the motivation and application of the 3+ 1 extension was well understood we
performed the analysis from chapter 5. This used the code I developed for probability
plots and test 6,3-A ;3 regions. In this analysis we found that the new phase §,4 in
particular adds several degeneracies to the neutrino parameter space. The follow-up
analysis presented in section 6 was primarily authored by me and covered revised
fits from NOvA. This second analysis showed that DUNE has immense degeneracy
resolution compared to NOvA even if a sterile neutrino is present. Additionally the
possibility of maximal mixing leads to increased hierarchy resolution but less 6,3
precision.

In this thesis I have attempted to provide an outline of neutrino physics, beginning
with initial experiments and theories, up to possible extensions to the three active
neutrino extended standard model. Hopefully it can be seen how the initial idea of
ghostly neutral leptons invented to conserve energy and momentum, has led to this
rich particle family with a plethora of interesting properties.
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The major conclusion to be drawn from recent simulations and results for neu-
trinos is that we are poised to potentially solve most of the standard three neutrino
degeneracies and to precisely measure all of the parameters. If we are fortunate we
may only be left with the questions of additional mass eigenstates, sterile neutrinos
and mass models by 2025 or so. However, depending on how convenient the mixing
parameters turn out to be (not to mention potential non-standard interactions, see
Appendix C) we could be battling with degeneracies for many years to come. This
implies that the next generation DUNE and T2HK will perhaps at the very least reveal
whether our neutrino situation is one of pessimism or optimism.

The matter of neutrino mass is likely to be a mystery for a while longer, especially
given that cases involving heavy RH neutrinos are likely impossible to detect with
standard methods. Nevertheless it is tempting to hold onto the hope that some all-
encompassing model of RH neutrinos exists which would contain light mostly-steriles
as well as heavy states to account for oscillation anomalies and light active masses
simultaneously. Oscillation experiments are unlikely to help reveal the absolute
mass scales of active neutrinos. But if somehow a method to determine the lightest
mass can be found. The existence of such a method reduces the discovery of the
absolute masses of vy, 15 and v3, to measuring the lightest state, determining the mass
ordering and then simply performing precise measurements until uncertainties are
low enough. Unfortunately this is pretty far-fetched and it is likely that double beta
decay (see section 3.7) or direct kinematic decay experiments will shed some light on
this eventually. The recently active KATRIN (Karlsruhe Tritium Neutrino Experiment)
is of the latter type and uses tritium decay [205]. The KATRIN collaboration just
released its first results which improved the upper limit of the neutrino mass scale
to be ~ 1.1 ¢V [206]. Heavy RH neutrinos as dark matter candidates have been
constrained somewhat but if they exist must likely contribute in some way. The
mass ranges preferred by see-saw mass generation and dark matter candidates are
different, so the discovery of a specific one of these doesn’t necessarily solve the other.

As for sterile neutrinos themselves, we are still not likely to have a definite answer
on their existence in the near future. Given the wide range of possible extra particles
it can be hard to be certain whether any anomaly or phenomena is the result of sterile
neutrinos or some other new physics phenomena. The inherent difficulties in carrying
out precision neutrino experiments means that it is challenging to constrain their
properties whether sterile or not. Light sterile neutrinos are promising candidates for
oscillation anomalies but at the current time no strong conclusions can be made. For
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the future we need additional and more precise experiments to pin down the nature
of the neutrino sector and any new physics that may be hiding there.
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APPENDIX A

GLOBES .GLB EXPERIMENT EXAMPLE

A typical .glb experiment file, in this case for our NOvA simulations [207, 208].

%!GLoBES
$version="3.0.0"

/+* Copyright 2008, 2009 The GLoBES Team
*
« If you modify this file you have to rename it.

o

« If you are using this file for producing a scientific publication

x or a talk please cite the following references and check the
supporting

x files for a similar comment.

o8

« This file was used to produce the results in

#x @Article{Huber:2009xx,

#+ author = "Huber, P and Lindner, M and Schwetz, T and Winter, W",
#+ title = "First hint for CP violation in neutrino oscillations
H#ox from upcoming superbeam and reactor experiments",

#+« year = "2009",

#+ eprint = "arXiv:0907.1896"

#e )

* The description of NoVA (concerning the nu e appearance signal)
follows
«x the proposal as of March 15, 2005.

<

#x @Article{Ambats:2004js ,
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31

33

35

37

39

41

43

45

47

49

51

53

55

57

59

61

63

65

228 GLoBES .glb Experiment Example

#+« author = "Ambats, I. and others",

#+ collaboration = "NOvVA",

#+  title = "NOvA proposal to build a 30-kiloton off—axis detector
to

H#x study neutrino oscillations in the Fermilab NuMI
beamline",

#x  year = "2004",

#+ eprint = "hep—ex/0503053",

#% SLACcitation = "%%CITATION = HEP-EX 0503053;%%"

#+ }

The description of the nu mu disappearance signal is taken from

@Article{Yang 2004,
author = "T. Yang and S. Woijcicki",
collaboration = "NOvVA",
title = "Study of physics sensitivity of $\nu mu$ disappearance
in
a totally active version of NoVA detector",
year = "2004",
eprint = "Off-Axis—Note—SIM—30"
<}

Reduced detector mass to 15kt according to the outcome of the
latest CD2 review.

This an attempt to match the numbers in the October 2007 TDR. We
try to be as close as possible to the their numbers given in tables
6.2—-6.4. We have applied a correction factor for the different
proton to neutron ratio in water and scintillator (our cross
sections are for water). We had to apply an overall factor of 1.12
to get the total event numbers right. The background efficiencies
had to be increased to account for the effect of migrations. Also,
at the current stage we do not account for neutrino BG in the
anti—neutrino beam, which is not a good approximation, but we
increase the BG effecienies as to match table 6.2.

This an attempt to match the numbers in the October 2007 TDR. This
file is to test the disappearance analysis. This analysis is termed
preliminary in the TDR and there is very little information to go

by.




67

69
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73

75

77

79

81

83

85

87

89

91

93

95

97

99

101

103

105

107

229

« This file deviates at following points from the TDR:

*

&

2%/Sqrt(E) resolution plus a flat 0.085GeV for Fermi motion
3 2% signal error

* — 0.1% of all NC as background

10% background error

).
|

Ba
|

* — 1% energy scale error

« Besides that, we use 100% of all nu mu QE events. We use an energy
x window from 1 to 3 GeV. We use ME beam tune.

x Last Update: 13/07/09 <pahuber@vt.edu>
*/

/* We need to correct for the fact that our cross sections are

for water, i.e. a proton to neutron ratio of 5/4, whereas mineral oil
has a proton qratio closer to 4/3. That is we get correction factor
for nu ar of =/

NUB=1.066

[« A Beam flux ####HH# «/

nuflux (#NoVA)<

@flux_file="0709—nova—plus.dat"

@time = 3 /+ years (changed from 3) =/

@stored_muons = 6e20 /% POT yrs™—1 for 0.7 MW/

@norm = 1.12%6.47886918e—19 /+ 1.12 is necessary to match the
numbers in the 2007 TDR =/

>

nuflux (#NoVAanti)<

@flux_file="0709—nova—minus.dat"

@time = 3 /+ years (changed rom 3) «/

@stored_muons = 6e20 /x POT yrs”™—1 for 0.7 MWx/

@norm = 1.12«NUBx 6.47886918e—19 /+ 1.12 is necessary to match the
numbers in the 2007 TDR =/

>
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230 GLoBES .glb Experiment Example

[« #H##H#A# Detector settings ###### «/

$target mass = 15.0 /* kt =/

[« #####A# Energy window ####A## «/

$bins = 20
$emin = 0.5 /x GeV x/
$emax = 3.5 /% GeV =/

$sampling points = 100
$sampling min = 0.05 /= GeV =/
$sampling max = 4.0 /* GeV =/

[« #H#A#### Baseline setting ####### «/
$profiletype = 3
/+ The relatively larger signal is due to matter effects

« whereas the event numbers in the proposal assume two—flavour
* vacuum oscillations

%/
$densitytab = {2.8}
$lengthtab = {810} /* km «/

/« ###H####H# Technical information ###H#HH#H#H =/

0
1000000

$filter state
$filter value

[« ###A#A#AH Energy resolution #######H «/

energy(#electron)<
@type = 1

@sigma e = {0.0,0.1,0.0}
>
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181

183

185
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191
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energy(#muon)<

@type = 1

@sigma e = {0.0,0.05,0.0}
>

energy (#muonQE)<

@type = 1

@sigma e = {0.0,0.02,0.085%}
>

[/« #EHHAHAH#H Cross sections #H##A###H «/

cross (#CC)<
@cross_file = "XCC.dat"
>

cross (#NC)<
@cross_file = "XNC.dat"
>

cross (#QE)<
@cross_file = "XQE.dat"
>

[/« ###H#A#H Channel definitions ##H###H#H «/

channel(#nu_mu CC)<
@channel = #NoVA: +: m: m: #CC: #muon
>

channel(#nu_ mu NC)<
@channel = #NoVA: +: NOSC m: NOSC m: #NC: #electron
>

channel(#nu_e_beam)<
@channel = #NoVA: +: e: e: #CC: #electron
>
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232

GLoBES .glb Experiment Example

channel(#nu_e_signal)<

@channel = #NoVA: +: m: e: #CC: #electron

>

channel(#nu_bar mu CC)<

@channel = #NoVAanti: —: m: m: #CC: #muon

>

channel(#nu_bar mu NC)<

@channel = #NoVAanti: —: NOSC m: NOSC m: #NC: #electron
>

channel(#nu_bar_e beam)<

@channel = #NoVAanti: —: e: e: #CC: #electron
>

channel(#nu_bar_e_signal)<

@channel = #NoVAanti: —: m: e: #CC: #electron
>

channel (#nu_mu QE)<

@channel = #NoVA: +: m: m: #QE: #muonQE

>

channel(#nu_bar mu QE)<

@channel = #NoVAanti: —: m: m: #QE: #muonQE
>

[« ###A#### Setting the rules ####### «/

rule(#Nu_E_Appearance)<
@signal = 0.26@#nu_e signal
@signalerror = 0.05 : 0.025
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241

243

245

247

249

251

253

255

257

259

261

263

267

269

271
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@background = 0.001x%1.3@#nu_mu CC : 1.4+0.002@#nu_mu NC :

nu_e beam
@backgrounderror = 0.10 : 0.025

@sys_on_function = "chiSpectrumCalib"
@sys_off function = "chiNoSysSpectrum"

@energy window= 1.0 : 3.0
>

rule(#Nu_E_Bar_ Appearance)<
@signal = 0.409@#nu_bar_e signal
@signalerror = 0.05 : 0.025

@background = 0.001+1.3@#nu_bar_mu_CC
*3.2@#nu_bar e beam
@backgrounderror = 0.10 : 0.025

@sys_on_function = "chiSpectrumCalib"
@sys_off function = "chiNoSysSpectrum"

@energy window= 1.0 : 3.0

rule (#Nu_Mu_Disappearance)<
@signal = 1.0@#nu_mu QE
@signalerror = 0.02 : 0.01

@background = 0.001@#nu_mu NC
@backgrounderror = 0.1 : 0.01

@sys_on_function = "chiSpectrumCalib"
@sys_off function = "chiNoSysSpectrum"

@energy window= 0.5 : 3.0
>

2.2%0.004@#nu_bar_ mu NC

0.074=2.2@#

0.105
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234 GLoBES .glb Experiment Example

rule(# Nu_Mu_Bar_ Disppearance)<
@signal = 1.0@#nu_bar mu QE
@signalerror = 0.02 : 0.01

@background = 0.001@#nu_bar mu NC
@backgrounderror = 0.1 : 0.01

@sys_on_function = "chiSpectrumCalib"
@sys_off function = "chiNoSysSpectrum"
@energy window= 0.5 : 3.0
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APPENDIX B

GLOBES ScRrIPT EXAMPLE

A typical script written in C used to generate data for a MH hypothesis test projected
onto the 6;3-0;5 plane.

/% GLoBES —— General LOng Baseline Experiment Simulator

* (C) 2002 — 2004, The GLoBES Team

* GLOBES is mainly intended for academic purposes. Proper

x credit must be given if you use GLoBES or parts of it. Please
x read the section ’Credit’ in the README file.

x This program is free software; you can redistribute it and/or modify
%« it under the terms of the GNU General Public License as published by
+ the Free Software Foundation; either version 2 of the License, or

« (at your option) any later version.

x This program is distributed in the hope that it will be useful,
* but WITHOUT ANY WARRANTY; without even the implied warranty of
* MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the
* GNU General Public License for more details.

* You should have received a copy of the GNU General Public License

+x along with this program; if not, write to the Free Software

« Foundation, Inc., 59 Temple Place, Suite 330, Boston, MA 02111-1307
USA

* * Confidence regions in the thl13—delta CP plane *
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AT bbb bbb bbb bbb bbb bbbl bbb bbb bbb bbb

*kk/

#include <stdio .h>

#include <stdlib .h>

#include <math.h>

#include <string.h>

#include <globes/globes.h> /% GLoBES library =/

/+ Output file =/

char MYFILE[]="deltath13.dat";
char AEDLFILE[]="0709—nova.glb";
char AEDLFILE2[]="T2K.glb";

FILE xoutfile = NULL;

int main(int argc, char =argv[])

{

/% Initialize libglobes =/

glbInit (argv[0]);
glbSelectMinimizer (GLB_MIN POWELL) ;

/+ Initialize experiment(s) =/

glbInitExperiment (AEDLFILE,& glb _experiment list[0],&glb num of exps); /x
NOvVA experiment =/

// glbInitExperiment (AEDLFILE2 ,& glb_experiment list[0],&glb num_of exps
); /+T2K experiment =/

/+ Intitialize output =/
outfile = fopen(MYFILE, "w");
if (outfile == NULL)

{
printf ("Error opening output file.\n");
return —1;

}

/+ Define "true" oscillation parameters (cf. hep—ph/0405172v5) =/
double thetal2 = asin(sqrt(0.3));

double thetal3 asin(sqrt(0.1))/2.0;

double theta23 45.0 + M_PI/180.0;

double deltacp 90.0 + M _PI/180.0;

double sdm = 7.9e-5;

double ldm = 2.6e-3;
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/% Define "true" oscillation parameter vector =/

glb _params true values = glbAllocParams();

//glbDefineParams (true_values ,thetal2,thetal3,theta23,deltacp ,sdm,ldm)
;// True NH

glbDefineParams (true_values ,thetal2,thetal3, theta23,deltacp ,sdm,—ldm+sdm
);//True IH

glbSetDensityParams (true_values ,1.0,GLB _ALL);

/+ Define initial guess for the fit values =/

glb params test values = glbAllocParams();

glbDefineParams (test_values ,thetal2,thetal3, theta23,deltacp,sdm,ldm);

glbSetDensityParams (test values ,1.0,GLB_ALL);

glb _params test valuesIH = glbAllocParams();

glbDefineParams (test valuesIH ,thetal2,thetal3,theta23, deltacp ,sdm,—1ldm+
sdm) ;

glbSetDensityParams (test_valuesIH ,1.0,GLB_ALL);

/+ Define external input (1-sigma errors) on the parameters: 10% error

* on the solar parameters, 5% on the matter density, all other
parameters free.

« External input is implemented as a prior of the form

% (fit_value — central value)”™2 / input_error”™2
*/
glb params input_errors = glbAllocParams () ;

glbDefineParams (input_errors, thetal2x0.1, 0, 0, 0, sdmx0.1, 0);
glbSetDensityParams (input_errors ,0.05,GLB_ALL);
glbSetInputErrors (input_errors);
glbSetCentralValues (true values);

/+ Define projection onto thl3 and delta, marginalizing over

x th23 and dm31. The solar parameters can be kept fixed to speed

« up the calculation without introducing large errors. =/
glb_projection thl3delta projection = glbAllocProjection();
glbDefineProjection (th13delta projection ,GLB_FIXED,GLB_FIXED,GLB FREE,
GLB_FIXED,GLB FIXED,GLB FREE);
glbSetDensityProjectionFlag (thl13delta projection, GLB _FIXED, GLB_ALL);
glbSetProjection (th13delta projection);

/+ Compute simulated data =/
glbSetOscillationParameters (true_values);
glbSetRates () ;
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/+* Scan the thl13—delta plane =/
double this th13, this delta;
double th13 lower = 5; /xcorresponds to roughly 0.1127 radians (6.46

degrees) =/

double th13 upper = 150; /=+corresponds to roughly 0.1989 radians (11.39
degrees)x/

double th13 steps = 5; /+step SIZE in this casex/

double delta lower = —180«(M_PI/180); /xlooks dumb but shows conversion

from degrees to radians+/
double delta_upper = 180%(M_PI/180);
double delta steps = 12; /+number of steps (see below)x/
double res, res2, prior, thl13 test;

for (this_th13=th13 lower; this th13<=th13 upper; this th13+=th13 steps)/
xloop over x axis unitlessx/

{

//convert to radians for osc params call

th13 test=asin(sqrt(this th13%0.001))/2.0; //calculate angle (in radians
) corresponding to each x—axis pt.

glbSetOscParams (test_values ,th13_test, GLB_THETA 13);

glbSetOscParams (test_valuesIH ,th13 test, GLB THETA 13);

for (this_delta=delta_lower; this_delta<=delta upper; this_delta+=(
delta upper—delta lower)/delta_steps)

{

/+ Set vector of test=fit values x/

glbSetOscParams (test_values, this delta, GLB DELTA CP);

glbSetOscParams (test_valuesIH , this delta, GLB DELTA CP);

/+ Compute chi”™2 assuming the normal mass hierarchy in the fit =/
res = glbChiNP(test values, NULL, GLB ALL);
res2 = glbChiNP(test valuesIH, NULL, GLB ALL);

/+add prior manual prior =/

prior=pow((0.1 — this th13%0.001)/(0.1%0.05),2); // i.e. ((test guess —
fit value)/inputerror) ™2, ideal sin(2theta)”~2=0.1 so subtract
unitless value NOT angle, also inputerror=0.005

res=res+prior;
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res2=res2+prior;

fprintf (outfile , "%g %g %g %g %g %g %g\n", this th13%0.001, this deltax
(180.0/M _PI), res, res2, pow(sin(2«thetal3),2),deltacp«(180.0/M_PI),
prior); //print thl13—> convert to sin”2 form, delta—> convert to
degrees and true values of those

}
fprintf(outfile, "\n");
¥

fclose (outfile);

/% Destroy parameter and projection vector(s) =/
glbFreeParams (true values);
glbFreeParams(test_values);
glbFreeParams (test _valuesIH);

glbFreeParams (input_errors);
glbFreeProjection (th13delta projection);

return O;

¥







APPENDIX C

NON-STANDARD (MATTER) INTERACTIONS

Matter effects of neutrinos assume that only the electron flavour neutrinos experience
the additional interactions with regular electronic matter. If, however neutrinos
can experience some kind of additional interaction with matter, especially in the
non-electron channels, then the oscillatory behaviour will be affected. NC or CC
interactions between electrons or even quarks in matter are possible, what the exact
nature of such interactions would be is unknown. These are grouped under the
general framework of Non-Standard Interactions (NSI) and are a common theory
brought up as potential explanations for oscillation anomalies as well as making
degenerate solutions more difficult to disentangle.

C.0.1 Formalism

We start with an effective Hamiltonian to describe the propagation of ’s with an
additional matrix of matter potentials added to the basic MSW oscillation Hamiltonian.

This gives
Hy =H, + Hsi + Hnsi (C.1)
0 1 Eee Eeu Eer
=\ U T U+ 1y 0 +ralel, € Eur , (C.2)
1 0 827 8;7' Err

in the flavour basis. With:

2 2
Am3, Ams,

A= = A=
2F Am3,’ Am3,’

(C.3)
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and
A(z) = 2v2EGpn.(x), (C.4)

is the Wolfenstein matter term with path dependence. U is the usual PMNS matrix.

C.0.2 NSI terms

The NSI parameters notated as
Eap = |easle™?, (C.5)

are complex params. For the o = [ the ¢,,’s are real, due to Hermiticity of .
Therefore the three off diagonal terms have phases that will contribute to CP effects:
Geps Per, Pur- These introduce new “fake” CP effects (i.e. not from PMNS phases) as
well as genuine new CP effects from these phases.

Matter propagation NSI terms obey unitarity (while source and detector NSI do
not) therefore we still have an overall unitary matrix that diagonalises the effective
Hamiltonian

Hy = UHU = diag(\1, Ao, \3) (C.6)

where the )\;’s are the eigenvalues of the effective Hamiltonian, and
Z UmUZi = 0ag - (C.7)

There are some constraints on the NSI parameters we have introduced, they are

42 03 05
leas] < [ 0.3 0.068 0.04 (C.8)
0.5 0.04 0.15

the phases however are not constrained

Gap € (—m,m). (C.9
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