
LaÉ\N ,c,v)

r-ôi( Í¡ÌÈ- s ts

Ca¡'y tñc, A,ùTt1Ò¡<tT y

7a,lSt¿,tt o; Sc¡7 -Uf ¿:5

1'n. c¿,-sp¿*el 
€-

,t'{

a^-'.o(

¡o 
I'e-,/o

T LúrL.bJ

nJ r^cra- ¡*^U ./+-+-i
c^-te .of 

J
y !-u',1 -t,*Árrs

*y
*1é\* I Lt Ä-L 4"

,fi Át ..ta,'Q- "+-.¿.tÁ^4 ft (",.tn
/4".* r'1 LL^.v e".+.'þ L,' hr,tuJ 

,

ã¿b/. {¿r- *l{*,y' "{/" ./?-r¿ìs Åz n-aa(i¿ ,"r,i ¿",Á41 þ
,nf J^1 .

/,."-õ f4frtl,
tz- q - (1_7O

c. HtqÇtw 667-4ttø,



lion-unl"forn Te¡eion of Thin-wallad lJram¡

and Shcllat applf,catlon to round tubea

contein!.ng axlal sllt of an.v lcngth

by

Gcoffray ¿dwin Higglnbotton

B.jìc,Hone Mech;rnl.cal Lngine;*ring (Lea,;a t954)

of the irouth iìuatr;rllan Institute of Tuchnology

i-xperinental werk csrrled out in th:: l¡.¡bor¿¡tarLsa

of ths Schsol of Civil l-ngineorlng

Unlvcrsity of .rclelaide

and at the :r¡outh l,ustralien Instrtute of Tcchnology

5chool of i4ech.,nleaL . nginaering

UnLvsrsity of Adt¡Bi{tË

t

lleccrnber, L969.



ACKNOIdLED6Lî48î'¡T5

Thank¡ are gJ.vcn to Fî¡r Ð' Ðoble and l4rr Ç' Sved

of ths Univcrcity of Adalaida¡ and IJs' R' Smyth of the

South Auatralien tnstltute of Tachnulogy, for the advl'ca

thayhavcglvenandforthej'¡wl}ll'rrgncaatodiecua¡

vatious aspætt of r:he thaalcr and to tlr' T' Kopatsky

of tha 5.4. tnetituta of lachnolmgy for interpratstion

of ¡one Rus¡ia¡r rcrLPts.

filao appraciatad is the halp and advfce given :ln

the manufectura of expcrLmantal appar*tus by l4rr G' 'oalls

end Mr. Jr Ba¡tholonew and their steff of thc South

AurtralLan Inatitutr of Technology'

Britl.ohlubaFlltlgkj.ndlyauppliadaqi-iantityof

atecl tubinE.



c0l¿TEf\¡T

SU|,S|ARY

SYHBI}LS ù ÐEF¡l,l¡T¡ttt'ls

¡NTROüUCT¡M¡

- tncludrtng . etmrrcay of thi Glt..le

cnalyela of ths non-unlfo¡n toreion of

long, thl,n-ryallad¡ opcn-e¡ctlon baan¡.

}IAIH TTXT

PART I - Tub¡¡ lll,t full lrtgth

l. Thr apptl'crÞltlty cf th¡ clrrrls

ælutlon fôr aa¡Ir o? trtrt ts th¡

ct¡3. cf r ¡hort rllt tubcr

2¡ thr çptto¡bitltY cf thû ßlmrlc

rolutlon fo¡ ¡t¡rarn to thr erlr of

thr rh¡rt ¡llt tubl.

3, Thr Srportancr sf thr purr tor¡lonrl

rhr¡¡ rtnar¡¡ (1.r. 5tr V¡nrnt tonlon)

ln thr thort ¡Ilt tubl¡

lc Â rmbr¡nr rnrl¡nt¡ rhtch lgnotrl pun

tonl'on¡ rccount of ulrl lhH¡ ¡tt¡ln.

5. Thr rnglr af trlrt dr¡r to rrlrl ¡hl¡¡

rt¡aLn dh¡ctty by ltral'n rnr*gy l¡on

thr clac¡tc ehlr¡ rttc¡r r¡ntl.

PA6E

(i)

(v)

(x)

l0

r9

I

24

46



PART II - Tubes elit part J-ength

6. An inítia1 appraiaal of tha case of

a tube with a elit not sxtending the
- futl Bpan.

PART III - Experimente

7. Brief description of experímental

modelE, testing machinc, inetrunentetion

and test procedurea

8. MaJor axperimcntal results

9. Discussion of exp,-rimental results

CCINCLUS I iINS

A PPEI.JDIX

A.I Discussion of Some ref¡:tenees

A.2 A first approximation to the angle

of twist i,f a slit tube

4.3 Limits of eccutacy of thaoretical

fprmulas and experimental ¡esults

A.4 A ¡reco¡d cf some of the ptograms used

in the ülivetti 10I desk computer

4.5 Further details of the expetinents.

4.6 A discussion on the effect of loeation

of centre of twiet on tre slress

disi¡ibution and angle of twist.

PA6E

68

8l

92

1Ú0

A1

423

A27

437

A4rl

A86



P¡!.GE

Rr?r. (f)
REFERENC[:5

Ltrt ef nfrr¡nc¡r quotld or dircur¡¡d

ln th¡ thr¡lrt ltrt¡d rlphrbattcrlly

æcordLng to auths¡il nst .



(i)

5UI.T.IARY

It ie gho¡rn thoorstically in tha theel.s thet tha

claaaical aolutlon for the non-unifo¡m torcion of thi.n-

¡rallod open-oðctlon long-apan beama måy epprcciably

under¡etl,nate tha cngta of twLst of ahort to'mediun length

bcama of hlgh xarpíng rtgtdtty¡ thc róason gl,verr is thut

th; diract ahcer d¡fo¡matl.on i.e not takcn Lnto account.

It Le olso sho!ún theoretl,cally that ths eame classical

thoory doae El.,'a e vall.d ¡atir¡ata of the strasa d{eb¡ibutLon

fEr ¡hort Bpana of thc above typa of beam¡ cvlln thaugh the

dirsct rhca¡ dnfo¡mation Ls Lgnorad, and on thia basLa a

shcar corÌGction ic obtained fo¡ tha eLaE¡l,cal angle of

twíet vLa thc atreLn encrgy sf tho claeal.cal sh¡a¡ atraoasa.

Thl,e th¡¡ia r¡ault glvca co*ections of up to IO?å of

thr claa¡lcal angla of twiet, drpanillng on tho baan

confl.guration and tha typo of loeding for spana approximataty

20 tl,nee the depth of thc croaa-aactlon, and incr¡oaing

eo¡rr¡etlone for sho¡tc¡ 3pañar

Expcrlararta canind out by the author on round thin-

ralled ¡netal tubeE rith a nartff longltudinal slit through

tha ¡rall fo¡ the futl lcngth ogtoed well with tha above

thasl,a aolutl.on.
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SUiËA¡T (srntån¡rdl

A rüa'l,rrynpt¡tarl, Hlr¡tl¡n trr pmpmrd f¡r thr rnglr of

¡st:*t of rrtrr toßqs. tr¡bæ eontrinlng r longitudlnrl "lit o?

ery trn¡th up to l0 dtent¡lr¡ ritù rn unrllt lrngth cf rt

lr;rt I dlmrter rt both lldrr

thlr roluttør lr sbtrlnd by tlrr n¡b:tltn¡tåon :l rrr

r¡prrh¡ntatlyd¡tgrntrrrrdrqrrivalrntlrngtlrintortluorat{erl

rrrultolY.t.Vlrovfo¡brnrrlt*rlrrgreut-ot¡tlr¡rlt*r
ttrr ¡ddttlon o? {¡hr thnir drl* æltlcttsn'

Thr¡cqpreaahfrrrpretrdtoglÚtdlrl'gnralutlgu

foa l*rEttr¡dtnrl rltt-tth Sttù¡lr' ln sry tlrl'n'*¡lld box

rtnpù¡¡ol¡

A dl*r¡rltrn ef thr rcrhr sf rsr othrl rutthcr¡ *ro

con¡ldrrthrr?frctofrhrrrinnornrunl?o¡ntordonlr

¡lrrlr ln thr rPPrlÉtrr
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5Ui{tilÂRY (conttnu¡d)

Aeeueptlon¡ ¡nad¡ throughout thr thlrLr ar¡

¡) anall¡ l!'naarly rhatlc dr?hctionr

b) no l¡¡talal Er ¡adl.ol drfo¡natlonr¡

Lneludtng no buckllng

c) unlfo¡n thickno¡s

d ) iaotroPlc r¡atsrfala



1v

Thle thc¡l¡ esnt¡lnr no rata¡lal rhlch hr¡ baan

acecptrd fo¡ th¡ orard of any othæ drgrac or

dtpl,ona i,n any Unlvr¡rity and¡ to th¡ bast of ny

knoxledgo and b¡lirf, contalna no r¡ta¡j.al prlvloualy

publiahrd or r¡Lttcn by any otha¡ ptraon rxerpt rhsra

du¿ nfr¡src¡ !¡ ¡rad¡ ln thr thral¡r

Slgnrd t

G¡of?¡ry Edrtn HtggLnbotton
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sYHBtrLs ¡rNU DEFIT{ITIüNS

naañ lrdluf r avllÊgt of ln¡fda 8ñd outtl'dl

s¡dlur of thf,n.'rallrd tub¡f (a = eonatant)'
o{istance fro- ê.e r-ùdirts 6'entre to she¿r aen{rç"

rufi'tx lrlãtlng to unrlLt Pôlt of pert-elit tuba

¡ufflx nlatlng to thr stott-'¡GtLon contelnLng

thr rnd ef th¡ dl,t ln . pert-lllt tt¡Þl

dl¡rrnrl,nnl[¡ eh¡r¡ctEhtlc, 'I t/ åt
ù,

totct lørgth of unstlt part of ¡lLt tuba

hngth of rll't

rrrtrnt atir dlrtancr ftcn erntl' of txl¡t to

tangcnta f¡on csor-¡retl'on pñ¡fllo lina'

nonrnt a¡rn to clntt. of rt¡a of cro¡¡ lcctlon

ei¡ctnfmnttal coosdlngtr on profltr llnr

(r . edtrtent)

llr!,tr of c{¡cunfmsrtlal cccrdlnatrl

(t¡mrtrLsal atc ..Êt{on}

rall thÅsknell¡ ¡.tur.d rlrryl unl?o¡n

exlal or longltudLn¡t dl'rplrcæont

trngntlrl o¡ cl¡cunfr¡rntlrt dLlplrc;rnt
rt;;- , 2

/"ïîr- Êonrrånt Vtr * j ) = t-r.28 (*) ro¡
I

thr rllt tubr.

rxfal or lørgltudtnrl Eoosdlnttl on grnrrator

(¡ ¡ csrrtant)

groar-a¡Êtlcnal ¡f¡r

eonrt¡ntr of tntrgratlon
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rrån dlrmtcr of cl¡cul¡¡ a¡ç srctlan (l'e' 2r)

Youngrr nodulu¡ of' elacticitY

Shra¡ nodulu¡ of al*'ticl'tY

5t. Vanlnt or pur: tonlon lectlon conotant'

Fsr BIit thin ralled tul¡c * ¡'tl4? t3i'¡

pure torelon esn¡tant for thin-urlled round (etored)
,|

tubc, .785 tD-

polar nonant of lncrtl' n - l^PZ ao

oretion rhla¡ cc¡nttüt of non-uniforn torrlon¡
t

- JtL¿ n For dtt thlri-ral.Iod tubr r .8LT tD3
15.r.,

rtctlon urrrping Gonatant ãf notr-unlfon trrrlon¡

- li,, ÐH dA ", f,rr? dA. For ¡rlt thlrr¡rtlül tüb'

- .253 tD$

dlnrrtonlr¡gcharaetarlatle¡¡¡hich¡r¡functionrofk¡

brfng thr cort¡ctlon fratora fo8Osc, Qgg'nóØß

rarprcttvrly to glvc tha p¡rt of thr rngh of t¡rírt

aa¡colrtod ¡r{th flrxural terrlonrt thlar¡ flcrulrt

tonLonal ¡xl'al norn¡l stttlslo, elÉ purc toralan¡

nrpretlvaly. *" ' (ål rl'nh 2lt + l)/(sa¡h 2k + I)
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Lt trngth of undlt p*t of prrt allt tubr . +-þ

lmgth of narror rxl,rl rltt¡ rynrnetrLcal rlthfn tubr rpenL
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T torquc et anY Gloll-tfGtlonr ot

apptl,ed cnd torquc ¡ nuniformr torquc

(wherc {unlfornñ nüanr a ccn¡tant torqul rlong thr longth

orTl.B)

rata of torqua loading, = lf t- torqur/untt lrngth)

ï

ï thrt pfft of thc tot¡l tosqur ¡c¡lrtrd by ?Irxur¡I tor¡l'an
g

T
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that part of tha total torque rasLrted by purt (1.t.5t'

V¡nant) torsion
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nsn-unlform torcLon shca¡ con¡tent d¡fincd by O" '
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dln¡nd.anhaa glomtrlcal psrrnrtar rlating rrrpLng

rigidity of ellt part of tubr to un¡Ilt putr

dlr¡ctr o¡ ¡xirl¡ lhler Et¡rLn of nrlddþ ru¡frcr ¡f b¡rn r¡II

axl.al¡ or tonEl.tudlnal at¡al'n

rnglr of tnlrt of rny Glott-ltrctl'on (rrtctl'vl to ¡

dotum scction)

lngb of tt¡lat at any ctroll-tèctton (ltko I ) obtalncd

fron thr clas¡t.c dl,f?crlntJ.al cquation fe¡ non-unlfoflr

to¡eion taklng no .ccount of ehoa¡ ¡t¡aln

anglc of tr¡ist at any croas-68Çtion (tlka 9) ¿us only to

thr rxirl-ci¡cunrf¡¡¡ntiel (dl¡¡ct) ¡hçcr at¡aln
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Pol.¡ronro ¡atio

axLal or longLtudLnal ðtrciit

a¡i¡l rh¡ar at¡¡ac (i.a. örvüa.rgt nho¿rt strcaa through

rall thlcknesa)

total angb of trirt of eoapl;to epan L

totsl angle of t¡¡ist of eloced (un¡ll't) tubar TVG.lo.

that part of tha enEla of trt ¡t ss¡æl.ated with th¡

axl,al ghaal gtrets¡s of non-uniforn torrl,on (- K* Ø ,ol
that part of the anglo of tyrl.Et s¡¡ocLated wíth tha

axLa] tensile and comprassivo gtÌtEeË:a of non-uniforrn

to¡aion (- KB Ø ,ol
that part of ths anElo of tbist assoelated with the pura

toraion dua to thc variation ':f sha¡¡ through the wall

thickncse (. KT ó fO)

Øn*Ørb*uróro)
tha linits approschcd by Ø, "na Øg ,rup*,tJ.valy ahan Qr-A,

eg
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ø,

Øot

óffi, Øss

þ

that Le uhan L¡ ot rnotn preciealy kr'Ð0.
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' TVGJ"T Øno ' lu3ltzt't ) '

Tt¡ TVEJ. Thf.s t¡ thr anglc of tuLet of a fr¡¡ ended r);amt

or the lLmtt approaehed by a fLxed end bearn as the epan

beconaa vory long.

,f angular profl.lo cørdinata : e/a

f, "o/u

w r [' ^o, 
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thl.n-rall¡d bren

long bean

ncdiun longth bacn
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rh¡lI

I,t
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on¡ rh¡¡c Ø5 f" ncAttgtblri k 2 3.t¡

grnmally å t to.

on¡ xht¡¡ Øg, Øg rrrrd Þ, ¡hould b¡ tekm lnto

tccount¡ (.3<k<3.3)

on: rh¡tr Þ, f" nrgltgiblc¡ that i¡ rhrr¡ r

msnb¡sn¡ rtate of etr¡er lr approrchcd¡

(k < .3 , rhÍch fsr thc rllt tubr netn6

approxlnatcly få <
fl

¡ tb¡anr of ruch rho¡t rprn thrt th¡ crntn of

tr!,rt l¡ d¡tcrnLnld pllnctprlly by thr ud

eondltiona. ln thr thrci'c a rst¡tl'on ¡bout

thc rh¡e¡ c¡ntr¡ ll uauelly uruncdr ¡Yln ?or

¡hort tprñto
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INTRODUCTICIl'¡

Tha probl¡a ia to drtr¡orlnr th¡ ¡?f¡ct of a lho¡t to n¡dlu-hngth

natrorú axlal rllt on thr to¡r!,onal propa¡tLoe of a round thln-rall¡d

tub¡r for rnatt rlartLc dofl¡ctiona.

It ney bc appllcebl¡ to practLerl ¡Ltu¡ti.onr auch ar æm

wrld¡d proprlLar rhaftLng xlth a rl¡aad langth of wcld¡ spteLrl

purpor¡ torquc tub¡a ¡rhora rl,gldity lt Ls requircd to control by

tho usr of s ¡litn an a{tc¡aft furalagr xlth a rlLt-ll.kr cut-out¡

or an aLrc¡aft wl.ng whor¡ ?lrxural csntu Ít may bc poael.blc to

adJuet xÍth e ¡lLt.

Th¡ nEthrnatLeel rnsd¡l choa¡n L¡ a ¡ho¡t to m¡dlun lrngth

thl,n-xall¡d opan-æetLon totqur tubc (thc slÍt trngth) wtth ¡la¡tl.c

and rupport¡ (tha un¡lft rnd langtha).

It l¡ cnvlaagad that the c¡ottÇttctlonc containfng thr andtl

of e ¡ltt ¡ulll b¡ rtrongly rcetrainsd fron axLal warping by thl

unallt rnd bngthe. Thur thr flr¡t caac to bs dudl'¡d rl.ll b¡

a torqua tub¡ sllt full bngth wtth thr and c8ola-¡Qctl.onr fulfy

con¡tr¡ln¡d to ¡¡nal,n plant.

Thr ¡at¡ of chenga of angål sf trl¡t along thr langth of auch

¡ ¡t¡uetur¡ rlll Vatt¡ ¡vln und6 a torqu; uhich t¡ unLfo¡a along

thr lrngth. Thle Lr a cått of trnon.unf'fost toraionr.
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ïhc w¡ll kno¡rn ¡trae¡ pattarn 1n a clos¡d tubr eubJect ts c
pum torque about Lta axfE f¡ lndåcEtad in,Flé, 0(e). Crolr-

¡ectLon¡ rsmaln plane dw5.ng twiating,

If an ¡xLal rlÅt fu cut th¡Eugh tha wsll of tha tubo for it¡

fulJ. lrngthr whila tha totqu¡ ¡lmal,nar tha ¡h¡at lc ranov¡d fron thr

allt adgr face¡ so that ona adgr wlll rpring up (1.t. axLatly) and

the other rdgr rlll cprinE down. Sæ FiE. tl(b).

Th¡ ¡lit tub¡ ia trlettng in th¡ n5t. Vrnentrt ot ñpurc torEionelrl

nodü - Ír8 rú..Ë tha cloead tubc - becaust sll c8€aE-laet.l.onr of th¡

tubr a¡¡ froa to rarpr But nor tho c¡oaa-6Ëcti.Ens att watptd, cnd

tf tha torquc l.¡ unLfom along tht lcngth tha rarpl.ng will b¡

conatant¡ thl rato of twi,¡t ¡r:Lll bc eonatant¡ srd w¡ hav¡ a eael

of |tunifo¡a tor¡i,onrr.

Thc torqu¡ lr no longer ¡ariatcd lntErnatly by a unLfo¡m

cl,rcu¡rfg¡cntLel trahea¡ llown aa ín ths clessd tub¡ but by a

atsaae prttarn varying fron plur to mlnur through th¿ r.lall (actually

glvl,ng a zero avsrÊg! ¡haa¡ flo¡l). ThJ.s atrsl¡ patttrn la ainllar

to that fn any th{n-ralhd oprn-rsction bræ undsr unlfollt toerLon¡

all ¡ush e¡ctl,on¡ bring fo¡mrd ¡ffactivrly fron a fold¡d platr ot

thin r¡ctangular ¡lct:[en.

1o forc¡ tha rlft tuhl undet torqurr back to an unwalpad

gaonrtryl axfsl comptuelv¡ and trnrl.l¡ forc¡l would br nqulrrd al

lndJ.cat¡d ln Flg. t(e).
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It may thua ba vieualieed, that uhEn a torquc ia eppliad

to ¡ glit tube whoee enda ara axternally forced to remain plana

aa in Fig. I.l (paga 3)r axial teneilc and compurçsivedrseae¡

muet be induced.

lut how fa ths torqua reeiatad Ln this elLt tubE wi.th qonst¡ain¡d

cnda?

The snawer ie that on any ctoas-sêctl.on whore the rarping fr

eompletrly prevented the torquo is reeisted anti¡aly by a

circumfc¡entl.el Ehsaa flow of the cloasd tube typar but of tnutae

fal.lJ.ng off to zero at the two slit edgea.

ün othe¡ cloaatEectiona, r'lhich wLLl in general be [partially

warpedt¡ therr ia a suparposition of this direet ahea¡ floul plue

tha 5t. Venant Ehca¡ Etreseee of Fig. O(U) to give the Ehaar Etreeg

diEtributlon shown in Fíg. i (e) íneet. (If the tuba ie long, the

5t. Venant shEa¡ atreag beeomee predominant wall awey from thc

constrained ctroas-acctionE). It foLlo¡re that the internal

raaiating torque is madc up of two componentr:;¡ i+n,'r:¡' ths momant of

tha di¡ect or clreumferentÍal gheat component about the centre of

twlst¡ plue the twLeting momant within the v'rall.s of the tuba caueød

by the antl,s¡mmet¡ical 5t. Venant shear dlet¡ibution through tha

walla.

r¡Non-unLfotmrt to¡eion is the name given to thie kind of

behaviour under torque loading bacausa tha vaeying shear pattern

which oÊeura along the langth of the tubc gives riee to a varying

warping of thc ctoaa-BÊctione and also a varying ¡ate of chonge of

angla of twLat.
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Thln-ralhd b¡¡mr of opln-lactlon er-t ua¡d rxt¡n¡Lv¡ly in

rngf,naaring etructurar and thlJ.¡ brhavlour in non-snj.fo¡n tor¡ion

hal br¡n invartigatad by nany authora, lncludin¡ V.Z. Vlaaov [f]
¡nd 5.P. Ti.nro¡hrnk" [lJ in tho l940ra and rnolÞ rËclntLy by

Z.P. Bat¡nt [f J anO Kuang-¡6u Chs and Anetol¡ Long{notr I t ] .

Extrn¡lvs btbllogpphirr rnd lftotatul¡ ouwty. on ths eubJcct arr

contaLnad l,n Vlarovtr book ¡nd Ln s psptr by J. ttovlnrkl [11.

Th¡ thcri.r problrn.

Flg. 0(d) Lllu¡t¡atag the analogy bct¡rc¡n th¡ rlit-tubc wl,th

eonrtraLnrd ond¡ under torqul and a built-:ln beam aubJ¡ct to

va¡t.Lcal thüa8.

Now th¡ vartical shcar dcflaetlon of long b¡an¡ íc gangalty

nrgllgible compßtsd to thç bandl.ng daflactl.on. Praclecly thr

sar¡c la t¡ua of thr analogour dirrct o¡ clre¡nfcrntl'al eh¡cr

daflectLon Ln long torqua-tubsrrand ths cl¡seÅeal tluory dlrcrJ'bcd

l,n tha abovr r¡f¡¡¡nce¡ door tn fsct lgnatr thir rh¡ar drfornctLon.

unltka our rath¡t Fllc{! knonladgr of b¡s¡ throey hor¡v6

tha rtlatívr lnportanEa of tha dLract ¡hrar daformation fn non-

unlfo¡m torslon do¡¡ not rlüt to ba fufly undss¡tood.

tn thc naJorlty of ca¡¡r j.n elvll anEinllrLng !.t ha¡ be¡n

found tn praetle¡ that th¡ clcrrlc throry ie adaquatr. For lhort

terqur tub6 tt can bl cxplct¡d that dLæet ¡h¡a¡ d¡fo¡catlon rfll

baem¡ nore inportantr a¡ ln ttra ¡nalogour btarn.

* Rsfcrcnce¡ at! listed alphabctLcally at thr end of tha therlc.
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Follouing tha prellmLnary etudiès dascribad in f,hapter I

of the mein text¡ lt bacame clear that tha basic problcm of th¡

theals wnuld be to diacove¡ the importancE of ths dl.rect ¡hear

defo¡rnation in non-unífogn toraion.

Prsvf.oua wotk on thie topíc Ís rathe¡ límítad.

In RuEsian papêrar Vorobsv [f ]utfffsee Vlaaovts genatal

equatLone Ín a Castígliano Bnerqy approach¡ Meeeheryalcov [f ]
obtains a eolutíon which doeE not apply to long baamar by

followÍng up work of Goldenveyzer and ígnorång variatl.on of ehea¡

through the wELl thicknesa¡ and Marín [f ] providea an appmximatc

Eolution by auperpoaing the reeult of a simple shell anal.yela

which agaumeg no axíal disto¡tions to the claasic reeulte of

Vlaaov. In a Japaneae pap6r Mizoguchí and Shiota ff J obtain

solutione by ueing a typical ehell theory but do not appËar to take

account of twlsting abcut the shear centroo In the U.5.4. Reissner [f ]
obtaLng eolutions fc¡r eolíd sEctions via the varf,ational calculua,

and Aggarawal and Cranch [f ] fncrude the shear effect in a dynamíe

situation. A total of only two single-teet expcrl,mantel regulte

ia givan in these references.

Moet of theee refelences are díscuEEed in tha firet chapter

of the eppendix (pp Al ta A22;.

Tha bulk of the thegia Ls taken up wl.th other theoretical

methode of invastigating thie problem, together with the presentation

a¡d discuaeisn of a number of experlments ca¡riEd out on slit-tubes.
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Thc Eraumptiona ¡nEd¡ ralattng to dsfo¡rnEtlon and ltreEe

pattorna ara baaically tha aamð ae tho¡c of the claaaic thaory

(which 6n BummarLacd balo¡r and diseuiaod fu¡thar Ín Chaptcr L

followång) cxccpt that tha elasslc'aacr.mptLon, ehaar rtrein ¡¡ 26rror

i¡ not madÈ.

Th¡ remaindsr of t*re thaai¡ ia concerned with an LnLtial

etudy ínto tha sffecta of a alit of any length on tha torEional

propertice of a round tube. Such a tube ie a unique caee of

E thin-walled opan-aection beam with Elaotic lupporte.
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A gunFra¡v of the Cla,FaLc Theorv

The following analyal.e ia a summary of tlre elaaaic analyaia of

the non-unl,fo¡m toreion of thin-u¡allEd open aeetlon beam¡ ag

presentad by Timoehanko [L] and Vraeov [ll. A knowledga of

thi.a thcory ie asaunad in.the tsxt of th¡ thaeLa.

The cLaeEic theory iE a semi-nambtane appmach ín tha sanÊs

that lateral bendíng of the walLs o¡ ¡adial deflectlon lE not takan

into account¡r but in thE theoretícal modal cttees eyetem o f axLal

tsnaile and compre¡civ¡ ltrea¡ ( ô= - ò r unlform through the well

thicknssa) an,-i sheat gtteBaee (".. - T), the shaar Ettreaeee arc

allowed to vary through the wall thicknaae to take account of

5t. Venant ol trpurerr totrEion'

HEnca applicd torquee are conaiderEd to be internally raaieted

at any crosg-sactíon by the circunfe¡ential Ehear flow which ig

the average ahear aeroaa th¡ thiekhoãE¡ togother ¡vith th¡ rosíating

monant du¡ to the varying shear through thE thickñssar

* Sae aleo Novozhilor [lJ for thE requiremonta of 6 ttmembranert.
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Fig" 0(a) Closed tube subjected to a pure torque'

Zero shear on
slit edges

Enlargement of
eLement to
show shea¡
stress
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Zero shear on
free edge
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Sl-it tube subjected to a pure torque -
no etnd constraints.

Fig" 0(b)
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6

r

Induced
internal axial
norma stresseg

s]-it

.tube

ilunfol-dedrr to
form thin web*-
beam with en
edges restraine
to stay plane,
i.e. rrbuilt-inrr .

f] Enlargement of
element to show
shear stress
distribution
through thickness

7

. Resultant
shear stress

I

7s

8

8

T

\

.-..-.--.-rl5t. Venanttl
component

ItDirectrl
component

Shear stress
(balancing axial
bending stresses)

Fig" 0(c) Indication of axial end loads required to force end
' sections of slit torque tube to become plane.
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t' gedEnlar
el-eme nt 6
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Vertical
shear loading

rrUnwrapped torque Tll
T

a

Fig" 0(d) Demonstration of similarity of torsion of slit tube
wi.th constrained ends, and built-in beam.with verticaL
shear loadinq
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f

P

At ceútre s?ct

so -so

\m
- shear centre

MTDDLE LINE ÛF CROSS-SECTION AT P

FIG. 1 (c)

free surface ,f=o
o (z'q s.sà)

At P,

elemental arc length = ds

moment of shear force tt ds
about the shear centre

= f tds.m

where m = a-b cos f

For axial equilibríum

Tzt = dtds

b

Þy symmetry
dsO N (.*2, s=So)

1
G :$ )

tvl (r'r)
(z

EQUILIBRIUM 0F FI,|t¡ITE ELEMENT B, z x 5

.zr s.s)

FIG. 1. (d)
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Thr d¡fo¡rrtlonr rlteurd rlr Ë longittrd{nrl rarptn¡ md

s rotetl,on of thr ssoat-ftGtl,on rr r rhob¡ thc rhapr of thr

B¡o!.-r¡rtLon lr ur¡rad to b¡ Lnvcrl.rnt' th¡ rl¡tLvf rÐu¡lr¡n3.,

that 1¡ thr ¡traLñr¡ :n llntùrd in ttu clrr¡l,c throry to

longltudln¡l trnrtl¡ rnd conprlrtl.vr (rarplng) etnl,nr,

Conrfds¡ the'ea¡c of a bra¡n of unl,form thlckn¡ae {t)
thruughout and unffor- êaoæ-lrGtlon ahrpr a-Long the lanoth,

rnd esncldæ only tha ¡f?rct of rppll,rd tarqurt.

Let tha axiol ¡nd cLrcurfar¡ntl.al eoErdlnatra bf r¡a
rcepectivrly¡ a bring wasuled alonE tha nl.:dla llna of tlrr
proftb¡ rnd lrt u (r¡r), v (rrr) ¡nd 0(r) br t{rr rxlrl¡

ct¡ouhf*¡ntld ¡nd ¡otati.on¡I dirphcarntr rtapcctl,vrlyo

Thr sol¡tísn bctrrln v cnd ê t¡

v = rna0 [.q.1

¡hrrr n l,r th¡ nonnt r¡nr to thr crntr¡ of t¡f¡t rhích t¡

¡¡¡unrd to be th¡ rhrar ctntrr.

Thr rxl¡l atrel:, t¡

22 = H : € Es'l

thr rxt¡l rh¡¡r st¡eln Lt

4."
ðv òø Eq.t
òz às

or flom Eqrl

aê âu Eq.l)r = h4_ -Þ
àz òs

ãf

Thr cl¡eumf¡rentl¡l ¡tr¡in is ¡seunld to bc ærro,

hrnsc th¡ ¡xlrl atrrar lr rpp¡o¡lnctaly

d. = E: = ¡l Ë,q.5



xYi

rhra! tht dlvldtr¡ ?rctof I r yt h"r blln lgnorrd.

i . . i i ' l_'r-: " r,'rl: Thþ rhrar ot¡c¡a rhl,eh i¡ thr

.v.rrgr lhlc¡ rtt.rr ürrough th¡ thlckn¡¡¡ ll

f.s= GY ¡ ? Eq.6

but thfu rtap lr rnù rdelrdbl¡ {n thr c[s¡lc throry uhich "a¿kes

thr anunption

V=OEq.?
tr. f¿ct lù is this pa.ador o,hich.s the b¿¡is a{ tloc tLesis s{"d5J
i lft¡rwr¡ Eq. T ¡llotr u ¡nd thrne¡ á rnd d to

ba obt¡Ln¡d dlr¡ctly flon Eql.l¡ ? ¡nd 5 to gt'vr¡ rmprctlvrly

u = -wg' Gq.l

I = -wg" Eq.t

ó = - E.^,O" Êqrlo

rh¡tr th¡ lndrx da¡hlr rlf¡¡ te dt?fc¡¡ntlatton ¡lth ¡gprct

to rr ld
s
w, oús Eqrl.l

thr rhær rtt rl i¡ nor obtdrd frsr t*rr no¡nrl

rtrrrl v!¡ th¡ rqr¡atlon of lntt¡nrl rqulllb¡ir¡r

r, = I

O=

F5_9

ad
b=

ò+
ðs

Eq.l3

Eq.13

tc glYr
att

rùæ¡

s
,lo

/ wois Eqrl4
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Th¡ tntr¡ml rrrltting torqrr rt rryl Glo.l¡rGctlon lr

nadr rç sf that du¡ to th¡ ¡vælgr ahmr ?lw

n, ds Eqrlt

and thlt dr¡r to thr v¡rlrtlon (f¡or 7l of tzþr lhrr¡ through

thr f¡hle|m¡ glrlng ¡trl to th¡ pulr taertüìr¡ p¡trtlng

nonrñt drtrch f¡cn 5t. Vrn¡nt puer tolrion tìæry l.

Tr = GJg' Eq'ló

l? thc rxta¡nr]L tolgl¡. poe unlt lrngth at rny .r8tlon

t¡ 1 
, - dlfô',t along thr lrrqt*r of thr brsn th*r thr chngr ln ¡ppli¡c

totqtt otl! rn rlrnnt¡l lrn¡th dr rqurtld to tÛrr c*r¡gr ln tat{

lntrmrl ndrttag mnt glvr¡

Eq'l?

/^t't)s

" *.r, dzT, cizò
7zdT

/*a dA

5uùrtttutln¡ Eq.l3 lnt¡ I5 glvcr

a

thm fæ¡ Eqr. 16¡ u .'d ¡l th. clrrrle dt??rrrntlrl

rqurtloa fo¡ thl oglr of trlrt lr lbtrlnrd

' ¿.ta ,tT" = -EJ*g :F GJg

rlrær
t-

f¡r r snl'fslr torqnr T onl¡t ættnt

Eq.tt

Cq.trl

Eq.l0

'r - EJ-O ltt + GJE Eq.ll



rvll,l

Eq. 19 rtll gtve tha clarrlc rolutl,on for ttrr angtc

of twi¡t dua to I tsrqu. c¡ussd by r loed ryrtm that hrs r

m¡n¡nt sbaut th¡ rhrar c¡ntre ct any Gtott-lletlon ¡lca{t thr

langth.

Typlcrl ¡nd ændittsnc t'hat rtrght oscul ar¡¡

(a) fsea ¡ndt 2o . Û, nrnco freur Eq.9

òu" = O 8q.22

(b) md f¡so to *arp¡ but prtvcnted frotn mtating¡

ao= o
Eqr"33

9o'= o

(c) rnd prrvatrd frtn nçing¡ uo. 0r h¡rrl fror EqiS

9o'= O . 
Eq.tl

Aftæ rclvlng Eq.l9 th¡ ttrrrl.. :.tt br rvelurtrd f¡u

Eqr.l0 .trd 13.

Thc c.arq.of nuFt þÅ¡l"ell

Conrldrr thr e¡¡¡ ¡hrn thr r¡1rl rt¡rln tl ¡rro (undr¡

a puar torque loadtng). th{¡ glvcr flon Eq.9

& =O
rhlch rÍrn

e coñs+aø{

A conrtr¡t r¡tr of trf¡t i¡ tùa errr sf putr tortion,
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FÅnT t o? l*rc llAllt TËXî 1r eo¡er¡nd rtlh drtrnin{ng

{drr rolutiont fæ ttr¡m end al5!.r oÍ ùrtrt o? rhort to r¡dlrn

lrngth tsrqur t¡å.ü ¡ftt¡ft hrw r lull lrn¡tr ült lld rigld rtd

plrtrr. lsr ftfr trrl PaEr t.l
ått thr rork 1r oll¡lnd r¡crpt {ahr rnrlyrtl of Chrptæ ?.

Chrptl:r I drw ttrat thr oludcal rotutlon fa¡ rnçlr tlf

'htrt tr l,tw¡ltdr

Ghaptor A r}tm trrt thr cl¡rrisat lolutlsn fa¡ rt¡rl¡¡t

tr valld.

Ghågtrt 3 drnøutr¡ür tÛr¡t üt¡ purr tsnl,ond lt¡rrrs¡
rn mgll,glblr.

Chaptr¡ I urrr thü rsrult.d $til p*rordfng ohrpur ln rr

*rd¡rlr rhtch tcrftrx lhr oonotudqr of Chrptar 3.

Ehrytar I prnatr ltrr stl¡s¡rr rol,utton for rngrlr of

ihrirt. tt tr r rtrrún ñ.Ë¡y cl{rd bðd m thr validlty of

lb sLrrrtßrl ltat¡llt*
Flgr. É.1 trd !.3 |tr PÂñÍ ¡It o? th| tlAltl TEXÎ tllurtr, tr

$rr ¡rn¡ltr Ef l¡hr altlurrt rxpr6,tlrnl}¡ ìùtüh r¡Èrl¡srtirb thr

abüð ü'hrorrttsrt cçr¡¡turisrr¡



TT

PÂffi tI äf th. HAIû¡ TexT (th+tæ tl drd¡ rtltr tæqrr

ùråæ ¡ùtGù hrvt ¡ rltt tÛrr| dom ant stand to trr stür of thr

trò1.

0rtgrmt rtrcdr rr. rtl¡fnrtld fæ ed¡pü¡tg ü r*tltln¡
rppûellrrir ü¡¡üùl,an fsa tûrr lrgû'r of þtrt of ¡læd trttionr rh!'dt

har r rLdr Gsfra¡r¡t. Íhr t*rrllt ¡olutJm fon an¡ü.r of blrt ll
utltl¡rú {fror PAfiT l} $d t¡h¡ tmspo:rttaa of sr irqulvalmt

lmglhr ir angglrtd to trlr aocawrt of ts!üartr¡n rltìrGtr ¡n

tlrr rnrllt fctgtlr o? tltô1.

Ihtr rr$¡ivclßtt lrng{¡hi lr wdurtrd fsen tmtr Úm*r!þ¡d

tn PAñt lttl (gcr ffgr 8ot). thr rcn¡lttrq rmlrrn*9&l'sal

ralutlon lr {*rm ulctmrfully urrd to prdtst thr anglr ol lrlrt
af olúm ll¡Dtt, (ltg. 8.6.1

Ehaptrl At tñ thr APPÉil0lX lr ¡ dl¡cur¡lsn ol othr¡ a¡tttænf

ncrkr eo¡rcr¡nrd nltÌr tht;ffret sf diråtr thr ncrt lnpaltrnt

cr Rrhrnrs ¡lrd Vo¡üy rtro hryr bst¡lt oÞtrtnd lrthrr tnwlYrd

¡cnrrd ralutlonr. Thry rr¡ both rffecttwþ tdl ru rolutton¡

rûd thry g,tÐ rlmt¡st (but not tirc tnl ¡rrr¡ltr û thr therh

rt¡lrd o? thrytæ tr
Thr thrtr rclutlsn ir rlnpl'rt¡ md Jurt æ valld lor

lúr caru rtrCt¡d.
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Chrplr¡r Al tö âü gÅw fut$lÉt drtråtr cf thr thælrtÀc¡l

d uperlnnt¡l l,ürtltlgrtlørr dætlM fñ i|tl HAlil ÎEffr

Ch?tçr A6 plrurtr rro æt¡tnrl tùqlghtr on l*r r?lrot

¡f hlrtlnn r b* aboüt an rrtr olûrrr tsrm ttr $rra¡ ull. tt
dmnrtr¡tm hu thr pltnctptr nr¡l þr rBpltrd t¡ tnera¡r {drr

tærlmr.l rtgtátty o? rtnr þlm ry tn I t¡¡¡ad¡rd+lo¡dr

Thtr lrrt ch¡ptlr nrrú net b os¡rldc¡td ü p*t o? the

ld,n t{rul.r. tt l,i tnsludd o rddtttørrl ¡¡¡tctrl by tlrr

n¡tt¡or rfthln tha tl¡n¡ o? nfrrrncr of hlr ealrdldtt'u$.

Thr rm lr thr ¡¡rr rl{à lilr v¡;tls¡t reddctt üd

cmrntr th!ûüghürt {år trr¡lrr

åfffreff ur qÉrtr
(rl dç¡r tbrn e¡r ud rr r tt*tl,ng pûlnt ?8 thl

a¡ttrotrr r¡ crrltllrlr
(b) nhr¡r Etrrt rllüàcrr cmntr æa to br rrlrvert

tû tlil prltlcular dl,r¡nnúçrr

¡,flf!¡üf ¡n¿ .tlgmf tn thr lnt*dwtlon ûow lurc r
rtn¡lr nrdc¡. fhot tn t*¡r t.mldtt of ttrr túrr¡tr hær r

deràtr rilùtr ttr. ftrrt rrfrrtln¡ to thr âh¡Ptrt¡



FAfrÏ I

T$tr rftt fu¡¡ ¡ãfth

chrpttr I - thralrtlcrl corulùr¡tlonr rhc*tn¡ thrt thr

clr¡rlc rlutt¡n f6 nglr o? tr{rt glvi. thr rtong rnaï¡r

fc¡ a rhort rllt tub¡r thr ltlrly at ln brtng thr nqlcct

of thr ulrL rhrr¡ ltl¡ln.
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OF

fr.¡r l.r ôc'C'rr qr:r r¡lïfrN rfln Âl¡f.;t F nF Tulq? nF I í tuÊ npFÉ¡-riFf'Tll'Àl

Tl{T$-n;Ål I F'n ntrÀllr-. qtlg-ll-fT 1f- NnN-ilÀrlFnRitl ff]RÊtflNr 1ÎC

l.

t

A round thfn-mllsd tubr rl,th a n.r¡or J'ongltudtnrl

rll.t through thd ra¡I ñty bc con¡l,dcrsd ö3 sn op.n-rtctr,on bl¡n¡

(Fig. 1(a), xith J { = 3 1r),

Ths clarsle fornutt for thc xrglr of trt¡t ê of sn

opanolacLion thln-rttl.d b¡ra rith both ¡nd¡ ttrttlct.d fror

warpíng and subjrct to E unifo¡*r terque T, lr eo.l,vlng É-q.21 rlth

thc end candítion of i:q.24

g . # (r corh k .ã,1- rrnrr fr)/eorh k - fq.l.l

rhteh fsr ¡ ' I elror tho angb of trtrrt $ ?ox th¡ rhoh Þtrl.

TL
6J

(l- I - [q.t.l(r)
k

rh¡pk.! ^l--grl- -Eg.l.?2V Eù

EJ- 1¡ thc flrxu¡aL to¡tfenol rarpíng rlgl'dlty rnd 6J thc

5t. Vrnnt tonl,onrl rågldltyl t tr tha tPtn.

Uluov IaJ anC linorhmkt [2] for rxaeplrr obt¡inrd

thl,¡ r¡rult.
Thr grrrrrl rpplicabl,l{ty ef Êq.I.l to ¡hortr¡ br.n

wl.rl bo dl¡eurrrd., lattr. Thl prrtlcula¡ llaltrtf,onl of thll

aqrrtton rhrn elplf¡d to r ¡Lt,t tubr ¡¡etl,on crn br det¡¡nlnrd

at oncr by conrpar!,rç nrarcr{e¡l solutlonr for the aüt tubc rlth

thr knorn rnglac of tvlrt of round closrd tubel of I'elantfcrl

L,/D arrd D/t.

tø )ktanh
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Fo¡ tho allt tubç, (re¡ VLr¡ov I t ] It

J. Tf
3

Dt3 - Eq.l.3

- 8q.1.4JÙ tnt {Tr3 - 6r}I
4t

. .?53 tD5

rh¡r¡ D it thc o¡rr¡an dfam¡tertr ¡¡f thc tuba {il¡!r ñtltaurtd

batwarn tha mlddtr llnr of thç well thiekne¡llr rnd t ir thr

unifo¡rn thickn¡rcr

.;h¡ncrr for th¡ ¡lit tubo

Itr r 1.017 a - Lq.l.5

Ur¡ a typical velur for structural notal¡ of

- Eq.l.ó

o

fol ¡¡ thLn ralled tub¡ t¡k¡

Jo - + to3 -Eq.l.9

Thr tot¡l anglr of t$1,¡t o? tht ¡llt tub¡ ¡¡latl,vc to thc unlllt

or cloæd tubr f¡ obteinrd by dtviding [q.l.I(a) by fq.lo8¡ thul

ù
J

I

b/t .r/å3
D

t
D

t9f'' .

¡nd thr ptevlour rqurtlon b¡cunl¡
,, I - Eq.I.?k-.635 i. I

Thr angtr of t¡l,rt of ¡ clsrtd ¡qund t¡¡bo ln unlform totrisn I'r

t - Eq.I.ðrfr

L
to

(l-
k

tenh k ) - Eq.l.lo
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E'"d he,ld f i*ed

about Shear cenlre aris

Nqrrow slit through tube wa-ll

-f

'.ï.

Flß. 1.1 APPLYING A UNtF0Rtv{ TôTRQUE TO A sllT TUBE
VITÞ¡ BoTFI ENE, sËcTloNS CóNS'TRAINED Tô RFMAIN PtAñg

(see .fro nrgt. 7, I )
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Subrt!,tutfng for Js m¿ J ?¡on Eqerlrg lnd loi

(r- t t¡nh k )å ,1,'Iú-
t6 k

Eq.l.LI

Eq.l.ll
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othrrìrlrr rl,¡nil¡r cloBad (untlit) tub¡.

Thlr 1r pr.rureb¡y lncortcetr

,'úow Vls¡o, I nl statae vhtt h¡ tn.ans b; long thl'n..mlled

brena, ltnlting thr rppltcabl,llty of hfu thlory to b¡rnc rlth

orr) lCI and 'ro> lOt n¡vo¡thclrs¡, Lt doar sppaat to havt

bron a mort ot lcar ¡rbltrary llnitet{on wh{ch¡ ín any e¡.at

nry not ðpply Ln thc ern drgrtt¡ lrtr to th¡ tûna .Ësuracyt

for dlff¡rcnt typrt of oprn ¡cctisn¡

lf tha teaaon fo¡ thc inrpplJ.cabtllty of thc throry to

tho short all,t tub¡ c¡rr l¡r foundr lt e¡n oc cxprctad th¡t ¡

ron coaplrta pfcture of thr nrl liultatlEn¡ af the cl¡¡ric

throry rlll follow .

Th¡ tro barlc artumptlon¡ of thr cla¡¡I'c enrlyrlr ¡lll

nor b¡ conridr¡ldr F¡on UI¡¡ov I O I
n(r) ¡ thtn-vrllcd b¡rn of opcn roctLon crn br

eonrldæ¡d rt ¡ rhrll or rlgld {undcforn¡bl")

lætlonl

(bl thr rhra¡lng drforn¡ti'on ef thr nlddlr rulfrçl
(chu¡cterlll,ng thr changr ln rngl¡ bltrr¡n thc

ct¡cr¡rfr¡rntl,¡l llñra I r GEnttant ¡nd tbó

longltudinal linr¡ a . conttant) nry b¡ mrur¡d

to v¡nllh.i

Thr flr¡t atrurnption Lr rqulval¡nt to myfng th¡t th¡r¡

å¡lt no rsdirl or clrcurfæ¡ntf.rl no¡url rttma¡r I'i¡ thc tht'n
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rcll of thr bean. Thl.s¡ fn turn, lnpllos t fltrbrsnc ct¡ta of

rtr¡s¡ wl.t*r no ttan¡vatec bcndlng (or locrl buckllng) of thr

tub¡ rrll¡.

ThLa çl,tl be cacapt¡d ca c t¡Ëtonðblc ¡mr¡nption for gmell

cl.aetLc dsfl¡ctlonl and, ln any caaÊr lt can herdly bc thc

aaa¡on fo¡ thc direrlpancy betwmn tro theontlcal formulca,

both of rfrleh csnte:ln rffretl,vrly thr t¿n ar¡r¡optlon.

Tha ¡æond eraunptl,on n¡rnr that th¡ dtr¡ct cL¡et¡rfærntl¡l

th¡at drflrctlor¡ l,r nrgllgfble corparsd rlth th¡ fl¡xu¡¡l

torsional and pun tor¡fonal do?Esnatfon¡r Pr¡gtl,c¡l .xFatllÚlEa

har provrd thl,¡ to br a v¡ltd. ¡¡¡¡¡raptl,on ?or no¡ml (oprn) b¡¡r

¡.ctlons of urual lmgth' But, in c nönn.r ¡hllar to rlnplr

b¡r¡ thro¡y rhrrr vctlcrl ¡hrrl Ír indaprndcrt of tpen, e4d

brndlng nomrt inclr¡rra r!,th l,nc¡¡arlng ¡prn (fo¡ r conesntrotrd

Iord)¡ lt nry. br upreted thct thr dlrcet rhmr drflretfon ln r
b¡u rtth conrt¡eLn¡d ¡nd¡ rnd rubJrct to ¡n tnd torque rlll

f,ncr¡aa¡ In rr¡"l¿tJ,vr frportstlcr ar the rprn d¡crra¡rt.

tn frct th¡ dl,¡æt cl¡curfurnti¡l rh.¡t rtnrr f.r prrt o?

th¡ fl¡xunl tonlon¡t ¡trtc dur to thr rr¡t¡rl,nlng of thr ¡nd

¡cctlpnr and plovtdrr p¡rt of thr !,nt*rñtl rr¡ieteact to. thr

rpplÍrd torqur¡ (thr purt tor¡Åon¡rl ¡or¡nt ríthln th. tubr r¡ll¡
providm tho otàlr part af tlr rr¡1rtJ,ng rsrrntl. tt ¡*r¡

unr..rofrrbl¡ thrr¡for¡ te rrb{tr¡¡tly nrglæt thr dl¡æt.dc?l¡ctfon

dur to thl¡ rhra¡ in rny rnatyrfu b¡fo¡¡ tt 1r ¡houn



rrothGñ.rtlcaìly that lt la ntgllgiblc.

Thr buj,k of thr annlyaaa Ln thlr th¡¡l¡ at¡ ai.ned at

dct,,¡rninlng the ll,krl-v magnftudr of thrr¡ dl¡rct shrar

dcflcctl,on¡ ln oprn eectl,on b¡a¡n¡ wtth fixrd lndr. For

eimpticity thr loodLng la alwryt ccn¡Ldr¡¡d to bt cn rnd

torqu6, but th¡ r¡¡ulta are rqurlly app'icabl¡ to th¡ grnarrl

cpsa of twiati.ng of boxr¡ rrccpt parhapr Ln ¡ conb{nrd

loedl.ng cas¡ rhert baam vortlc¡l ¡h¡ar Le Lmportsnt ln

addLtion t., th¡ flaxural torglonal rh¡e¡ - Ê6a VoroUcv [41.
lf tha arcond emunptlon {r) 1¡ not redr, and rn

othr¡ri¡¡ ¡ltr.ll¡¡ anrlyrh to Vl¡r¿v-Ttrorhrnks l¡ carl,rd

out¡ lntrg8ËI fquitl.onr rhl,sh c¡nnot br rolvrd by thlr ¡cthor

uc obt¡in¡dt (rcr nlxt ehapt*). lndlnct approachcr rl,ll

thrnfor¡ b¡ urrd thx:,ughout to drt rnint thet pcrt of thc

rngb of trl,¡t dur to thr dl,ræt ¡hrt¡ rt¡rln.

Thr frr puLlfrh¡d workr (nrntlørcd brlon) that htv¡

attlak¡d th{a p¡oblær h¡vr urad ':tffrllng rpprorohn and

¡¡rl,yrd ¡t rolul{onl ln varlout fotrr. llnrc rarlyrtr arr

conrido¡rd in thr ?f¡¡t chaptu of thr eppmdlx.

f,xcrpt rhr¡r rt¡tsd othrnd,¡r in thc taxt, an fndtprndtnt

rpproach 1r rdoptcd lrr¡ rnd thr rolutl,sn¡ obt¡l.nrd ¡¡r conpud

rl,th th¡ publlartton¡ of L. ftrl,rrn.r if ] , nUoeuchl ¡nd

Shiot,a. [r ], vorobrv [r] enc ]lohehæyrkov [r] (urtng

6oluanvlyrt¡f ¡ rolution ).



9.

Chaptrr 2 - rhsl,ng by tht rthod o? ¡sccrêralv.

approrln tlsn¡ that thr Glrlll,ß rolutlon for

Itrr.lsr dryrlopd ?or larg brnr, lr v¡lll

for tlrr ¡ha¡t ¡ltt tubrr

Thl¡ asnclurlo., ir csnfl¡rld ln drrptre l.
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2t THr- llLA:,¡!Tc SnLtrl,IË]H,5 FtlR,.?TRr'55ËS IJI{.E. Tp T}il5TIr'i!¡

OF A I-OI¡G THIÀI.IÚALLËD iJ[AFi 'JF úPEN ST.CT¡O¡' ï{ITH

qnN:;.fq¡,t¡lt il cr¡nç, fHg¡n ¡pPU¡C¡g¡U¡t-V-t'; lttÜ&f ng¡HS'

she¿t stress in ¿
Th¡ rolutlon for thc longitud{nrl-cl¡curf¡rcntialnthl'n-

rall¡d bsern of oprn ræction wtth both rnda fully conetralncd

,ogaf,nat w;irplng and tubJact tq an lnd torque T lc¡ accordln¡

to vlarov [ 2 ], (or fron [qr.zlr 2¿l ¡nd 13¡ together vith thr
LJ

condLtLon of ryranrtsy ùt thc cantr.-rGction uhlch nuk¡c th¡

straln ztro, or fron 8,q.9¡€t.0 at thc cant¡l ¡rctLonlr

1. 1 5" ao¡h f2 kr./L) t q.2.l
J co¡h lts,

¡hsr. ¡ l,o th¡ longltudln¡I co-o¡dinatr r¡a¡u¡ad f¡on thr crntrì¡

of the tpm¡ and , crprnd¡ on tha grcnltry of ùht .Gctlon .nd

th¡ cl,¡curfurntl¡l co-ordl.ñ.tl S . For thl lllt tub¡r (rar

vlaaov [6 ] )'

5, . * {s.B? -!2-aeorf } '-q.2.2

rha¡t /fa ttrr Engla bltIlrn th¡ tubr radLu¡ oppoaltr thc rllt

and thr aidi.u! to tþ¡ point on tht r¡eti,on boing eon¡ld¡Ðd.

lhst åar

Sr D

T2

rhrn . lr :r8o oPPorltl th¡ rllt.

k and J* arr gJ.von by Eqr.l.Z and 1.4 rarpaetiv¡Iy.



oft

Thr tongLtúdfnel nottr¡l rt¡€l'l' oh¡tolnrd by Vlerov 2

w
J

Ä
2k

l¡,

L q.2 o3

{Ê.q.3)

d
qrrìh 3 ,k r/L

Gorh k

{tr uat Ëqr.?l¡ 2a, t¡ p,l.u¡ gi'r 0 ¡t thr ernt¡¡-scstdon}.

For thr slit tub¡r (¡ra Vlo¡ov t I ] ) t

Da , -t) ^ ,-,D¡rr ï t,f - arrn/) f,q.t.l

The¡; ¡saultr a¡. sce.ptcd ¡s givlng good cnsw¡¡c for thr

doslgn uf long blrnll (sa¡ for lxcnnph Vlaaov [f ], or

rtno¡hrnko [¡ J ).
Thr dl,tt¡lbutlon ptttstnl glvrn by fql.2.l rnd ?.3 ¡tr

rhmn tn Flgs.J 2.1 f¡) and ?.1 (b) ?e¡ thr ea|r of th¡ ¡ltt

tubl.

EffrcÌ q:L ei!¡qF{Eo rhm¡ rtratn f 0.

Contld¡¡ thr ala¡rl,c dgtvatton of thl rtprt|a¡ (Vlrrov

[e ] lr co¡tGrlcl'ng rl,th

(Eqr.tr? )rh¡r¡rtrrln f * *3rt 'g
¡àr¡¡ u ¡nd v åra tlra longitudinrl rnd cl¡crnfrrmtl,¡l

d!.rplacanurtrf r¡trf'n thic rxpl¡srÍon ¡a

3.l .ì¡, . y
òr v òe

rs thst Eq.B ?or t'lrr rrlel dl,aplrcaæt b¡cmo¡

U r -$rx + t)

ot u' ucl¡¡r,lc+ YJ
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(t',3. k=.'r 
,{

+

o

CTASSIC STRESS .sYsTEM FOR THF SLIT TUBE

,h,ITI.t BOîI.I ENDS CONSTRAINE.D TO REMAIN PLANË

ANP SUgJFCTED TÓ A UNIFORI\T TôßOUE
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yhütB

uclaE¡ic .-êt¡

and
a

,1 t X¿a
o

ô
d c&¡r¡Lc

and fl,nally¡ the ehc¡r atntr b¡cmrl

f - f 
"La¡¡lc 

'e " 2

(Ëq.6 )

Tha naw atraån and atro¡g ara thrn

I .'cra¡rrc * 2t Ëq.2.6

(¡rhe¡a tha indrx dach r¡fæ¡ to dif?¡¡Entietion along tha

langth z ) r

and

ô'del¡ralc*t2'

órr"rrr lr *
ot

fcl¡a¡Lc Er 2
It

8q.2.5

8q.2. ?

f q.2.6

7E

oa

(- t-r
t Telserlc

Flg' 2.1. (b) indtcatca that 2' and 2" "r' eaall for ¡ho¡t

rpans bsc¡us¡f+eonltant valuc nlong tha langth uhan k-+O¡

nov¡rthel¡as thl¡ ray bc nåal¡ading ro that thc analysir ¡r1¡I

bl Csr'¡lcd a atnp furth¡¡ in ord¡r that ¡onc nuncrieal vslur¡

of tha a!¡ov¡ corroctlon factora nay bl datarrrinr¡dc
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Tho procrdusl to b¡ folloxsd l¡ that of Inan [f] who

uãËd tha Bothod of luccas.iv. apPaoxlm¡tl,on¡ to shor that th¡

corttctisn fåçtor3 ln rquara brcekate Ln Ë,qr.2¡9 and Z.lu o¡c

of tha oador tf,t2 ,"o* Hhl,Ëh h¡ dcdr¡ced that they aro ðIwayt

omsll.

Folloring thc pmccdura of Inan [Z ] r cubatitutc thc

gancral rxproaelona fo¡ d"l.r.ic "nd lclas¡f. vhiah err fqsrl0

rnd 13 ncpactlvdy¡ to gLvr

2
Q"uô ' ócl¡¡¡Lc Eq.2.9

6qr2.l0

{frorn Ëq.?.ó)

fqr.2.ll

l-

rnd

f:f c1¡erl,c þ
+

t,¡?ffi
t{ I

rhsre

7't I
û'-L/G

?"'* ft'o'

s

Tda

Tdc
o
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for rxrnpb conrtdrr tht sr¡r of . unlfon torqur on r

btra wlth both ¡ndr butr,lt-fnr rnd .y.luatr Eq.Z.l for rhtta

Ita.rr to drte¡uinr rpprorl,n¡tr v.lut. ic*ltr¡'tn- 2" ?tø
t-qr.2.lI r

?

,)

2

a TE

-L6J.

-L
GJ*-

tl

d* * T!*ffa¿rlð; 
*

¿t rrqLq¡i?/rp I3r *L eorh k

$ îltftar' /i* *
Subrtltutr thr¡r yrlul¡ ,î ? .rd ? tn Eqr. 2.7 ¡nd 2.8

togrthm rlth th¡ v¡lulr for dolr..l" .nd ïcl¡¡rl,c fm

Eqe.?.1 rnd Írl

ð a ò clrerLl l+ll 2 å
6

Ii*o- ,2LU l

l

Subrtltutln¡

k
2

ó

ç&

T' ïor...r. [r
s rdl
tJ $*

(frm Ëq. l.â)

6qr&ll¿ tl+clr¡¡fc J.
Jo, ß"nr

+ ¡lt2 å
g ï

',/.is, l
o¡

l. lor.r.ro [¡
+ c-

J S;
ë,q.l.ll
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Th¡ tcr.na {n rquar b¡rckrts l,n Ëqc.Zrl2 ¡nd ?.13 ¡rr thr

ruprctivr approxintt¡ csttaGtion f¡ctor¡ fo¡ thr ¡tsrrrrr¡ l?

thay er rnallr Soth feetort a¡G indr"¡,lndtnt of thl opan, and

a¡¡ conctent along å g¡nttatorr Th¡a¡ a¡r tht Inan Ëot¡actl'on

faetor¡ and thcy ero of th¡ otdc¡ ttrt.

Hox¡v¡¡ thø nu¡¡rlcal con¡tant'-, fn * alt lo largr ?ôr
Vþ'

thr no¡t oprn trctfona llkr a mnl-ol,¡culu ¡¡c th¡t thr cosstctl,on

factors er¡ not rnall for tho¡c seetions excrpt for vary thln

r¡alle¡ thr validlty of tho In6l conclu¡ionr Ls thrs.fon

doubtod rhrn rpplÍrd ta ¡uch t¡cti"ong. t{rvarthrlcr¡ lt rt'll

br ¡hovn ln chaptr¡ I th¡t th¡ ehr¡Le ¡tr¡s¡¡¡ do rpproech thr

lera valucr for rhort b¡rnt ¡r tha rolutionr to rn rnalyrl,r

rhich lgnone the pun to¡¡ional ¡hr¡r but t¡kra lnto recount

thr dl,r¡ct rhml¡ ¡h¡ncr lt ll trntrttvtly conclud¡d that thr

cl¡mÍc rtr¡r¡ ryrtn c¡n ba r¡lulrd to b¡ rpproxinatrly aorrrct

for ¡ll long and ohort thln*rslt;d opan-clctlon b¡en¡ rnd rhrllr

rhrn trl,¡ting occurl ahcut thr eh¡¡r c¡ntttr.

It ean br l¡rn fron f,qr.2.7 trld 2.8 th¡t th¡ cl¡rric rtrmr

ayrtør,r of d and I (¡htch cn drrLv¡d f¡or thl ar¡unptlon / r fl)

nn¡{n unrlt¡rrd if í:rr f¡ct õ . eongtahtt th¡t ir, Eqt.l0

rnd 13 trnain unalta¡rri.
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chrpttr ¿l rtll ¡x¡rint tn ffiafl th¡ ¡ff¡ct of aütnfng

t r coñtt€nt¡ rdrLþ rrarerlng thrt thr pulr torclon tr ncgllgfbl¡¡

th¡ latt;r La ¡hryr to br a flslottllblr rert¡nptlcn ¿n tlrr nrxt

chcptcrr



.r¡o¿Tun Â¡ra¡¡aa¿rr r1

t..utûFrfl ltü .ql q0norg¡ ..t¡ll lr.qr .qf .rl

¡rr¡¡ lmqn1 llT. l¡orl. u¡ rlq¡ô¡¡âru r¡ uotrrot

r¡nd ¡o lurur^ .tç rql 1aq1 tu¡no{r - E roldtq3

'¡1
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3; A¡¡ EsTJtl4ÅTItåL ilf Îffi nËLAf lvt ¡l'lPti{tSC'E flr ÌËå

c1 : urr¡ÀruÎ plmF qrflilÂl ct{EAR qlnFCqrq l!'t A 5t{flRT

sLtT lt!E

Th¡dtffc¡antl'alrqu¡tlonforlongthln-r¡llodbGansfloü

rhich [.c¡.1.I i¡'dælvod fr

t ,tt - . r
GJ ê'- EJ*ê"' . T (Êq.21) ÊQ.3.r

xh¡rt thr fúrst torn rrpprlntú that part of ths toaqut ¡!8j'lttd

by thr 5t. Vrnant pure i.orsionel thn.¡ 5i: eg¡Ëe (which ðsa tht

diffsr¡nc. brtÞ.tn tha actual clrcunrf¡ren{ial lh¡ar et any Polnt

rlthln the thicknrae and tlrr av¡¡¡gr rtrcsr ¿Gro!ô tha thiCkntÇt)r

and tha gecond tarm rrprr¡tntr th¡ rcai¡tanc¡ iua ta tha

flcxupl torgion ayrtr*r of ¡xial nornal and ahcat etrec¡¡l

caucrd by th¡ cnd¡ of th¡ tubc being forc¡d to re¡natn planar

Th¡ Lnd¡x daghc¡ a.fBa ta diffürntatl,on rith rlaplct to thå

longltudÍnal z axis¡

Ifthel,u!ttoational¡hratetracosea¡cEmallth¡

daflactlon dur to fhxu¡¡l tor¡ion alone nay ba aatlmatai; by

lgnortng tho fl,rat tstrr of thr pbove lr;uetLon to give tha e,:!:rple

dl,ff¡nntlel equatf-on

ata f,q.3.2-LJr$ . 1

Ât thi.r rtðg. Lt arnnot br aaì¿ that th¡ 5t. Vlnant lh¡¡¡

¡trlalt¡ 63t tnall llnsr no attlarpt has bcrn nada tcl ev¿luatr

th¡n. Ëut lt rlll nor bo ¡lro¡rn that fq.3.2 do¡a givr rLnll¡r



20.

ruultr to Eq. t.t ?or ahott thin.'rsllrd b.8ß¡ lo th.t thl purc

tortishal añtat st¡crlce årt lndsa¡l ¡rr,all fo¡ ¡uch þtrn¡'

frorn 8q.3.ã

T
ËJv

9--
Intagr,.rting

ttT-e.-af a+c,

At tha ccntrs of tha apan by vi¡tue of aynnetry

ta9-o
ao j.f z i¡ rra¿surd f¡onr tha cont¡a of the 3Pånr gt z = tr

tr'o

Intsgr'ting crg*ln

t'ft'g'-Ei-* ? ncz

Thr r¡ts of tnl¡t et thr ¡nda of tha rpan murt nou br ai¡utld.

To b¡ çc¡nal¡tcnt ¡lth thc Vt¡cov-Ii:r¡c¡3henko aegumption of

vonirhin¡ ah¡"rr ¡t¡ain whleh rat us¡d to obtein cquation I.I¡

(rith rhLeh thr folloring rrault wfll be eorrp.tred)r taka

goO,atzt3

Thlr gLvæ

cz

Intrg¡¿,ting agalnt

t
2

.2L.I-J.-åJ¡

.2Lz
a

l-
r-J

w
o 113.Ef T + +C

3
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T¡kr 9 - 0 ct ¡ . Or ro that C, r 0r thtn

-L
E'!..

2(f 3

$r Lq. 3.3

th¡ total anglo of tuitt i¡ trlce that for half th¡ lpan wlth
t

e - f¡ tnus

' T L3 Eq'3'4þ_ry
liubatitut!.ng for tJ,. fo¡ th¡ ¡llt tubt f¡om Ëq.I.4 thr trlrt gfvrn

by í..qr3.4 rclativa to t,he twi¡t of a cloeod tube lo baeorrl

a.
6

-t-
óo

J.
-to

I
T L3.

12 EJ -IL6J
o

a

a

C. EJ:
12 [J¿

tD3

. ¿53 tt) 5

' .26
g.

Eq. t.5
E

Thl¡ ia thc angla of trl,ct du¡ to flaxural toraion (apart

fron thr di.¡rct rhla¡ drfltstlon ). Thia cquctl.on la thc f Lnt
.2

rpproxJ.matlon of t:q.l.ll obtcinrd by tubetltutlng I - å- fos

rÀ
f trnh kr th¡t ir ¡hon k" lr nrgttgtbl¡l l.t. Lq.l.l (r) rpp¡orchlr

Eq.t.l whrn k (or L) approach¡¡ t¡ror

lhl,r provc¡ that th¡ tor¡l,oncl shcar atrrss Lr negligiblr

rhlnr apptoximataly.

g
^

2

a É, s.
¡2[

Çr
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for th¡ rltt t¡ibtr Thl¡ ?lndln¡ ¡'ll¡ bl st{Iír¡d tn thr n¡xt

ch.ptrt.

Thr limlt¡tÍoar of Lq.t.5 ål ð rolutlon t'n itsrlf havc

already brcn Lndi.cEt¡d Ln Chrptae l.

t¡otr that it ha¡ not barn lmplltd hr¡t that € ltrllf l¡

cnall, but th¡ comr,latÊ ter¡ ÍIJÉ'r¡letlvr to Li É"' , thct 1r¡

2
$J A lEJ B rhicir fu like h

l\,

g^l g
rl,6h..t

I
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Chrptrr 4 - ¡howl,ng thrt ¡ ¡mbranc throry,

rhLoh l.rrt!. unl?o¡r rh¡er ¡trrlr¡ throlgh

thr nll thLckn¡m and t¡k¡a rscount of th¡

rx!,al ¡h¡a¡ ¡tra¡Ín ¡¡ con¡tsnt rlong thc length¡

glvæ rolutåEn¡ for th¡ lt¡l¡n¡ ¡nd dl?farentl,¡l

ohrn¡r ln tet:. of trlrt to ¡*rtch thc cl¡¡rle

rolutlonr ¡pp¡o¡ch aa thr apan drclrârlsr
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I a BîF I C,lI rf t nËFT I AL-EU lJåT I qF*-r Ûn, 5TRE95. ¡¡f Ë" 4S6 LÊ 0r

Tgl:iT f¡F.A 5H0RT, ÎD FttDlUll,i¡rygTH TH¡¡¡¡t'rALtËD p.PEil

re.cTlf¡t{ CIFCULAR CIIIHBLF $ü¡¡slgtliqg A!,-¿ r4t¡t}iR ä[,.

SUBJLLLD Tr, AF ï'13 Tffi'tlc iil{H¡ $0LUT,I.0NS,.

,,.Jhon thr spån of sn opln-rectLon br¡n wlth conctraLnrd sndr

Lt ¡ho¡t rnough to gl.vr ¡ valur of k (.3 th¡ ¡:ure torcion ¡tll

bl ae¡u¡¡¡d ts b¡ nagligibl¡ and the b;am rlll br scsutacd to h¡vc
t

the $qui8o¡nçnts of a membrðn3 ða explalnad by Novorhilov I t I .

,in lnslyel¡ ll,k¡ th¡ on¡ xhieh folloy¡ lr pnornted by

ßækLn lf l¡L-J-

Flgu$ r (¡) thowE a cylJ.ndr¡ of eonrt.nt thlcknoea tr

radlu¡ r; to contrt of rcll thicknar¡,( t< ffi), ftnnth L,

rubJactod to cnd torqule T ¡nd rj.th both ]ldr constr¡:l'ncd to

rrra¡1n planr. (Sar aleo flg. I.l).

5ome ss¡unrptl,one to Þc s¡arll initlolly arc th"t

1.ünlytxortrasla¡erri'npoetant-thottrnembranËr

ctro¡¡¡e d ¡nd T ¡ both unlfosn through tha thiekn'lli

rh¡re é e¡n br tcn¡ion of GûrnPr¡¡¡ion;

2..0nl.ytrofo¡nrofd¡fo¡nationaret.mportent-axill

dl,rplacrnrntr rad a ¡ot.'¡tl,on of th¡ ctoaE-lllGtton.

Thl.r ¡ran¡ thc¡¡ art no ¡¡dlsl' dl'eplaecnpnts (l¡¡¡ no

tr¡a¡v¡¡¡l bardlng)', rnd no G$cunfcr¡nti¡l st¡'aln. Ihue all

ero.B-asctltna ¡etain thrlr ¡l¡¡ and rhaplr

lr 5u rl¡o 6¡lrotrurlttl tt a



t¡.

3¡ Thr drfl¡ctlona r¡r nrrlt.

4. Hoott¡rr Lax t'l rvar¡n*rrr rlrlyr v¡lld.

5. Tha cli¡ar ¡tr¡Ln and hrncr ¡h¡¡r ltrrll {¡ ssnltrnt

along a gcnlratori

6. TÉ¡ sxl¡ sf ¡stritLon iêsrt¡t of trfat) of tha cy¡indrt

undar thr r??cct of ths torqur 1l th¡ llnr of thc Crrar elnttaa.

?. Thr nduc¡d nodulua of ¡l*rtl,ctty tl . t/t- 
r2 lt 

¡¡l¡.nrd

cpproxlnataly cqual to E. fhlr lr th¡ .ena rtl¡çtptJ,on al nrds

in th¡ cl¡¡¡Le antl¡nlr.

@
It har b¡m fowd ooavrnlnt to chooæ th¡ tro r¡nmtrlcrl

cuttl.ng plrnrt of thc cyllnder r¡ thc rr¡o (¡rf¡r¡ncr) plrnls.

srr fl,g. I (r),

Thr longttudlnrt coardlnrtr r l¡ nlrr¡rrrd P¡ül to thr rlght

of th¡ c.ntart c¡ost lstlon rad rj,nu¡ te thl l¡ftr Eenlldæutlonr

of r¡mrtry of thr noCrl lndto:t¡ thrt th¡ longltudtn¡l no¡n¡l

etr¡¡¡ ( ó ) fr rrto rt thl,r erntn rlctton, fot ¡ unf,fo¡r torqúr.

Th¡ clrsunfr¡¡ntful coordlast. 3 1r n¡r¡usld poaftlvr

clockrlrr fron thr emt¡rl Polnt of thr eter vluld f¡o¡ thr

rtght hrnd urd¡ end nrg*tfvl antlelosk¡f¡ frør thlr polnt. Th¡

coordl,n tl r wl,ll grntnlly br oonverted to the rngular

coo¡dfnrt¡ ,/ . ? rlrrr¡ r fu thr (oonrtont) ¡¡c radlu¡ of thl

ntddt¡ lln¡ of thr cror¡ r¡ctlon¡l thLekn¡lr.
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thc nlddlt a¡rfrct of th¡ rhrtl l¡ urod throughout tc

derôrLba th¡ chcll.

DJ,qpl¡c¡nrqtg. ¡trelnr¡ rnd qt¡mn¡

(a) A longitudin¡t dfuplaemnt in thr poal,t{v¡ oirletlen

(Icft to rlght) ti callad + u t tðÊ Flg. I (r).

A círcun?¡r¡ntl,al or trngratlal dicpl.acr¡cnt in thr

poeltl'vo I or / dl,r¡ctlon (clockrl'sr looking at ¡ s¡ctLon frm

tha rlght hand cnd) lr call¡d + v ,

(b) Thc Longttudin¡l rtreln ie thrn

2r. t Ëq.f.l

4,å (il

z (1r)

rhJ,ch i¡ a¡lncd to urnleh m {n thr clar¡l,c anal¡nl,l¡ (¡rl

lnt¡oductlon l.
Subrtltut!.ng for d. frot (t) tnto (f1) gnd rquatlng É.

to rl¡o glvra

th¡ al.¡e¡rf¡rcntlrl rt¡¡ln l¡

¿
î-YIt2

¿
- Vi'tdr

t,
a

(ür)

Agaln nrkl"ng th¡ lar¡ rpproxl,nrtion ¡r thr clmrlc rnrlyúr¡

f,r lgnorad to gtvc

ò-t';"

d. E 2z-. * Eq.l.2

2
I

v
2

trlotr thir ¡rgult 1r tnr ¡.il tf aoauning d, . 0, I'n rq. (f )



1?,

ebov. - Gf¡ r rrtbs€n. .n.ly.lr s¡ ln Den ttartog lf l.
Th¡ ¡hra¡ ¡talln Lr (f¡on. fl,g. f (b) )

f". *.* = u rq.r.l

trking th¡ dafo¡.natl.on thorn ln tlr¡ fl,guru u pottttvr. tt

follon that th¿ rhrat ¡tre¡¡ ( I ) eondftlon rhorn ln Flg. f (b)

ba porf,tlv., s. l.¡ a elockrlt¡ torquo (T) rnd clockrl,¡¡ anglc

sf twl,¡t (91 - virrcd from thr r19ht hand rnd.

thr cl¡cuaf¡rrntlal dl,rplaccnrnt v l¡ ¡¡latad tE thc

(an¡tll cngùr of trllt ¡¡bout ths ¡hr¡¡ cÍttr. by thr rquttl,on

vrn$ Eq,4.l

rhrr¡ r lr th¡ p.rp.ndlßulrr dfut¡nßf f¡ìlr tht trngnt rt thr

el¡eu¡rfrrntlal rtnrnt brlng con¡1ds¡ad to thr rhrer e.ürtt f

that lr¡ ¡ Lr ths ntn¡nt arn, rhtch t¡ dt?frl¡nt ?o¡ ¡rch rl¡r¡nt

otound tlr¡ el¡c¡nfa¡rncl. Â potltlvr rhl¡r flow hm a nrgativt

;rqrnt rbout th¡ irrrr ctrtr¡ rhm b cor / ) r¡ mr flg. I (c!.

Th¡ r¡letlen b¡tr¡sr r ¡nd r/ lr thærfort

t,.t-bûor/ Eq.l.l

rhær b lt tht dl¡t¡nc¡ bet¡rn +-hr tub¡ orntr ¡nd th¡ thrrr

c¡ntt.f (rtr Vlrrov [rs] ar TLnqrhrnro [ó] fo¡ drt'.¡rrl,natlon of

aha¡t crntrrl.

for thc ¡ll,t tubrr'b . 2e (f¡on Vlaroy obova)¡ eo

!.¡(l-?eot() Eq.l.6

Thur ¡r lr nrgatlvr¡ fn thr e¡ntrcl l?0o opporLtr th¡ allt, and

porltl,vr ?or thr¡ t*o l20o rætlonr boundlng ths ¡ll,t.



?t.

Th¡ velur for v Hy ntï þr rubltltutrd l,n t'hr rqurtion

fo¡ lrar rurcbar{ng that th¡ b¡r¡ År of ¿onrtrnt ololl-rcctlan

¡o thEt m fa a funation of r onlYt

rtt
ò9."Ë + .àrèr Eq.lo7

It t¡ at thir point thct thr rnalyrlr blcorr¡ fundrnrntrlly

dl,ffcrmt frcr¡r thr Vlr¡sy I f ] rnO llnorhml" I a ] rppærch ln thrt

thi¡ eh¡a¡ atratn 1a not ¡srurrd to vanlrh, bt|t lr urad to obtaln

ths sh¡ar atlre¡ dl¡rctty Ylr thtr ¡h¡r rodulur trf rlrltlclty.

Thur

1-G (r
b

èu
òr Eqo4.8

(a) For tha finltr ütürñt of ll¡. ¡ (d) bo¡dr¡rd en th. Lft

by rn rdgr of ttto nolt¡l rtSrcr¡ and ¡t thr top by rn rdgl of

¡¡ro rhlct lttralt

+
I
I

è

I/s
sÒ

¿ttrTrt - Eq.l.9

rhr¡¡ 5 . 5o fu thr f¡..1 rdel¡ rnd S - S l,r thr plttl'culrs

glnlsrtor aleng *ttGh r conltrñt vrlu¡ of f lr rotlng ftor ¡ . 0

to :, r 8. tn thr G¡etl arctfoa t . 0r ð r 0¡ on th¡ sron

r¡ctiør t ¡ rr d vsÉl¡ rütütd thn sltÊunfar'rnoar

(bl 7or rqulltb¡.lu rt rny o8o¡t tcctlcn (Flg. I (r) ) thl

nr{rttng tosqua cqurl¡ tlrr rpgltld toaqul.
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Forceoneltmantr +tda

t4oment of force about ahca$ cen-irê r r t m da

The total. eeeíating moment i.e tha integiat around thc

whole ci¡cumferencêt
tSo

T

T = / 'rt m ds Eq.4.I0
I

,/-so
rhere t ls conetant th¡oughout.

Thls neane ths aamt a¡'Eq.3.2, tfrtt l,s, tho torquc ía

cquated to the flexural to¡eion effect only and the va¡iatlon

of thc shaar atres¡ through tha thickn¡se which producre tha

pure torsional m;;ment is aesumed negligLblc.

Streesee. in terme of tha anqla of twict

(a ) Flom 8q,4.3

?s. - ! -ZgÞs G "'òz

Intagr.,:ta with respect to a andr for any point I = 3 on the

sect:lon
s

I ds - "9G ?Z
wherein the inflExibílfty of thc ctoaa-eactlon shape inpll'ae

a aingle value of I fo¡ all point,a on a section.

Ilífferentiata with rcspect to z

d¡
o

tha 'T term dísappeer¡ing because this is constant along the

llngth, as is C, (e).

u- I

&
è12 f:;

[" md¡ + Ct (s)

3s



d.-€ ??o
2

dz

t
ndr

tO.

Eq.l.ll

Eq . ¿l .12

fq.l.13

Eq.l.l4

For eonvcnllncl, dlff¡¡¡ntlctlona wl,th rt'prci to z rill

ba dano).ed by tha apprcpriat¡ nunbc¡ of ind¡x daohls, ¡nd th¡

intcgral ¡rLlI bc cclled

l{ultlplytng hoth stdcr b, E¡ rnd url'ng Eqr4.2t

I

T
5

adl-ta

cf. Eq.2.l

r lr nrgrtLv¡ bltrlon

th¡ ¡¡ctlon.

(b) Fron Eq.4.9

/ t ffOn rnd porltt'vr ?or th¡ ¡r¡t of

¡o that th¡ ¡bovr value ?or thr nora¡l ¡t¡¡¡r rry br rrfttm

ò.-Erê
rhüc ?or thr grn.lrl circulrr arc r.ction¡ rubrtltutlng

?or n from Eq.l.5 lnto tq.a.¡lf lnd urlng I I I t/

¡?r: lt.-bcor(tta,¡
/"

, -.2r1 - ab rinf
rhl.ch ?or tht rllt tubr gLvm'

, . .? lrl - e rrn / )

-s¿
-.. { /¿*./,

S¡¡brtftut¡ ?or d lron Eq.¿l.U

5;

f s- t g
z {

rli¡ da



CalI thr Lntrgr'l

ll.

fq.l.lt

Eq.{.16

Eq.l.l?

Eq.l.ll

For thr altrt tuba rhr¡c 'fo-Tr ¡ rubrtltutlng fo¡ r fru

Éqr4.14 lnto fq.4rl5¡ ond uring s t s t
fr

l'g
?r-tS- ìfz

s. l"'l!-zatnf)'dt'
4

5;."! T -r-ç -2eor/ l

th¡n

/

/,

Tr-fJ

sô

rdrrS.,
I

cf. Lq .2.2.

Thie rxprs¡lon ir rlrryr p¡¡¡itlv¡r rrelpt rt th¡ fn¡

eâgllt f - g Tr rh¡æ lt vsnlrho ra rrp.ct.dr
oôlc¡ lar Â¡¡t¡ at 1-lrl'

SubrtltutÍng fron [q.l.16 tnto [,q.f.10

s"g
T--t- t

I
nSw dr

Crll tha qucntl,ty

So

t
/:

rS darJ

e
,

thrn

Eq.4.19
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rhtet¡ 1¡ Êq.3.2 lntlgratcd onel, ll Ürplstrdr

Evaluatr J,* for th¡ ¡llt tur.rr by rubrtltutlng t'q.l.l rnd

Eq.4.l7 f.n Lq.4.18¡ xlth ! ¡ I f rnd lo ' lra

J-.ta 4 I - 2 corf) (
?.

gz

fr¡¡ (Eq.l.lg)

-2co¡fl;af
/,",

f2 2'T

Eq.lr20

cf. tq.I.ô.

fhl'n is thr p¡rticurar valu¡ of J*, for th; ¡ll't tt¡b¡t rnd

t 
,05 xhær Il l'¡ thl læn dl¡mtr¡rorke out at B'I0 te". o¡ .253 I

of thr tubr.

Suqna¡v o? Fmr¿lt¿ rc fr¡

d . - LY 9" ([q.l.l¿)

,T .-ES'
I

e (fq.l.16)

J' . tÊ5 É " 
3 - rtt)

,t

a

,, I¿-g

r ¡ ;oñrf,ìt a¡rn to erntÐ of trl'rt

T. I
EJs

s

rd¡ (Eq.¡l.ll )

^So

5 Ê /.ø (Eq.f.I5)
'./s

5o

J.t lrS dr (Eq.l.lÊl
r/r,

/_sa

r and $. eae rffcctiv¡ly th. rrmo gcairtrlc¡l c{¡nrtrntt d¡rlvrd
r¡

by Vheov l.t ] , tñd llf.rdy utrd Ln prcviour chrptr¡r sf thf¡
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th¡rl¡t rinflerly EJ- 1r thr nm fh¡ur¡I.rarplng rlgldlty u

dsrÍvrd by Vlarov I fO þna thr Ca of Tinorhmfô { 5 I r alraedy

ulcd, although cxprued in r alightly dtffrsmt fon h¡r¡¡
' 

Comparing thr sbovo th¡ar rquatl'ona for d,z rnd g" rlth

Vrasovis r¡aulta Irf]ft f'a roan thry rlrl bc tdrntlcal lf thr

5t. V¡nent br¡lonrl ¡ff¡ct ia nlgllglblr¡ rhtch eraunptlon I'r

f,n cny casr inhennt fn thf¡ n¡nbasnt .pplo¡chr

tù ahould ¡tfll b¡ lcn¡nb¡rrd horrv¡r that in both th¡ elamlc

rolutlons and !.n th¡ sbova solutlonl, E la rt,rletly t/ L -lt?.

.rjolut{on f¡1¡ :;otritl ¡t¡¡',¡

Frø Ëqa.¡t"12 end l.I9

d
T

J\r,
TI .Eq.f .?l

Thr llnitatlørc of thir ¡quatl,on to ¡hort bmn¡ l¡ lndlcrt¡d

by tha lLnsa¡ Lncrrcal af d rlth ¡ rhlch l,r typl'cal sf lrlnbnnr

rolutí'n¡. (5rr Golrdrnvri:rr | 2l . )

Far th¡ rllt tubor rubrtttutLng fo¡ r rnd J; fror f,ql.l.ll

end l.l0¡

d f+ -(f-z $nftz
!.10 t¡-

ot

ó r .e!o :iã. ({-e rin/l z Eq.l.2l

dtich, r¡lattvr to thr ¡h¡¡l rùnrr ('I-, t Ln thr clor¡d tubr lr



34.

. 1.55 å (/-2rrn{} 8q.4.23

¡uhar¡

Eq.4r24

ó i,¡ conplatcly entt'-r¡mrtrical', changlng rigne at f ' 3 ll0o

around tho cl,¡cunfGrtncl a¡ rrll al ¡t f ' 0, oppolLtr tha slLt'

Ths nrsxÍ.fl¡n vElurs al.r at th¡ flrld rnd¡ ¡nd clong thr rlf.t¡ xl'th

d ¡ å 1.55 -L¡-.
rn3

rhlch rslatfvs to thr rhrcr ¡tr¡rr ,]"o ln r ¡lalla¡ elor¡d

tubr Le

_Ê.

1

To
2T

-
lTD t

xma

å*'lO
n 2.41 L/t

th¡ clse¡lc ¡olut!'on I'a

ð. -L a,
J

þ rånh 2" ky'L
2.kr csah k

(Eq.2.3)I
IJ

xh.ich ia Ëq,4.2I reultlpllad by thc factot in squara brackrtr

rhlch ie elosa to unity for vorutc of k ('3'

Tha ncmbranr strt¡¡ dtstrlh¡tlon !.n ¡ll.t tubes ls that

llluat¡atcd 1n FLg.2,l (e), and tn Flg.2.1 (b) for k'¿o.

sqÀu$tq¡ -fPr ehqsF, qttr.t
From Eqe. 4.16 and ¿l'19

T
5

J
Ù,

T! l{
8q.4.23



lü..

For the ¡llt tube, rubatltutl'ng ?or i end

Eq¡.4.I7 and ¡1.20t

Í. s,'\,
cJ¡rh I h ,rlL

co¡h k

fron

(Eq.2.l )

Jt å
B.tB ta

-2-(
*'

2 !!- z"o. ¡ )
2

2

or

7 Ëqrl.36¡ : .247 .L
tû2

(5.87 -.f - I cer/)

whleh, rrlative to tha rtrcel ( To) Ln thc unallt tubr i¡

-I- ' .366 (5.8? -,12 - I coe /l Eq.l.27
To

T 1r conrtant elong r g¡gatcr 6d r!,n trlcal ¡round thr

clrcunfr¡ttlcrt lt ll t tt¡ro *t th. rllt ¡nd cqucle .16L T/192

oppoeltn thr tlttr rlth thl n¡xllul v.lu. rt / r g ll0o of

ï¡rx . .t?5 t
rhlch r¡latlv¡ to thr rhr¡r !tr¡t. ln th¡ clorad tub¡ lc

lEF . l.!g Eq.f .2C

thr cbmlc eolutlon l¡

T

I-
J.;Y

t-

L l
¡hlch tr fq.4.l5 multlpltd by th¡ f¡ctor in equ6¡ br¡el¡¡t¡

rhlch lr elool to unitY rhrn k (.3

At thr c¡t¡¡ of thr lprn rdr¡¡ z ¡ 0 thlr f¡ctor s.P¡l.flt.

roro thrn ¡ l0% dlffl¡¡ncr rhln corh k ) l.lr or k >



36r

for the rll,t tubr, rfth E - .39r natne apprstßin¿rtclY'
Ë

In pmctlca thl's dL?far¡nee La probably not f.npostrnt

alncü thr a¡sxlrü¡¡ rhra¡ ¡tr¡sr dn both oqustiona l,a th¡ aana

(atz=+ þf.

Not|' thet thr fæto8 ln rqu.rr b¡ack¡t¡ ebovc nay alao br

t¡krn aa añ indlcetlofl of the Pû¡atnat of tho Str Vanont

torsional ehrar atrearl¡ llsy f¡on thr fl,x¡d rndl ¡rhl,ch ¡u¡t

br prcccnt to nrkr up thr lcrl'ating torqut

Graphl,cal lllurtratian¡ sf thr nmþran¡ aùfitt¡ dLctrlbutl'on

i.n ttlt tubcr anr glvrn tn ff¡r2.1 (a)rsnd FLgr 2rl, lu) vtttt

k +0.

Âr ncntl.ütrd Ln chaptcr 2; Lll¡ rc¡n tftat Eqt.4.Zl and 4.25

6c thc !.irnlto approachcd by thc clac¡lc Cqs.2rl end- 2.3 whrn k>0

l,ndLcating that thE cl¡s¡lcal ¡olutlonE ærl valLd fo¡ all lcngths

of thf.n-ryaLl¡d oprn-ractlon bcan, ¡rhcn tuL¡tlnq occu¡¡ about

th¡ ehrar..c¡nt¡tr

Splut&¡gpf ijr¡ F¡rbr.snç Fsuatslls fpr anqlp.Ë¡f ,.t$l,ot includino

E*ff¡,ttq ysluc for $Alg-of ;t¡ålqt,qL SþF ..f.*¡a{,qp4q.

fron Eq.¡1.19

o

lntagrating¡

n?
2t JT

b.å )..r2

,l I¡L-
EJI

-I

cz+€-- (r)
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Thr clsrslc rolutlon to thir equrtion natsrally tal¡u

tht rarurptl,on o? vaniahfng ¡hl¡¡ ¡traln to lnply ¡ :lre ¡rt¡

of twLrt at th¡ c'nltraLn¡d rnd ..Gtfon. (r . ! t )t Oua anit

can hardly br ærunrd l,n thr p¡t¡rnt rpprorch rhlÊh 1l arar¡

of a fin!'to vsru¡ for rh¡ar rtreln, (ror the comurtr of

E. ñ¡ll¡nrr [a ] and l.Jovorhllov I a ] ].
I

5o thr dct,raln¡tlen sf r ¡ral vrlu¡ ef g rt thr oonrt¡rlnrd

rndr beeorrs rn Lnportsnt ?retul¡ of tht.a nmbran¡ rpproechr :

(a) Þ¡t¡.¡qinet{olr of. ¡nd conltl¡lo8 fo4 ¡r$r of .trlrt.,,,i4í

@.
ât thr ?lrd lrdr u . cofiatütt ¡¡ound thl cf'¡curfrtrml,

thr¡rfo¡¡

?u-.-J
ò)

rO

Sub¡tl,tutr Ln Eq.r¡l.e lltlch lr

Y. ß (rO + Èl
D¡ ,

to gl,vr

ì-1¡ . å Uzl - 6" ei0
t

¡lr.s. ê non¡nta thr r¡tr of tvl,rt ¡t thc rnd rrctfon.
o

$rùrùltr¡tr th.l,¡ ln Eqrl.l0¡ tthlah I'r

/':
T.

-so

trdr



to gJ,vc

ot

call

Than

lo

ta

J . 6fI t r
ia

P,

3

--J- =
611 6 ts3

(Eq.l.3 )

(u)

8q.4.29

Lq.4.t0

Eq.l.3l

31.

8q.6.3

îo

/,"
o

Tr 6 r 9t r dr

Ê

/rT. G Ot ¡ 'olo

Ir
n' of J

.L
6J.it

For ¡ c{¡cutar alc rtctlon¡

n r r - b cor/

h¡rsr 
/"

eo

* - /-r,., 
of

N r taltz.e * u2) fo- rrb rtn / o*É- rh(a /ò

fo¡ thr rllt tubrr xl,th b ¡ 2r n6 /o. fi,

9o' 1
r6Jo

rhrt¡ 6J^' tr thr nodulu¡ of rtgldtty of thr clor¡d tubr.
o

tontl,nulng nen rLth thr lntagratl'on by ¡ub¡titutln¡ Eq.4¡20



tin cq. (l)cbovr' for t ¡ å 2

T
GJr*

TL1.
l- + C¿

8r,J

Substl,tuttng thlr valur of thc constrnt in lc;. (1)

'g'r 
ù 

+

lntcgratr agal,n

g¡ 2(¡t- 1z

lÉ-
8EJù

¿
2rJ;

Le-
GJ*

+
2Tr

?aî.J, )

Eq.4o32

Eq.l.33'
w

rhe¡¡ th¡ con¡t¡nt of Lntlgratl¡¡n ll ¡rro lf ê ¡ 0 .t t . 0

îhr tctd rngb of trLrt il trlcr th¡ vrlu¡ fc¡ : ' !, tn,..

a

d.h " ffi¡ Eq.f.i.
Éw

th¡ ¡¡eond tr¡n 1¡ thr cl¡r¡lc rolutlon .rlrrn thr pu¡t¡

tonlonal rt¡ru6 8t. v.ay 6¡11 or lSnopd (nr. Eq.3.l)l thr

fLnt tr¡nr rpsmrntlng thr dlæct ¡hr¡r d¡?lætl'onr lr nol

added to thh.

It ¡n¡ln¡ to dlrcur¡ th¡ vdtdlty of trhl¡ nrult¡ ln

pr¡ticular Eq.l.t0.

It 1¡ notrd that Eq.f.tl for thr ¡ltt tubr dors not ll'nl

up rtth thr thoughta contrLncd tn chrptrr. A.t (rppmdtx) rnd

trprtrtad Ín thl l¡çl-lntuittv¡ 8q.4.1.6 rharrln thr trl¡t dur

to ah¡er lr grtmrd ar TVGJO.

Tha dlrcnpütcy .lãr to tlc ln thc dluogard.l'ng of nny

notl'on of trtrt{ng about thr ¡hrer omt¡r in chaptcr AZ rhllrt



thl,¡ p¡¡umptlon xr uaod ln th¡ dariv¡tlon sf Eq.4.3[1.

l.lher¡¡r¡ tht purc torrlon plur ¡xl,ol nornal et¡esa ayStcm

conblnc to eauss q rotatlon cbEut tha sh¡s¡ c.ntttr. axfsl

çhaa8 rt¡ain cåuseã a dirplaecnent of tho croat-ssctlon

abost a differant axie, rhich for a rlit tuba sectJ.on would

br thr s¡ç ¡adiu¡ G¡ntrc. And at thr fixcd ¡nd tha rata of

tvist i¡ du¡ entircly to ehc¡r ¡o th¡¡t tr'a 
"oruunt 

a¡n n Ln

aq.(fl) abov¡ for 9o should br rcplacrd by 4,, to giv¡

T - GO ta t:a df?

40.

8q.4.35

Eq .4.36

fJ

Call

Thcn

snd

t¡
/:

.2 ¿f . Jà.

Co
--J-
6Jü,

Eq .4 .37

whlsh r¡lstfv¡ to a clo¡cd round tub¡ of the aenr lcngth Lr

+ Eq.4.30

=ä.#-[

Jit
'l¡.

g
E

É,
I2

¿
J

a

t

ú-to

Fo¡ thr ¡Ilt tubr rtth fo . TÍ ¡ J¡ bacone¡ ths polar rnonent

of LnsrtLr Jrr (a¡ ln tho Rstrrncr lolutlon [fJ rnentioned in

chapöet A¡), hancr

6J¿ r 6J*. G zfita3 ' GJ;
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rh¡r! GJo, ll th¡ nodulul of rtgldtty of thr clorcd tubr¡

tnplying thet th¡ röt. of txl,¡t tt th. ?l¡¡d tnd fol th!

slit tubt í¡ the ..nl a¡ that for e clo¡¡d tubr. Th¡n

Eq.4.36 becøres1 for thr rllt tub¡

Å I +J}.-
6.j.

Id_
retJü"

o8

L
Áo

rhrL .I+.26
Áo

f.s
L2Lnl+ C.

J.t

xha¡a I is the engla of tiwst of ths ai¡nilsr clo¡ad tubr¡
t¡

end rubotituting for Ji rnd J for th¡ oll't tubc¡ glvls

G Eq. ô. t9
Ë

rhl"eh ir the t n¡ at Eq.A.1.ó.

It lr nd nætll;:ry to vcrl.fy thet rlth tho n¡r valu'
ar,t'

of el, 6J0 {r rtl}l nrgtlgtbls rtl¡tt.vl to EJ¡ Ö tn th¡t thr

6runptlgn of ntgligtbto purr totric¡nol afl¡cts rpnaine vall'd,

(rc¡ chapt¡r 3)'

From Ëq.4.32¡ rrplecing { bY J¿

2

2

GJ9- T
GJt + J¿

8E.{, l(r-¡rf') 6J

Alro¡ fron Eq.4.l9¡

EJ' Ô -T\,
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Tharafora
t

5¡[9'
tt'

EJE
ù4.

.-(f + * +
t¡

g¿-
EJ

U

?
(t-4 ,

)
L

2 )

l- +

5ok nu¡t ba ¡ncll¡ ¡nd el¡o ¿- nurt ba atall.2

For the rllt tubr¡ urÍng Eq¡.1.3 and J Jp
t o'

åfi. t3 z

J
f

3a 21Ta t
rhl"ch la anall fo¡ thr thlnnts lætlon¡.

For ths lani..e.hcln¡ (tt¡a etructulal blar¡ opon aectfone ),

xlth p ', e ånat¡¡d of ueing noa¡urcd to th¡ C, uf 6¡

¡ åT"JJ
J

a Tr a3t

rhich ls snall ?o¡ thr thlnncr lrctlon¡.

8q.4.39 l¡ ¡ ¡uLter¡la rquctl,on to be uood for tha shott

¡lit tubs wLth md¡ prrvcntad ftom rarplng. Since Êq.4.4.37

gl,væ a dl,ff¡¡trt ¡orult f¡on thc n¡thods folloring. fol r¡orå

øprn mctl.on¡ furthrr contl.d¡ratlon, and axperl'rnante n¡¡d to

bc cEmlrd out to d¡t¡tr¡i.n¡ I't¡ ginarat aultability.

(b)

A¡sun¡ th¡t th¡ ¡nglr of t¡¡!!tt at any rectlon¡ du¡ to th.

¡hra¡ etrain only¡ lr givm by thr cvôaagc uhrar ¡t¡a!,n ¡rsurìd

( J
J

ðt

É. (r-.þ ))
2

2

Jã

!å.å¿-

r å ,1,'
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thc section. Th¡ sh¡a¡ L¡ conltant ovot thr bngth¡ ao that

tha total thtar dafl¡ction ftom onÊ tnd of a Ecnarator to ths

other ¡nd i¡

6 . Lü

whars 6 v.rl,c¡ around thc cfucumfarcnco bacau¡a of ð (s ),
a

L
a

o

Thc anglc sf ¡otatlon of on¡ and of a gcncrator ralatr,ve

to tha oth¡¡ Le, dua to the 6htal atral,n QnIVt

for a glven gansrato:r of tha baan, providsd Lh¿ b¡en nalniaing

ite cLrcular shaPlr

An average vEJu¡ of ã.e
d, l¡ rcqul.red ¿¡¡ound tho rhole

circunfcrcnco to givo an approxination te the angJ'a uf trr.et

due to shcE¡r Thus

ds

6.Lð-à
-gCL

J.ø 25
o

I
U

¿
5

o

-l¡

(t'
o J-r.

¡lherc ð . a
f,r and T Ls gJ,,ven by Lq¡4.25

SubatLtuting gl.vea

Ø, ' ñ¡b:Tob,

For tha stit tuba¡ rubat!'tuts fo¡ *, 5" and J, fron

Eqsr4r6¡ 4¡l? and 4r2O r¡apcctlvcly¡ and rl,th 5o rTTa

5 ds Eq.4.40
U
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T

-IL
2GTTaJ

Ùl

3 92( t
2 -2- 2 -2col),1 laâ9ó g

¡

ag

-rr

TL

2fi 6 a3 t

-i o

rhlch 1¡ thc anglr of trf,rt of tho clored tuba,aa befole.

flarnar{<

þJhih ag8Ëting rl.th thc lntultl'v¡ llôult axpeeted for

thr rl.it tubc¡ thc abóv¡ t¡o n¡thode ( (a) and (b) ) for flnding

th¡ ¡h¡or d¡flætion vtrtr regardrd as unsetl,sfactoty. ThE

nathod do¡erlbsd Ln thr nrxt chaptæ Lr thought to be mots

raaaonable.
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Choptc 5 - rhøLng thtt thr al¡rmic rolutlon

fer angÅr of trlrt úrt ba carrrctrd fo¡ ¡hra¡

Þy addlng to l,t thr ¡hc¡r d¡flætLon obt¡lnrd

fro¡ thr atnLn ütrtgy of th¡ cllr¡lc lhrl

rtl¡llth



5. AN6LE tJF ft{lsT DUg TÜ Ay.IAL SHEAR STRdIf,l FIJF ANY IHII'¡-

UALLËD OPEH-SECTIilN SECTIOîi BLA}I, BY STRAIN ENTRGY FRTIi

THE CLA5SIC STRESS SYSTII4

Cmaida¡ a btsm lubJtct to ¡ unI'fslu tolquo T and with

both ¡ndr conrtralnld to ¡slain plrnlr

Tha rxt;¡nat rork donc by tho torquc ln trl.¡ting tha bøen

through a anall angla d I ovaa an elenentod length d¿ 1s

i Td g fsr thr elattlc ea¡or and thl'c rqualr th¡ intornal

strain 6nt8gy Lnps¡trd to th¡ ayrtm slthl'n tho hngth d:r

Thr angla of trfut I ovll I fLnltc trngth 1¡ thsn gLven by

cquating å T €| to tha total atr¡ln Bn¡tgy ¡¿lthl,n tha eyetom

onr¡ thr aanc lcngth; Rcf.ldl,lllans I e ]
' $lnitarly, lct i T d I 

" 
bn tha ¡xta¡nal work a¡ioclated

rltrr that part of thr englc of trI'gt ( 9") ¡úhith is dur

rolcly to tho ExLal o¡ dl.¡ret ahra¡ ct¡aln of the nriddlo

lurfaco of tha bsaot rall, th¡ lnto¡nal at¡eln onergy assocl,atad

+
wlth thc ¡hccr angla ic { -r t , ot iãF I Ptt t¡nit voluma fo¡

¡n d¡ncnt t x ds ¡ d¡r for a finf,t¡ lcngth r thaæfora¡

z
*rd s 26

f d (volun¡)
a

yolr¡n¡ (0 --¡- ¡ )

rhich fo¡ tha coordlnatl ayrtcn of Fl'g. I (o) il
z

z

-

+Tg'a
t

'ã
o -Ja

so

T 2 dr dr EqÒ 5,1



The aecurecy of tqiSil 88 a mesna fo¡ dotarmining Þ.

deponda prinar!.ly on th¡ accuracy of the cxpraøtion

rubetituted for tha ah¡e¡ straasea -1". Chapters 2, and 3

with 4, h¡v¡ indic¡¡tcd that tha claeeis Eolutl'on for lhae¡

ctroaeaa (LqrZ.l) ia valfd for all langths of thin-walled

Eptn-ßlotion br¡¡n or shcll that havr an unehenging ehapo of

caoBa-aBGtLon rhcn und6r locd, snd xhfch tligt Ebout tha

ehaar c¡ntrao of cach etroas-atctÍon.

Therofo¡a eubstitute Ëq.2.1 in Ëq.5.lr to gtve

+
¡J

cosh Zkr./Læ
coah k

2

) ds¿z

56

z

2 5o

*t

ds I (cosh 2 kz/L'' d22

+1 e"_ * /

,Tt I
-So

5
I

Í¿

1o

(sr)za' {! +

J2
-L-

2
tIaa 5(

J 2 caeh2k
lú

¡l
6

Pe¡fotml,ng the intrgration Ht'th aolptct to r¡

T+

/,.

L
8k

glnh 4kz,/L ) Ëq' 5.2
2 2

GJ cr¡ah k

and thf.¡ l,¡ the ongl; ef tr{at duc te ¡hla¡ snly neesurtd

fma thr c¡ntD¡ faction.

Eq.5,2 rary br almplifl,od by d;ftnlng a ñbalÍc chear

rigf,dlty¡ GJ"r ln nona¡nifo¡ç¡ to¡rion'¡ rhatt

5

Ig
a

T

Jt
J2

Dú

-

tSor/(5* f d¡
t

w
tðy Eq ¡ 5.3



4b.

J ünd 5 baing glvcn by Ëqa'4'18 and 4'15 raspoctl'valyr
Th,

l-
6J

a
E

3o

Subatituting. l-q.5¡3 in 5.2r gl'vm

âkz
L

Tha rate of tr¡iet due to shacr onfy (¡1.,,i9g)
dz

L
Åkl+ ¡inh

2 coah
2*

r:a¡h2

8q.5.4

i¡

,
2kz

I
o Eq.5.5

g 2corh k

Tr:c cff;et of z snd k on th¡ rat¡ of twl¡t tluo to sh¡a¡

1
6J

a

only is aa folloY¡a ¡

,1
2=Ll¡ú--L ' et "t - 

GJ coshzk
a

t z -b *o k'+0¡ n,J; ù
The la¡t cätGr that of k +.0 npraernts the caes of

negligi.ble purs torsisn aa Lllu¡t¡uted in'ehaptor 3.

Fig. 5.1 givrs gomc valua¡ of the f!.axural to¡slon at¡etion

conete¡nt for sh¡ar, J", togcther wlth valucs fot othe¡ torsÍon

congtants.

J - .?8503t,
o

5LIT ÏU8L I,t¡48 Dt3

C IRCULAR
l.\Rt:

.?85 nt3

TIRCULAR
ART

.525 Dt3

T0R5It}Nc0¡¿5TANT:'FoRSDIFFi:'R['t.JfTHIN-hJALLüpEt.|sEüT¡t]1.¡5

F16. ¡.1

t
1

Y

p
J

.393

.785

.589 Il t3

n3t

r3t

( E-q.5.3 )

6
J

.151 t3t

.0l28ll

.817 :ì

t

t

3

3

lÉo^Á--l"B )

H
J

.0266D

.001t?D

.253

t5

t5

n5t

tlt3 "
profLlc
lanath )
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ffirqÀf sf,SÉft Åç¡¡dln*thq¡r (Um¡¡prd ullr, r¡ni,fo¡* to¡tì|¡|l

Thc elærlc ü¡lrrti$t f¡n trr üf,lr af hirt 1r

L ¡lrtr
+ ek {[q.l.l ]

rnd, for th. firlt rpür, tdrin¡ t x 9r,. tu r . t,

Ørr. * (r - .ttp¡ ) 
(sq'trtrl

rdrrll ürr lrfflx 81 h.f bmn lnt¡sû¡ard to tfdlnrtr th¡l {úrtr

ir tzlrr rn¡itrr of t¡rirt klnn¡ tnt¡ recnrt thr rl1r¡ rarptn¡

dÐ to tht rrlcl, t¡n¡l.b md cup¡rlrfvl rtnnrr lor tbrndtng-

¡lkln rt¡rrarl plrn t*rr pull tonlalr hrt not thr u.i.rl (or

df.rrat) rhrat rttrånr

Thr m$lr ¡'? ürlrt ràteh lnclrdrr ¡.ll thrrl typrt ol rtnln
lr Eq.Í.tl plur Eqrlrl,

ull. ¡

0t 9r+ Itt

aa

l
l

osî. ål'

0 a
? sorh â* + l+

Eq*trÍ.

Hhç¡r E r 0 lr ¡t iûrr crntn rctti*t ø? $r brm rlltoh 1r

rubJrttd ta e ¡mlforr io*ryr 1 rtsçn {ùr tmgltr ard hrr bstür

sú rrctloar hrld plrnrl

(sfl Ftg. I {¡l ,,n thr tnt¡oductfsr}

Thr rn¡tr of twlrt J fm tlr rhol¡ rp*r fr gtvln bv dol¡UfËg

Eq. 5'6 fos s . þ and prrttlng r¡*alr fo¡ thr

¿-
&,I

¡* .{ürI+ll rtnh L
¡tr -¡

¡¡Jfnù-t.* I

2t coûh t J
L
&¡

f

L
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hypæboltc tarrnt th¡ fornula fo¡ d m¡y ba rJ'nplifl'cd thus t

ó-ó +á
a BT

or

d-K

rrh¡r¿

* KBr åb
&
GJ

a

_¿-
r2k (ginh Zk) + t

Et¡.5.7

Eq ' 5.8

Eq.5.l0

KI
(cs¡h 2t) + t

rnd

K'î.¡-ttanhk Ê'q'5'9

Thc fottt,Jlas fo¡ k and J" ap glven by Ee¡a'l'z and 5'3

rcapcctivclYr

Fl.g. 5.2 ahoxs how K. and KU, vary with kr Thl's chors

that KU Ls sriall for larga spân. and X* i¡ mrall f¡r¡ ahort

tpADSr

ThalinritaaPpaoachadbythct¡rot¡¡rmaof[-q.5.7are

of intereetr As k o¡ L -+ oa ¡ K" + CI and KgT * It hcnca

óx-Í * dro! 8ay

And rhon k or L "'t Or K" * I and

*,r åb'* S *b'É åt" å ¡ #,,.
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1,0

o

\ì

.:-.' "

- --_....vt\

a

6

T¡

2

BT

Kî

--Ke,

,,...Ks

i

\i
r

I

ro*' loo lo' to2

K F/rC'i't RS

Fc R -i-t li i..l - trr,t{L l. F]) oPgt.l- S [c'ir t¡'t ts r,qr'l s

Wt-fil FNÐS çr)i"js'ir'Åiì'JEÐ l-Ò ST,ÀY PL¡\)rf ,

ANÞ S{Jä.}il'í:¿':i TÒ li U}lìFC;'il,ì ToiìQUä :

F¡G.5. 2

(

t(

k
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Lat

and Let

Then

that La,

'ot¿u .-- o)
t"o d¡28

rG -> d
d.
12 rJ

t{

Lq.5.lI

Ëq.5.12

[-q.5.I3

E
Jt,

Á,

{< +0)
Åuu

't --' o) = lss * És,,

Ir-
GJ¡

+tl
TL
6J

s

This perticular reeult åe oÞtaíncd by Morchorycfov I f I
and j.s fu¡ther diecuseod ín chapto¡ A.I in tho, appandix.

flolatfve l¡tËqstaJ¡gg-gf.lllgg. (Unrarp¡d Endc, Uniforn Torquo)

Tha inportance of thc shaar fn gcncral torns le givcn by

the ratio of the tnc t. rma of 8,q.5.7

xt
Krt J

Ëq.5.14

fhs follouLng Flg. 5.3 evaluatae thir ratio fo¡ tho clit

tuba snd for a rc;i-elrcular a¡c eactior' "* b - l0 for f. f0
rl

and f - 50¡ and with G/E - .tP.

RILATI IHPURTANCT üF SHE^Rt f,q.5.I4

FtrG.5.3

,l
--e.lo,

J

a

I,/
t

BT

0.7*

s.2l\
3.6f"

2.4É

K
a

.78

.99

.0?55

.â6

*ur

.ll5

.ot¡g0û

.85

o345

D/r

t0
!o
TO

50

J

I.O48dt3

.524dtr

J

.8ITD
3t

.otZoDrt

L-IoD
6 - .39t

sLIT
ÏUBE

ÞLFl¡-
CIRCLT
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Ïhus it 1¡ ac¡n that tho ahsar te¡n can ba ignorcd fo¡
nlongi bearns of tho noae optn sectfon lf an underaatination of

ths orda¡ 3;t ir accaptable.

for shorter beanðr th¡ shaar daflactlon ahould aluays bc

conol.dered; that lc ths rholg sf Êqr5r4.

Uhcn k is ¡¡nall or larga the hyparbolLe ?unetl.on¡ n¡¡d not

b¡ used directly and thr: foliowing fore¡s of i-q.5.7 stG auggsrtad¡

k<.3

I. (r -å*t,* .S (, -ån', * Eq.5.r5
G

k>3.3

l-(1 - It
6J

T
h

Anal¡ nf 1g{rt nf 4lNt-Tu}rr

The shoar tern rhtah hes beern dropped from 8q.5.tró b¡cauea

Lt Íe rclatl,vcly anall tt # åb .
a

For th¡ Ln-bat¡r¡n valuac of k¡ Eqe.5.8 and 5.9 a¡e

conv¡ni;nt to use for K" .rd K¡T.

Eq r 5¡16

(Unxalpld Enda¡ Unifo¡¡r Torqua)

R¡latlvs to th¡ angtc of t*íEt lÁo - þf "t a clo¡ad round
o

tubo of the ean¡ apan and subJact to ths aame torquc ëq.5r7 baconas

ú ó/á I ,ro

J
dg

a

J¡r+ /to

o

o

/ó
J
..g

J

o8

t
t(

a
+ xgt 8q.5.¡?



54

Th!,t ¡qu¡tlon h¡r biJr rvrlu¡¡t.d ln t¡r¡ folloulng t¡bl¡

$.{. for a oltt tubr rnd ?or e rrd,"cL¡eular r.ctlon of thr.

¡anc r¡dlua and rcnr unifo¡n tht.ckntat t! thc elo¡od tuba¡

For thr rllt-tub¡r ull'ng úçluo¡ of th¡ ¡¡ctlon conltent¡

flour l'lg.5.l¡ Eq.5.l? 1¡

i. .96 x. . .tr {{}2 xs' Eq.l.l8

rhieh for rhort bc¡l¡s (kf nre$glb¡rl fu appsonl'mtdy

t..e6 (¡ -å*t) +.46t tf,lt t, - * *tl Eq.t.le

cf. C,q.5.15.

Thlt lt app¡oxl,ret$y [,q"!.5 (th. el¡ric ¡olutfon for k -+0)

p$¡. tho engþ of t¡j,¡t o? thr¡ ortglnrl ¡¡nrll,t tubr. Thfr vcry

nuch olnpltft.d rolutLon fsr thr rllt tubr rlth ¡ndr eonrt¡eLn¡d

to rærln plrno aeid cubJret to a unl?orn torqur oppJ.iar yh¡n thl

pur6 torôlon !,¡ nrgugtblc¡ that fo rhrn th: ¡h¡ar rtr¡sr lr

cff¡ctivcly unlfottr through thc r¡ll thtckn¡r¡.

Nunerl,cal aolutionr of Eq.5.l9 (ignsrtne kZ) asr rþo givcn

!n Fl,g.5.¿[ {l.llu¡tratad in FlE.3.5} rnd aonparlng thcg¡ r¡lth

th¡ rolutiong of tq.SrIT lt tr ¡arn that thc Elmptar oquatl'on

l¡ valid for ahsrt rllt tuboa up to c spenldapth ¡atio

Agal.n, L,qr5rl9 cot¡ld br lrgÍtJ.nstt¡y modlflcd by raplocl.ng

Ë by tha todue¡d rodulur E/L - y e, th,r. d¡c¡r¡al,ng thc v¡lu¡

of thr last t¡rtn bY I to 9'É.

b . .t *{å.
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4t

ulr
1l.I

24.7
3?.2
41.5

6.6
lf¡.¡.
.l.ti . I

i¡

3

0¿¡

06
06

IO
tCI
50

10
-tt
50

ti¡
3ti
50

I0
30
5tJ

¿ls
4.6

"¡.J
1.9
1.9

r. 116

r.Ú6
l. i)6

9.4
¡1.0
ll.O

¡1.71
4.60
4.61

1.9¿l
1.87
1.87

1.06
1.06
1.06

3.84
3.ó5
3.65

.98

.91
rYl

'.10
.lO
.10

Uslni¡ nnd condiùion i"q.4.36 odd 1.0 :o Eq.Irl0

..ltl'1i-CIRCL[,

I

2A

1n

I

t0
29
30

t0
3CI

30

l0
3fl
5CI

t$
30
50

IO
30
5t

6

3

13.2¿
4.41
2.61

6.62
?.2r
1.32

ut
r0CI?
2332

1.32
742
t3{¡8

u0
a7¿
685

94
209
246

63,.2
80.0
42.2

r39
to00
23a0

1e7.5
726

t290

It2
116
645

?7.5
165
r9¡

19.l
20.tí
21.6

3.97
1.32

.792

r.99
.66'¿
.396

.66?.

.22I

.132

uring rnd conditl'on eq.4.36 rdd 2.o to Eg.l'ICI

AÌ¿GLI-S üF Î'vr¡sï FR0r4 F[]UR IHESIS SIILUTI0HS TUGIÏHER

b'JIlH fHE CLÂSSlC sfrLUTI0l'¡

FtG. 5.4
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Âccount of rhrer Ln thc ocncral case

so far in thi¡ chapterr snd'ind¡od Ln 'r¡ost of thr thtriat

tho orrly baan condltl,on conaid¡ald i¡ a r¡niforn torquc acting

alcng a beaii with i¡oth snda con¡t¡ainad to ranrain pfan& Thc

mal.n reaaon fo¡ this rost¡lction t¡ that thlc condition appLl.ar

moet cloaaly to tha tuba wlth c ¡rit Fert length thet Ls

conaídEred in chaptar 6. Houtvatr all n¡thoda araco'lily

adaptatle to øths¡ torqur loodingr and and eonditloñtr and in

atJdition all a.olutiong d.uc to the torque loadJ.ngs nay ba

supEaposed on othor load sffr:cta provided all atrsina ¡cnafn

alastic and provided twietÍng oceura abEut thc ahsar centre.

For axarnpla¡ thø engle of triat dua to ahca¡ wEs found

i.n thj-s chapter by cquating thc ¡rternal nork don¡ by tha

torque, in tu¡ning through tha ¿haar angla onlg¡¡ te tha

Inta¡nal atr¡¡in eno¡gy of fhc ctaralc ¡hra¡ rttrËtata. In

tht gonaral caee thl.c neanc, fos an rl¡rnontaf l3tgth dr,

d: 89.5.2û

¡rhrre T ia the (ovaragl) torque betwr¡n tho crog¡-atctiont

distanca apart'dz, (alloring for a torqua whfch variôc elong

tha length of tha b¿an), ond rho lntegreti,on of th¡ lhtar

atross T ia tsk¡n over the úni" ctoÊo-tletion.

îhe rata of txl.at du¡ to ¡lrra¡ i,tt ia thrn¡ froa
dr

t q.5.20

,(¡2 \
:.T d 0 

".llãF 
o^ )

A

'+ {+
I

tI dA Eq.5.2l
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Tha total rat¡ of twf.et at any scstlon La thcn

Eq.5.2I plua thc clas¡lc aolutlon (caJ.tod g 
rr).

Th!.a ganatal ra¡ult wlll nory ba apptlad ts three othss

bcan condl,tion¡¡

(1) EndE cone\¡:-ainc.d f¡on.llaIPinq. unifpsmtv vP¡vinF

torc¡ue lT ¡ hrl

Ths clasatc colution fo¡ the ehcar atraas ".ll I'a¡ from

Vlaeov [12] ¡ rith h : €oristent (Ibf.l,ne./in.),

a a

o I

a

Thuefo¡2.0r

tåtl t#l sinhz zkz/L

llnþ, 3 ,ke 
/L

sinh k

¡inÞzk

5
.J¿
J

Í ¡
!t
2

Ëq.5.22

[,q.5.23

.0r !r raapectivaly.
a

T

Subatltutlng ln [q.5.21¡ pæforming the ci¡cunrfercntf'el

Lntri¡ratton snd trantfonfng nLth 8q.5.3 gives

6Ja

tZ) 0 /6J2

Con¡l,dor only thr caae 'r¡f the ehort bcarn whara k ( .3

rhich le rh¡n the ¡h¡a¡ ia important, thcn ¡rlth k3 ncgllglble

Eq.5.2t rtnptlflra to

ê' ! ¡+ Eq.5.z4rrs 6J-a

rs that tht totol anglc of trlat dua to shcar ls

6 /'v
hL2.mÎ

t
ø

a
dz

Ëq.5.25
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Tha englt of ty¡irt of ø mund el,oesd tuba of thr a¿nc

epan Énd Eubjüct to thc aafnt and condltion and totqur ia

IEJ
o

Again for tha alit tube lt ie aaar¡ that the addltional

tw!,ct du¡ to ¡htar it cpproxLnately tho aa¡oa as the originel

EnglÊ of tul.at of tha cloecd tube¡ (rincs J, * Jo).

Th¡ claraf.c ¡olution for angla of t'*iat ís, fronr

Vl¡cov itr 7,

2 rlnh f - .) "inh f tr . þler
ßJ [,r-þ'-

t,UZÁ.o

9gT -

þ", -

l
k alnh k

rhLch for tha rhol¡ aPrn .l'r

f, ¡C.
4E GJ

.2
(l - Tõ)

fq.5.26

8q.5.2?

Eq.5.28

.d, r rr*ra t¡-
46J

k ¡lnh k

Fer rhort beåm¡ itc4 !t ll) thi¡ boco¡nae

ø a
BT

and Lt l.¡ lnnsdtataly s¡¡n that for thia type of loadJ.ng shaat

i¡ cvcn urore inportsnt than fo¡ tha uniforn torquo casat allrcr

tha clasrLc aolutlon oPp¡oåchss zç1.o as l- -+ O rhill t,h¡ ahra¡

tv¡i.¡t lc vitturtly conrtent at 8q.5.25.

Tht co¡reetad cngh of tr¡l,ct (for a Ehort beanl J's

8q.5.?3 + Eq.5.lE, vil. ¡
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(r- d
l0 )

For thc ¡ILt tuba thia ler (ueing Îf\BLi 5.1'and

aubstituting for k from Ëq.1.5,

d.#+*#tr-$r
a

or ¡alatLve to the clo¡cd tuba (lq. (l) auovc)

á-
to - ¡e6 + ro65 å ,f,t rr - $r

dB1 f"¡r-ffij

J ,2f .ft'lå
a

Á

Å
o

tr - ¡lr
2

Eq.5.29

Í-q . 5 .30

8q.5.34

8q.5.3¡

tZ) Endqh+d f¡e¡n tx{.rf;ins b¡t-fsap to rå.Tn. unifo¡nÅv

vatvLnotolquaT-hz

Folloring thc ænr procodurc aa abova, i.a¡ utill.elng

the claseic solutlsns of Vlaeov I tt J for angle of twi¡t ånd ehear

¡troeg togethar xlth 8q.5.2¡i glvas

e tfrqf-r ¡Ånh? 
¿t

Eq.5 r 32

GJ, k2 corhz L

orrfork<.3

hz 2 Eq.5.33(1- k )
g

and

3

6Jó"'

otrfork(.3

Á"t Et' b.C¿8 GJ
! Lq.5r39



ro thåt the total anglc of twl¡t for tho ¡hort bcan Ls

tq.5.33 plus 5.35, xhich for tha all't-tuba rulatLvs to the

closed tube La

61.

2 .?.
) (r -å-

ft- .x (, - å k"2) * r.o4 å tf,lz r, - ht) Eq.s.3r

2.96(t-k ) + .325 .Ê,
I ,b ) 8q.5.36

(3) CFntllevsr. oub.læt tp unifoEr to¡euc T

Thia caas lcpleaante a hålf-tpon of tha originEl t¡aan

nith botr: cnde c{¡natrainsd. Thar¡fo¡¡ fqt.l.l for 9BT,

1.2 fo¡ k1 Z.l for -r r 2.3 for ó and 5.4 for 9" appty to

the cantilav¡r lf u = i.l ¡t tho f¡ca cnd and ths full apan Lr

If the cantilcvc¡ apün l.¡ nod¡ Lr f.q.5.19 for th¡

eor¡ectr¡d engJ.e of t¡¿iet bacon¡s fer tha all,t tublt

c þLl 5,¿- ) (.3r

L
áo

t
2

a

k EJ
ì,

Srnarats pru¡lss of twlat, dqJn, $q ahta$. norfn€l ,ïtets¡cg and

n!¡r¡ to$Elpn al3lru uålFgth qf-þtsn

To cor'rplate tho pl,eturo sf non-unifo¡rn tor¡ion of thf.n-

ralled oplniatctton ba¡na rlth rnd ¡ectíona conatreinad to

ramal,n plana (rithin th¡ linite of tho aeounptionq of elrstic

¡t¡alns and undrfs¡¡rable c¡oss-aactlon) it r¡nafne to dctcrrnine



6l¡

thr eaparãt. coËpontntt of lrrr

Th¡ accond te¡n. in €q.4"2 ¡ly b. thought of a¡ tha

to¡aional bcnding trl,rt plul tha pute touional trl,rt¡ and th¡

a¡p¡¡rst¡ ptltt¡ of thf,a may br for¡nd becaua¡ thie bcndfng twl,et

may ba daterninad by cnargy trÌt¡ns frsn thc Vlaoov no¡nal 8t8¡aa

8llttamt

ó 3
TI r stnh(2 krlL) (tq.2.3)

2k J co¡h k
H

The brnding triet l, tr given bY

,T óN a

{* 
d (voLu'rÊ}

Voù¡rrr

oa

th¡rqforo

óa

r*2¡ 2
T

c¡¡h k

TL2 - t

s
o

n

-5 o

/j
,L

,2 d" f 
t 

"rnnz 
(z xz/t)az

o ll
úB' 2

tJor

t *2 d. Ë,

o

5
T

d¡. J¡ ( rq,. 4.ß)

* þ*r' Qrelr-) - r) dr

/:

I -rh1
¡tZ ¡ co¡h

I

{,
J*

2

2*

rhct¡ thr equara ¡Lnh lr rcplecrd by tha doubla anglc t¡¡¡¡.
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Evalurt¡ thc intagralr to gtvr

(ef Eq..3.4 )

ot

nhera

Kn

!¡

lß *g Juo

duo I

-À-
GL--l*¡h.-3&å)
coeh 2k + I

(8q.3,4 )

JI

ú8 ¡ ÎL3

*2e¡
ll

[q.5. 38

h,

and

l-
(38---e&þ-3k-¿å)

cosh 2k + t

Thc pure toraional trlat l,

ninua d, abovrr thue

Eq.5r 39

Lq15o40

ls thrn dU, (tt.r.l(rl )

TL3
te ËJ

*rrå

(Eq.l,? )f, $r,
AEJ

td

JtgJ

3

k2

lr a rd
12E

It
6J

(kgT - KB c,
l2

.Er[ t
EJI

U

-KB

tsut

k2.

I
aa úT- f!t*rr-*, $,

o1

úr KT Eq¡ 5.lI
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whrra

K rI- I tsnh k -1 k

À
2k ¡inh 2k-læ
corh 3k + I

thr conploto tquctl,on fo¡ thr total ¡ngla of turigt of s

thin-ualled opcn-aßetlon boam wlth rnd ¡cctions coÍìaçrained to

trËmal"n plane end subJcct to rn ünd torqua T xlll no¡r be writt¡n

Ln terrn¡ of the thrr*a süp¡tttc coñponcnte I

I . Ks do,; * *¡ ditt * *l ltu Eq.5.43

rhcra KS, KB and K, ara givan r.úptctlvrly by fqr.5.8¡ 5.40

¡nd 5.42 ¡nd th$ rllnltlngi vrlul¡ of th¡ rcpatat: twiats a¡e

raeprctl,vrly
3

ú5ü
TVGJ'T dr,,, o TL ./ra il* "nd dTi; . TV$J.

llhsn k ( - å 'yl eUr,, ) io very ennall (aay k <

an orror of less t,hon l',i.r) [-q.5.43 rney be uscd .ln the folluwing

fotn,
7

2k- d,l2 ËJ)
TL
GJ;

+(I-k

Lq. 5 r42

i.q.5.44

[q,5.45

j.(r-

whare dt-(r-t'

l-

¿.

t{

has baen dlrccrded.

3

2 2._ Jl
tS k¡û 6J

+ll-

when k > 3.3 say, I-q.5.43 tnay t,s ueccl in thr fi¡rn

-3.- rc.
-.3 lz tJ¿11, l,l

lTL
- -

I
3TL
2K, GJ

¡*herc da 2k 6J
B

h¡e bsün dl,scard¡d.



R,,¡l¡¡tiva to the angJ.a of tr,i.st of a cl"oead tubs which

TL
6J

o

8q.5.43 bsco¡nas

¡3

+K
Ba

rhicir ia of tha forr¡

_ (¡ -å k2

-¿-(2k ¡ånh2k:r)
co¡hZk+l

(tq.5.15 )

& +(l- tanh k TL
GJ

(fq.5. ? )

ú

6J
--.g
TJ

) +i;,

+(l-k

('-å

65.

t-q.5.46

f-:.:.5.47

(8q,5.44)
d
12 LJH

Jt
GJ

o

á- J
{J

J
c
L?

+K
J
-9,J

a
K¡

I
Ics= K., L, + K,, t-, (f

3Iü¿Li
á_

óa ï

21a
l¿

ú., )t

¡rha¡o crr c2 and i-a are cunet.int¡¡ fr¡¡ a givcn ¡ectåon and

moterlal. KO and KU dccmaaa rlth ¡Lncr¡e¡ing lpån while K,

íne¡oaaea, as indicatod t:y f ig. 5.2 .

To aumneriga the soLuti.ona of thir chaptrr, thc followÍng

oquatj'inri nay be ugecl according to the ¡.:articular v.¡rue of k.
TL
6J

a

2

TL
6J

3
¡2, + 12,

k6Jt

3

l-

k>3.3

d-(l-*r* {r.q.i.t6)
Thcse equatlona ara for any thÍn-nallcd opoñ-saction with

snda constraÍnrd ts ¡cmairi plane and aubJccted to an cnd torque T.
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Suqa¡v of- ch$oJþ.¡¡

A rtnplc co¡rrctÍon to tht cl¡¡:ic ¿olutisn for th¡

englo of t¡flt of a thln-toll¡d opün-aëction b¡am hss bêsn

gÍvan to teka into ¡cßount rh¡ar

. tt h¡r bern lho¡n that eh¡ar thoulel b¡ t¡kon {nto ¡ccount

rhrn, in gcnmal¡ thc cpen Lr lmr thrn 10 tln¡a the meJor

drpth of tha Gaosr-ttGti,on¡ rnd f,n putl,culat cqsrS.¡9r 3lr 36

and 37 for tho alåt tubc dcmon¡tt¿te fts lmportance Ln rçlctlvaly

stiff oponoaoGtlono.

îhe most ttriking ssre is thet of thc slLt-tube bulltpilt

at both ¡¡nds ¿ind EuþJec; to ¿ unl.fornrly vtrylng tolqua, (ttkc that

produeld iry e trenovaroo loasr uniforraly dict¡ibuted atong tht

r¡an and wLih a linE of action purallal t,o but not th¡ough tht

Line of shoa¡ contrea of thr¡ Grage-üêcti,on ) bec¿¡usie of the htghæ

torc.¡ue nea¡ the sndao Fo¡ th1s caes tha angl: of twiEt duc'to

axisl aha.rt stlein on y Ln trora then 50. of thc tstal angla of

twist (1q.5.31) whEn tha span ia Ie a than 6 tir¡res the ncon

'dl,ermetur¡ ¡ind stl,l.l. epproxin*taly 25,' for a epan lU tiraec thc

me¡n df,enctot.
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PART I¡

Tubn rllt prrt lm¡th

[haptcr 6 - ths dGv,'loPttnt i:f th¡o¡etical oquat'lons

rcqui.¡Lng rxp*rimantal con¡tantE
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6. añ"r lft¡11tÀl aþrrÞa Tf:¡l t'¡F Ïr¡l r r:,t: f ìF liJf' Ît tItF I H r.t lT,q

NûT EXTËNDII|G FULL Lgl,l6TH.

A thLn.mll¡d round tuba contbr.ning I BlLt wtthtn tha

lrngth of th¡ tubc rry be con¡l,d¡r¡d aa e thln-uclled opcn

o¡ction ehcllr(whish tc the sllt frngth) wùh slaotic cnds,

(rhtch a¡e tha unslit fangth$ Th¡ valt thiekncse xlll be\
tak¡n ar unlfom tnroughcuto

5uch * problom lc givan f,n Vlc¡ov il4] rhe¡o the rngle

of trriet of s tuba cont.,ining a long ¡ridc eut-out ir consid¡red.

Tho ¡joflactiona at tha Junetion of the two parts arc eqtratrc.l,

and the no&af st¡as.eus fu, the uneut pert ore asaun¡d to lrc

csnstant along thr lcngch havíng a ci¡ct¡&forentisl dlstríbution

ae cjl,ctated by tha cr¡r¡tla'l open asctfon along t,ho junction

lingr

The Vt¡eov peocedur¡ ¡¡1.11 nor ba epplied :.o ths olit tubct

but s coi:rection fautor wiil bc introductd {:o t¿¡ke intcr

account the roducer: rslaxstion sf no¡r¡al strtest*B ne¡ r lhe

ali'b. Since thie ls whers the nor¡nal atrc¡asa ara ¡ naxiraum

in tha nl.ii: tubc tha preventLon of thel.r full relexat,ion du¡

to their op¡:oaite natuta each aLde of tha ¡Iit can be expected

tq reduc¡ a¡rpracitrbly the engl.e. rf tv¿ist conparod to i.ha Viaeov

aolutl,on ¡lhich å¡åÊ¡umaa thc cl,rcum?¡rcntiEl no¡rnel et¡sss

c¡l.a ribi¡tigi: ptittern in tho clit length to bE the sams as

with rígfd ondr L¡ut ths met;nJ.tud- overywhere rsduccd ln df¡¡ct

proportlon to th¡ lengühe of un¡lf,t tubing.
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I,.¡ Vla¡ov ts¡utlon f,trclf wJ'lI not ba conal"dsr*:d

bacau¡c it con¡tdcrably ovttËltlnetac drftæti.one due to thr

rbova rlutgña¡ and atcondly bcceu¡r l,l da¡s not tekr lnto

aCeount ¡hrrr dtfl¡ction. rt lxplainld pnvLouely. Fhvrrtheleer

thr folloring anelysda ir pa¡ed on the VLr¡ov proÊadurc ln an

attc.rirpt ts obt¡in a basl,r for r srnl-¡nPlrl'c¡l rolution.

ton¡ldar thr counpl¡tt tubc to b¡ of bngth L and hav¡ ¡

vlit langth Le s¡nnmrr.rlcal rlthln thc tubc span uhich har

rigirl 6nd ,,l;ttde. Sar Flg. ú,lr ( p.73 ) ,

".hln o uniform torqur Lr applfadr cxl'al ütasssss 6¡.

ttanrnrittrci into the unslit longtho from thp allt psrt r¿hlch

ia undargaing fJ.exural torsion, and tha¿e etr¡s¡¡c ïåLl bB

aaæumed to trs cr¡nsi.rnt along a goncrotsr and vory circunfarantJ'ally

wittr tha elJ.t part.

Tho (uniform) axl,al atrain alr:ng åny g;nt¡-¡to¡ in tha

iinslit part is

€', 4i Lq.6.r1r.

Thc cubecrlpts i, J, e rEfer to the unallt, part of the

tuba, the Junctícrn ae¡ctiön of tha slit and unslit partsr anri

tha elit part, raspectivaly.

The total axia.l daf.toction 1¡¡ tha unali.t part (occurling

st the Junction) ia than

,i=rJ-_ áiai

cubatituting frr*'r fq¡6.1

,r.- -* L,
Jf f,q.6.2
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uhrrc La - hngth of unrl!.t pärt ( - Ì; L" )¡ cnd tho

ninus eign means thnt a (poaÍtir"l ttn"il¡ rtr¡sE or ctral,n

producao a deflectíon in tho ncgatívo ¡ dircctlsn'neueured

?ron: thc cãnt¡a sf the spln.

Conaldar ncx the Junction dcflcctlon and stroge froÍl

thc ¡Iit sldo¡ Th¡ etrrsr a!.ght bo approxinatrd fron

tqr4.Zlrwith¿-b
2

J
bl

And elnce

ó.f,
ðu
èz

L
.¿

?
ttú

TóJ'

and

U. ' - EJa
subatituting for u

J J

( fr'om Ê.q.4.12 )

in Lrìr5r2

I I
J

and ¿

"J 2
Ll

lr

TI
EJ

l-

L Eq.6¡ 3

or, introdr.alnE a ¡tiffening nuntrar 
Ç

ox$rLnrd nbovo¡¡s

e 2 C.,t
T

Ê.q.6.4

rhrr¡ e < I.
tq.6¡4 ltvaa the ratn of tuiat at thr Junctíon du¡ to

thr nfix¡tlon of tha nora¡l etrseças in the rll,t part. It

doa¡ not Lnclr¡d¡ thc lhrar defleeti.on nhlch ha¡ not yst bean

addad¡

nJt' L.Lt¡



Thr anglr of txl,rt of thr eLlt portl'on ù¡r to flaxural

to¡ston brnding onì.y iel urlng Ëq.3.4 rnd Eq.S.4

+ €
TL2
--.9.-2LJ

¡t

t

[t.u€

t îL3
-.!tl¿ [Jr

L

¡e tt-t€ )

?1.

f q.6. tl

Eq.6i7

Ëq.6.7 (e)

L
tuo ê¡+L I

ü

whslo the purr torslonal affect il nrglectad.

Thlr i¡ th¡ incruaaa in thl *ngle sl tnlat duc ?o tha

s!.11, or

TL3
a

l? [J
td

l.qrur5
L.J
L¡ IA/:-Å i.nere¡¡e¡

E

Âdd the shEa¡ d;?l¡ctlon of tha coroplrta apan Lr to glve

th¡ total engle ¡¡f t¡ist I for tha ¡lit plur unrlLt pattc,

ú. TL
6J

o

Substltut¡ L - L, .i
2

lr*ouþlJ
+

TL"3

¡.2 E
w t

Subctl,tutc J.. c .253 t 05, thont
H

rolstl,v¡ to tho anglo of tt¡l'et of the orfgl"nrl unslLt tubc
1

1¡l6Jor (¡pan L, Jo . .705 t l)-)

f.t+.26p
L.
-Å
L¡

) l
L 2t-
rir) ,-f, lr + óp(

for L, ¡ thcn

f . r + .?.5å ,ï,t ['u 
+ l

Conparing thl¡ rlth 8,n.5.I9 fo¡ a sho¡t tuba xith a full

longth rll.t tt I¡ ¡¡rn that thoy a3r th¡ ca¡¡l fo¡ Lo -. t (lt -- tl)

mgardlrr¡ of tho valuo of Q , aa rxpcctrd.
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fJota that the Vl.arov mcthod would hav, gLvcn¡ 'rrfth É . l,

but ¡¡ith full aecount for shæatt

[q.órð

yh¡rs tha c¡uantity in aqueas brackate repteaænts tho account for

thr olaEtlc encJ ¡ffsct on tha aJ"J.t part.

Ànnrori m¡ate ¡rtlr¡¿¡tion of B

ThE actual dcfo¡matic,ns (*J ) around the Junction ctross-¡€lctlon
a

will not bc proportional to the etrceaas d sn the cll't sLda. of

tha Junction asctl,on, but wLll becomo tsro at thE ond of tha alLt¡

pcrhape in *,,he mennar of tha doi:t¡d llnc Ln FLg. 6,?.

An Ldaa of e ia then givon by conparing the actual wo¡k dona

by the axl.al etras¡$l at the junction with the tnork done for th¡

caga of a wld¡ elLt i¡e. uhen € o I thua

(5

)_, J

lft- t + ,26å ,l,n ,1, [ .l, - ,

o

€

éu td¡

o,óu td¡

:g:,
: ãt ó u. )

Jå

tr

a
l'* J.

d

Grcphl,cally lntogrlting ualng tlE. 6.2 (rhtJ.æ anun.lng that

on th¡ Jurctlon ¡rctLon ia thc sarn¡ ln aachËa¡e) givra

€
T
3

rhl.ch uhan subåtitut¡d in [.qr6.T (a] vould gLv¡

+ rr+.ruå,l,tto - fq.6.9

indl,catin.j, ¿rn appseciEblc ¡tiffcning corparcd wíth Eq.6.8r
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"...

Unsliþ le.,r5th o* eash er1d = 'Li

Leng{h of slì} = Ls

'\

Õ

FIG.6.I APVLYING A UNIFORM TORQUË TO A TUBE SIIT PART LENqTH

t
Full line shows a-xial

dìs*orlions u; pnopor{io'ral
enà at slíl

*o d (vrosov essur+f*ìon)
Do{ted line.s show â,ssr¡n¿e-d

a,o{'¿at axioJ dis*oslio.'rs *jo

Ftc,,.6.L Ax!\L Ð|SToRT|oNS 0N A cRoSS-SECTION
CONTAINING ONE gNÐ OF THE SLIT
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.Ë{astdtl effppt of Seal ¡nd- o.latge

Ths actual non-rigidity Ef real ¡nd ..l.at¡s could bç takøn into

aceount by tha uee of ein equiv.ilrnt length of unellt tubt¡ L;t

uhcra L E
Lr - L
-------8.

2I

8Pðn.

Subn ,ituting this in t.q,(ì.6 j.¡, placa of Lrr

and rrhsrc Lr ( > L) 1¡ an cqul,valcnt totat

t- It
GJ

f)

îL3
-..¡-
12 [J

¡t

+ [r"'e"ibI
or 

't

l"- r + .ruå,ì, [+" 3a(ï-þ,l r,j.6.rc

[qul.velgr.t plF$tfc lanoths oLgnpl4t Rqrte

hltarn tlvrly, Q and Lf above may be combined nto a r:ngl:

cquivalent lcngth rcprasenting an cffactive L, 1n uq.6.6 ot i.!.7

rhlch wi,th € * I xould gfvr the aam6 ñ8 the nosaund incraael

in angk of twirt.

Thüc ¡ubatituta L, - (L, - ls\/Z and g u, I Ln f-q.6.7 (or

ra¡rrlta å.q.6.8 rlth th¡ L ln squnre br¡rekctç * Lr)r ,

- L 7 t. -3 L

l-t+.26f (-Ë) ,f,if -zl

Taktngå-.t,,

-r+.ro¡(-*) [qr6.1l

alte¡nativcly, thc 1_nçr!gæ Ln anglc of t¡¡l,et du¡ totù¡ rllt

nay bc writtan¡

provlcully, thír glvea

L-Lt*l i¡f -z it-tLt LtJ

L

-gL
$

0a

L2
ú-
Å0

Al - .l
L .2,L

r--9, ) t-¡,,.DL 3 -2 to
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..J!-¡ 3-- -.,1¡+ ¡ñ ãñ {af{al*¡ ñla+ô orrlr{aFt ùla ''¡rrte çrheaf

From tha ucrk of Muahkcll'ehvili¡ Koite¡ [Il obtaino a

ferticular' eolut¿on for the incrtsts ln clastl,c etraín enargy due

to a crack in an infinl,te tÊctangular platc subJect to ¡:uro eheaf.

ThLs colution rnight ba expccted to give a satiefactory an6wÉr

for vary rhort ell,ts in ¡uund tubssi aubJsct to to¡eion¡ but not

for the longer alits.

lisoume thst the incraass in st¡ein ðn6tgy due to å vety short

slit in a thin..+lalled r¡¡unri tul¡e ¡ybjcet to a uniforn and conttant

tori¡uc T ie give;. by thc Kolter solution,

AUr ( )( + t) Eq. ó.11

wherc

for th¡ l,d¡¡t caaa of c tub¡ with snds fulr.y conatralnsd to

rsmain pionc, L, rlll cllays bs le¡e than L for a tube rlit only

part langth. tf ü cortðin anount of ¡lestielty ia praocnt {n the

real ,Fncl fl,xíng, L" rlll excrrd L ac L" approachaa L.

,qc i -i- ç i

. 3.08 lf Poic¡o¡ts ;iritlo Vn ,X

?c r slit length ,o L*

1- . orlglnal ahcar tst¡tat r 'T
o

fr
I

fFA
6

¡
Ð

¡-I

T 2t
Subatituting the abov¡. valuae, t-q.6¡12 beconce¡

TÍ v 1-flff t-2t
-.S--

¡tti
AU - å

AU ¡ .PB5

4T2iæ
t2t2
---E

n4tG1r

x

Ëq 
' 
6.13
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ür, aquating thl. to the inctca¡e Ln axt.'tnal work done,

tZt 2

* t lfr,.t'u.r 'Ë f,
glvlng

TL2
Á. - .?45 -+ Lq.6.l{- incrolat Gn4t

(cf. Ëq.6.Sr wlth G -.385Ë, end 3 @ . I).

Tha tatsl angle of txlrt, lncluding the ¡ll't cffuct

(rslatiur to th¡ angle of twist of the orlginal unalit tube)r

ir th¡n

I * llFeru"."t
t

o

ú-
Áo

I

¡l+

o8

.245 TL
2lçua¡

3ïL./.785 6ll t

*-t*.ur!2
'a LIJ

fr. t + .le3
L
(*)

2
D

L
L rl.6.13

Conprn thl,s rtth fq.6.9 ¡nd it lr ao¡n thr,t both aolutlEnr

etc palobollc ln L"2 end gfvt the srmc racult vhen

h-t
tt å ( 2, Eq.6.l5 ll lcrgrt thsn 6.8 and ¡¡allcr rf þ Co
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It mig rt bc thst a rh¡ll b : 2 rith å Ycty ahorÈ all,t conpa

cloeaet to the aaauntption r¡f an infír¡ite ;rli,üÊ, bcing looat eubJect

to and sffscte o¡ cuwatu¡e rffcctl.

Ho¡r¡ver it is realised that both squ.rtiunt att vôty apptoxlmatl,

baing obtal.ned ef.mply aa a bi.aLr to ilt to oxpcrÍn¡ntal r¡Cult¡

and that thc samanesa for L/n - ? La probably caLnci.d;ntrl.

Furthar--digcur¡ion on ths atÃeg3as- in tha oort-ülit tub¡

Bacausa the warping restriction Ln the vlcl,nity of th¡ cnda

of a slit ía higlr, cjue to tha oppoatta nøturs of tho atros¡oe

sithar sídtr of the ellt¡ the magnÍtude of thoBt strsao¡s nlght

be approxirretely ti¡¡ae givon by tha elasaic Lqs'?.1 and 2.3 o¡

8q.4.?2 and 4.26 for all,ts of lcngth L, Iosc than 10 diamstors.

That io, the exlel atrtsseg atlong tha adgae of the gllt (xhich

are the rnexiriìun a¡ound the cLrcumfsroncs) rnight ctf.U be givan

bV - rubrtitutíng ! - g-lê0o in Lq.4.22 -

d * å ,9BB rr Iå (from tq.4.?2)
u3t

or, rol.rtiva to the ¡h¡ar etr¡ss ( r--) in thc cloaad tubo

ó
To

rgL5STf {Ð [q.6.16

whr¡o r l! ¡îraüu¡¡d axl,ally for tha cantn of th¡ ¡llt hngth¡

rioÍavs¡ tor*ards th¡ ¡nds of th¡ ¡ILt ctrco*'eoncantr¡tion

affcets can þ3 rxpretad eo that th¡ ¡n¿ximun cttea¡aa ¡l'll be

greater than thoaa forceart by [q.6.16 cbova¡ dr6r numarl'eally¡

.988 Tf TL
---¡.-
z u3t



or

?8.

Eq.6, l7

tq.6.17 (a )

9p'¿
fo

ln ordar to .,btafn llntting torquea for axperimcnts, tha

outho¡ (arbitra¡ily) aoaunad r ctraac conconta,rtl,on factor o?

2 to glvc an catim.:tad naxirnun prlnclpal etreea ( E ,rr, nesr

thr snd o? a Elit l

jt-t *
to

L
a

D

5

l.iow according to L.ll, Donn¡II (Ì) a cr.cck in e thin sh¡st

aubJactod to puro shertr mÍght prociuce ehe¿'r strass concentrations

sbout 5 tirsss the originsl sha,¡r, auggeating for tha part-fu:ngth

slft tube,

"ÍS." * 5 Eq.6.l8
fs

5o tha she .8 s l sesaug ar¡ the Liml.ting f ¡rcto¡ f o¡ eiìr:¡t

alits, ancl tlre .¡xi¡I stresaeg fur tho longer elits. And if ctraae

eonccnt¡.:tLons nu¡t b, tak¡n into account, a olit tubs hsg a

t
etrangth f of tha unalit tube for short slits, and much lees ¡tfll

f or long aIf,te.

In addition to thl.a expe¡inents by the euthor hi¡ve shr¡nn that

local buckling na:rr tho ends of t'ie slltr oñ'rhÉ nrcompressivc'r sida

of tha slit ig an ímportant end likely mode of failure of very th.in

tubcs or tubes of lor modulua uf elaatici.ty, although tha buckling

may not be auddan nd in thc initlal ategea nray not sv6n meðaurably

affact thc angla of t¡¡let. Horevar, nrithel local

bucklLng nor rflargc daflactlon¡n ulll b¡ dhcu¡ced furthpr in thl,s
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theei¡.

Axry froro ths l¡modlat¡ vlcl,nl,ty of thc slitr th¿ atrasa

dl¡tribution (in thc ellt llngth of the tuba) rnay be tikr th¡t

of tht¡ claclle t-qe.2.l and ?.3¡ or tht ncrnbranc Lqe.4.26 and

4r?2¡ but rlth I gÊl:ercl raductlon in nrrgnitudc becaueo of tha

.eleatíc and ¡ffoca o¡ trre eloaed parü cf the tub¡r although the

/ - ¿ lt0o nay stllt be approxåmately l'.38 'Tothrar ¡trolr at

(Ëq.4.28 l r

$
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PAffT II¡

Expæl,nrntr

Chaptae ? - brl¡f drscrl,ption o? txptsirntntal apparatue

and ts¡t ptoccdurec¡ statoraanta of tecurecy. (Spccl'nan

cal,culatlong of thcorctical ¡nd ¡xpt¡.lì'ont¡l cecuraclar

ara ln thr appcndlx chaPt¡r A3).
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?. ¿..{P$RIF4[t'¡TÂL Apf¡ARATUS AHD TE5T :RtlCÈ.0URE

ISrrtEL qFclrinr ¡pd ¡qgq{¡¡Qnl

Figar 7.1 (a) and (b) ¡how tha axporinantal æt-up built

by the gutho¡ to apply eimplo tor'r¡ue lrrsdínge froil ltio to 15 000

ineh pounde to tha two rnEin tuber rhieh nerc 37'ñ diamat t, *"

wall thj.cknaac, nlld rtc¡l tub¡s of epanr lZrt and 22'r.

t ach tuba war ffll¡t ucldad at aach rnd, (by Hr. edws¡d ca¡¡

of the South Aúatrslr.an In¡tltutr of Tcchnology) to a vosy hcevy

Eolfd atçal 3; n long 5*,, dlanrtar ¡nd-block yhlch fn tu¡n ra¡

wrlded to a larga fr thiek flangr ¡;lete.

Tha flango plate at ono end vEc boltsd to a r!.gid

foundotlon.

Tho tubae u¡Eaô suPpo¡tad at tha sther cnd in , 2i rolls¡

bearing vie a 5'! long 2*r dj,a¡nate¡ ¡olLd stcal round bar welded

to the flangi: plato in .linu ufth tho tuÞc stn¡ctursl a¡iet in

the case of tha full-tüngth güt tube span 22't a teat ¡{se ales

made rith thc ¡trd bar and bsl:ting in lin¡ rLth tha sh¡ar contre

axla direetly oppoaite the ell't.

Tht bearing Haa in a plunmer block flxed tt; a: rlgÍd

foundEtion.

undcr all poaaible axpcrl"mcntal loadingc tha ltnd baaring

wËa paG-tsgtad and found to ba vlrtually frlctionla¡¡ ¡nd

without hyatcnrrft

A óOtt toodar, crooc-brem rlth diagoncl cta¡l tttutl ua¡



¡/oodgn gtoSt 'bga¡tr

with upword' colia3 t ood

( dor. I o¡¡l ¡oï ¡h orrn )

Gli¡ror¿tor 3uP?oft

g2

Sleeirr teút35

Gli¡orr¿}cr

S{roin bniolga

Ë

Fig. 7.1(ar) Tr.st APParelus
a

wilh SpQ,ctrucrr 2.2 in posiÍion
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thit o¡rd c0 lrbl ¡olclo¡l lo n¡'¡iv¿
o'.¡l ?lclc whieh i¡ bolh¡l fu rit¡nt fo¡rcl¡ljca'

T¡i¡ crd cf tr¡let w¡lolcøl to si"rilcr
c.rcl pbto (cær¡iht uoodor ercf s- loar)
vilh ¡{ub crlc- .rõt¿r¡l *o othoç siol¿ '

thr erl¡ s'Ùr rclafr i¡r bc'oring irr

plunrrer bloøI whiøl¡ is bolfect to
ri¡i ol founol¿*¡'ovt.

Tcs{ Appaoo*usFi3.7. t (b)
¡ilJr sprøinorr 2,2 i. porl*io.
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Tubo 5

T¡bc 6 T¡bo 4
c Ii6c'lGü3t

Fig. olh¿o Tcsl S¡nceirre''3

¡ ¡¡l Clirron ¿l¿c

( ræ ol ct¡il¡ oç a,ll spceilrle¡¡s

333 AgTora.clír_ ehapÞz* As

7. 2

)
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holtcd ¡!/tü.ttlcolly to thr f'f thlek flangc plcte at th¡

rot¡tl.on¡lly frr:r (bcaring) rnd. Thle ¡nabled a unl.fo¡sr to¡qu¡

(ccrrst¿',nt along the lcngth of thc bean) I'n tho fo¡m nf ¡n and

coupl.e tr-r be ripplicd to thc axpssimcntal tubc by hanging cqual

oa ntaaly aqual x.l,ghü¡ f¡an 5 lbf to 25ij lbf to ¡aeh end of

th¡ cro¡a-baañr cne raight producing ån up*crd load vis a pulloyr

Prr-tssting of thfs pullay agaLn lndicatccl rffrct!.valy

f¡ictlonloat opelåtl,on. Tha monrcnt arm of sach xright was 30i'

fo¡ the upxatLi e,cting loaC ;,'ncl 28.5,' fcr the oth¡r.

ïhs aolf xrlght of the tuba, and platas and caoaa-boam

cauoad bondlng ln thc tubc rhich acted sa a baam with one fixsd

cnd end ontl pinned ¡nd. ThÍo bendlng r,rae fgnorod. Also Lgnorcd

wao the banding i:¡oduci.d r¡henever thc loading þraights Hara uñsQUalr

The tul¡es wsrs çltt on top, ao that tha líne of ¿¡ctio,, of thasa

bending losds rao through the eha."r-centre axia ênd ProduCed no

rdditiona! toreien.

Inet¡ungnta tion.,mPLqu¡{nq .technLquoe 
}

Tht torqua HEB noüautod accursttly (bcttrr than I erro¡)

by the addltl.on of tha productt sf ¡ach woight on tha croaa-Lroån

and tha potptndlcular dj'stancu of it¡ lin., of action frorn th¿:

tub¡ structurcl, axls ot the ¡hear centrE oxia as a¡rproprlate.

Tha anglt of tri¡t of the whola span of the teet tube ¡raa

msårurcd rl.th r Watt¡ 90e ellnonctrr, (FJ.gar ?.1 and T.iLì ¡

¡hich s¡ad the slopc of e planc turfac! to thc naar¡at :: rnlnuta

by naane of e bubbl,¡: l¡:vtll.

r s.l chrptcr A.t ln thr rpprndrx fo¡ d¡talhd dlæu'.fon ofaxFall¡ñtal r¡¡on.



96.

Thia instrumrnt *ac llripla ts uel gnd of a convlni¡nt

¡onaitÍvlty¡ ln rudltion to beJ,ng eccurats enough and hav{ng

¡:¡otra thsh aduquatc tsñgar It ¡¡as call,brat¿:d by ,nranc of

aino b¡rrs and fsunr: to glvr angular dlfier¡nea* to bettar

than + { ml.nutr.

, A sho¡t lrngth of chsnnal, radc lnto e doubh knifc

eclga on wh.i.eh tho cllnomçter ebuld br placed, rrar w¡ldori

t¡¡ aach flange plate. Thrn at rseh lOod incransnt cll,nonatar

roadings were takcn at both ¡nd¡ of tho tubr¡ tho changr ln

angla sf tir¡et for a prrtf,cula¡ loùd incr'rnant..d¿te gJ.van by

the ehangt in the dlffcEonea of the clinonater nading at

bath cnda.

Thc fotlowlng toblca ex;:laln¡ thtc proeadurar

LI]AD
(T0ñ,"iUE )

cLl¡JüllÊTr-R nËÅÐ IN65

L¿ft Hsnd
'- t--i Rlght Hand ül.ffc¡¡ncc

T dR :ll óI
.t

T
2 tL tR ,,, i?

tL

Changr Ln Torque .

Changc Ln Angle of Txi¡t .

T¡
,*.t

3

2

tL

Jna& z

Tz-Tr
l2

F16.7.3

Thr ¡rarurod changr ln angl¡ of t¡rj.¡t for any tosqua

Lncrrrmt ;r¡i,ðeeuratta rlthin g t urlnutt, but fo¡ a typl,cal
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mrxf,nurn englt of tr¡l,st of 30 nlnuto¡ tha slopr of nort pf

th¡ T - I ptota ir eonfldrntty retJ.natr¡d ¡clthr,n 2-r¿ c¡¡o¡r

Tha ¡trcr!üa Htre obtaln¡d vla nshlnkshil L2fl -,1 pap.t

rtratn gaugec, güugts lcngth 0 nn, and a f)hl.Ill,rJr t?R 9302

atr¡¡.n bsldga. sør Flg. 7.1.

0n tha lut¡idc aurfac¡ of tho tubao ? or no¡r roasttca

(0-45o-90o) 
"nd lt ringlr st¡a ìn gaugrs r¡¡r utod. No gtrsÍn¡

$¡rs nõsarrs¡d on the lnold¡ ¡urfac¡ of thr tubcs eo that no

eccount wa¡ tekan of eny latoral brnding of thc rel¡.s that

might o€GUÌr

fhc cxlal shaa¡ att¡s¡ca ( r ) ana thc axLsl tcneLl¡

and compsrsrl,vc ¡traaaee ( d ) cauld ba calcu¡.sted from

tha nc¡ruead ¡trel.ns ( 2- ) uring tha follorJ,ng fornulat

givon by üurcllr [r],

Í rG

rh¡r¡

tenZS-

ó I

2L I 2a

a t

It,Zr-tstz *z l€nu- ârt' rq. 7.I

8q.7.2

Cq .7.3

T5

ât

-L-
L -YZ

1r +12I t

rhr¡t 2., áeg, lrata thr atraina r.sru¡ìËd axfallyr ( luol

rt 45o to thr rxh, and elrcsrrf¡r¡ntl,arty ( á y'ol nrpoctLvrly.
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Tcst stoc¡du¡r

Paragraphr Io to {r belor eonctrn a ringlo piac¡ of 3r5tr

dl,ar.tsr mÍId-ct¡al roar rrldrd tubing¡ rall thicknr¡e 0.i'' end

ths ranc Etrain iåugtr attachrd ùhroughoutr

1. 3?'f opan orlgin¡I (snrll.t) tuUr lo¡drd in rpproxinatcly

l5ut.i inch pound Lncrrn¡ntr up to approx.lnrtrly 15000 inch pound.

i{r¡¡urod at ¡ach incrrmcnt wuc thl angh of twl.st lo and tha

df.agonal etr¿¡ln (

Tha eh¡s¡ modulu¡ of clasticity ú xac dcrl.vsd fæm ths

anglc of t¡¡lst ntårutãnonts cn¡¿¡ling tha ehcar etta¡s T 
o

to ba chackad fram tha straln naaeutanr¡nta. ira appandix

chaptar,'5.

?..hith thc tub¡ ln.rltu, n rlnglc ¡xlal elit.040" i,n

t¡idth rar mado through thr wrll of th¡ tubr a¡rnmatrical.ly about

thr c¿ntrr of thc Ðptñr

This woa donc by flr¡t ccr.:pf.ng thtough thc tut¡a ¡lrll uLth

e hsnd ocr¿rpôr and wh¡n thr gap xas long enough lnearting e

hscksew bl¡dr ts'extsnd tha rlft to tho requlrcd length.

3r A eonplata t¡¡t run rår ca¡rl,rd out for ¡ach of 18 dlff¡rrnt

(lne¡oarLng) lcngthr of ¡l'lt including tha final teet s,Lth the

¡llt running thc full lrngth.

Thc torqut ù.tr a¡.rplírd about tho tub¡ stn¡ctu¡al axl¡

through,ut thec¡ trcta, ¿rnd wða llnltad according to tha folloring

tsbl¡.

â uu)o'
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Lnnrltlr of ¡llt ({nr.) ' I 3 6 I ¡l
Åi.Lt ?ü 32

Torqur r¡lætd (kl,p¡ tn¡) 3? l3.r 9.7 5.e 2.6 l.á

ilo rtt$r torqur thltcd by îu r 30 krl' . eÎl rt t0¿

$-f¡ffl tarqur ttntd (a¡blt¡¡rtly) by .r", ¡ l0 kd

crlculatcd by T"r, r 1.38 To. (fron Eq.l.e?)

¡¡g¡gf¡J¡¡ûlt to:qur ll¡ltrd (a¡blt¡¡r[y] by ó",o r ?0 l¡

calculatrd by Er., ¡ 2rl4 ! r.o (frm [q.f
D

i
I¡l

fg3)

LII'IITIIG TE51 TONQUES

F t6. ?.4.

Anglr of tri.¡t trl tuttlurrd en r¡sh tr¡t n¡n et lult¡bll

lncr¡mntl of to¡qrtr. Up to 9 t-gaugo rorttr¡ ond lt rlngùr

rt¡aln grugnt **r ¡ød on rrch t¡rt tr¡n.

l. Añ rnd plrta ral thrn t:htn cffr thr full-lengttt ¡llt tubl

cut b¡ch to 2er lpütr thr and plrtr rl-reldd baclr rn, rnd ho

tr¡t runr c¡rrl,d ost on tlrl¡ r¡ducrd rpan full-l¡ngtù rtlt tubrt

lr) tatqur ¡pplbd rbout ù¡br cxi¡

(b) torqrn rppll¡d ¡bout .lútt cant¡t ¡r1¡

Ansth* rlrLlar prir cf tætr rEtr ln p¡og8.tr ¡t fu¡th¡r

¡¡duerd rprn oñ th¡ rar tubr (sr¡t baekl rrlr¡n th¡ rxpulrrntr hd

to b¡ Gustrllrd du¡ to clrcumtsrorr hyond th¡ sont¡cl of th¡

¡rthn¡. A trrt sn r thott lmgth of alr.¡ninltn dloy tt&r

ir, horrvol, lncludd tn th¡ thrtl¡. thfl 'tllti tr¡br rsr

¡ctr¡r'.ly fs¡tcd f¡m r ractrngular thc¡t sî 26 güfp rlcld rlrntt

rslhd tnto cytlndrlcal fo¡r and grtpp.d at both rndr by nrldur
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rt¡cl rnd plata¡ (Fig..7.2)., Tho opac:lman rae then cnnaal¡d

at ir5{Jot, qurnchrd in ratæ, and ege hardcnrd b¡forc carrying

out the torque and t¡llrt trrts dl a cÐrnsrclel HÀvsty{ '"achint'

nll thc sonm¡aclal neshines nGË8ut{.'d tha tor:iuc vnry

.¡ccr,:î(lbcly¡ Lhe tenr,¡læ of t¡llst ln all ceseo Yða mãðËu¡ticJ b tha

cìin,,¡l,r¿ c r.

' iinally frorn tha te¡t¡ o¡¡críbcd in peragr.rph 3 above, cürtãin

hypothcces lraro nade by the ¡ruthor rclating to tha S:ñaral

irpplicabilit.y of se¡ni-enpirlcal eolut|orra l¡ar:red on th¡ te¡ls of

t,he part-Iength sliu tutrua ruitþr ên63 conrt¡;¡incd tq ranoLn plan;.

Thcga hypgtho¡ea Ísr6 t¡¡ted ¡¿l,th furthor rxptrLnontr on

¡nild stcel tubas wha¡¡ anda (a) yicrc waldld to a llght otcttl

end plate, Bn..r (b) ¡rad no and latr:. '.,srlnctcial 'rTlcqUipnentrr

.,n¿ tr/ìvr.sy" torlion machinaa wgto usld ¿o ¡pply and to ¡ilägurt

the torqua on thasr opechanr.

P¡c¡entpå1on rlf ¡Êtqlta
'fh; nrxt ehaptar gÍvea the ;:,rincipel cterived rsault¡ ln

gsaph ?otn. Ilrtel.led .xptllrcntal dat* and obearved r¡¡ult¡

rtt l,n the appandlx ehaPtüt 4.5.

Þlost dcrlvad ¡esult¡ ara Prcrsðnttd nsn-din¡nri'onally, thr

rnaÈr¡uEed ¡trca¡oo ..nd angloa cJf twi¡t grn;rally be:rng quotad

rolatl,vt to tha rppropr{at¡ condåtbn ln clniler unslit tub¡r

rubJrct to thc $ant toaqut.

Itpart ¡"e¡¡ flir ¡mreal appropriaten¡s¡ of ruch a

prcarntationr tha ¡tlatlv¡ fl¡ulta ¡te nort accur¿rts than

thr sb¡olutr rrß¡lt¡ baca¡r of th¡ inh¡mnt calLbretlon provldod
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by the r¡nrllt tubr re¡ult¡.

Thuc tit:t ttrctass Êctually da¡l'ved fron tha na¡:turcd

¡r¡ulte lrËr¡r from t-qa.?.I, ?.2 anrl ?.!¡ to en aStiaÐtld accurocy

of opprnximataly !2Å lat t/,r , and å 6* fot ó/ò ,
oo

2ru -T
T
o

ò
T

a

I tln ?9 | , ,| z^s)o L'. t lr)' +* ( lro- t"r'f

r. q.7.f

and

âz + v 2s
( 2ag)o (l - / ) t.r; r 7r 5.

wharc ( 2 ,5.)r, raa tho 
.dfagongl 

etrain r¿stuaÉd ln tha unsllt

tubr try rhe ¡aaa atrain gdugcs and et tha raue totqurr

Furtha¡ dfscus¡ion ¡rn th¡ EalculatLon and prcarntatl'on of

th¡oratl,cal ¡nd axprrJ.rncntal data, including aplcincn eetl'n¡tlonr

of accurecy and itaotl¡ fu gil,vcn In tha c¡,plndlx chEPtss Â.3.

¡¡



92.

0 I 6RAPllIf,ÂL l'R[-SEilï¡\TIf]ñ ûF ÎHË. i{A^ll:R í XPr Rll¡lf'NT I Ri çiilt Î!iit

Fig.

Fig.

Fig.

F.tgrr 8.1 :,tt¡¡sct in tubao slit full-lcngth

(a) L-9.5t¡
(b) L¡615ii

Fig. ð.2 Anglo of tviat of tub¡r rllt futl langth

Fig,

8.3 5t¡aine Ln a tuba t.llt part-Iength

8.4 5trcsetrs in th¡ unrlit length c¡f a tubt etf.t part-lsngth

tj,S Angb of tr¡iat of o tub¡ alLt part-length end r¡lth

nasriv¡ end plates

6.ó Angla of twist of notal tuL¡cs with any end fixing and

rith a part-Iangth slit

Lxplanatlon and díacu¡¡l,on of the grupha or¡ l,n rhr

follorfng chapter 9.

Ob¡rry¡d rerult¡ end oth¡¡ derl,voci ra¡ulta are Ln thc

a¡:,pcndlx choptar 45.
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taIi

AXIAL STRESSES - Tensile or Compressive ó , and shear T
IN A R0UND l'l'{itll-1,/ALLtD TUEt rJI'iH f'1A55lVI END PLA.Tt5, AlrJÐ t:tITH
A FULL_LTNGTI1 NIiRROI,I AXIAL SLIT THROUGH THE TUBT I'JALI. 

?

- Due to a Uniform Torque;
f Relative tc:

the shear stress ( ,I-" ) in the original
tube subjected to the sarne torque

SLIT

Clsssic Siress

unslit

{\)

Cl¿s3ìc S*r¿ss
,ô
çe

SCALE:

*'= 20

l'ptus :
."éc(r{tf.tq
or¡tw¿'¡¿tr s

)
a-1

sc.c{ion C - ss;rou
c

5P N L = 9.5ûD

TUBE SLIT FULL-LINGTH:ENÐS CONSTRAINID TO REMAIN PLANE.
CIRCUMFERINTIAL STRiSS iIISTRIBUTIOIIS

AT VARiOUS CROSS_5TCTiÛNS ALONG THE SPAN

(i) Thesis (: Classic) Solutions: f/To = 3.88 (5.87 -'f2 - 4 coéf )

d/ro= r.ss ( Y - 2 sin f ) z/D
(ii) ExperimentaL Results: E¡ (Specinren . 1.19)

FIG. B.I (a )

Eq.a.?-7

Eq.a.Ç3

St?üC t tì1 E r.J NC,. l. i q 
:

-- --' r"-' -' -l- -- --------- -I /r I
I

StClroñ

rb

sscf¡ 0N

c
oci;all5)

lt;
T

sc
.t
z
("

. stress (f,)

DIAM. Þ = 3'
SPAN L=32,4

SL¡T

SLI T

{ =.O95'i

s+"ess ({)

lt,g
A¿'q"-*

_?__t

" =2't
ALË:

Classíc
Sheer

-Clq¡sìc
.(he¿l'

SECTIO N
A

JECTI 0 il.
Þ
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AXIAL STRESSIS '- Tensil-e or Compressive d , and shear T
IN A R0UND THIttl-\,/ALLtD TUBt h'ITll l"iA55IVt IND PLA]'t5, AND l'/ITH
A FULL-Ltl''IGTH NARRthl AXIr\L 5LI'i THR0LIGH TllE TUEt lrJALL )

.- Due to a Unif o::nr Torque;
f ReIat:'.ve to

the shear stress ('fo )in the original- unsJ.it
tube subjected to the same torQue ]

PLANE .

9+

Eq.4.lî
Eq .4 . ;--'3

\

(i)

SPAN L = 5.52D

TUBE SLIT FULL-LENGTH:ENDS CONSTRAiNED TO REMAIN
CIRCUMFERINTIAL 5TRT55 DiSTRIBUTIONS

AT VARIOUS CRO55-SECTIONJS ALONG THE SPAN

Thesis (: Classic) Solutions: rfro = .3BB (5.87 -f2
<i/ro=r.ss (f -2sinf

El (Specimen 2.1)

B.f (b)

4 eosfl
) z/Ð

(ii) Experimental Resul-ts:

FIG.

's PEc r ¡ur €¡¡

l.
uë.

----SPAN l-" 22,75 -i
DtAM. Ð = 3,4lt"

-r

{̂' _.n.ir+
t, SL IT

5,03 - 1,82"r...-- i

'-"1
I

{, 
='Ð1s

,t

Classic
, Sheû.i

. stress (f,)SLIT

- Clc¡ssìc

Shear
Slres s

SCALT;
.L" ;2'Q
z

("od io.ll u)

tIrlo

SEcTtôñ

A
I

o
D

SÉcÍrôM

SFcrtcN

c

Þ
.S€cloN

5L¡ T

Classic
Norr'rof S{r¿ssét

to

Clnssìc
Nôrn.al
S{ress è

To

SCALE :

*"=zo
( ) t',?ï':,*p,,

c
sgcTt0N

,fEc¡¡ 9 *
Þ

T¡ON

A

SECTlON

B
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ANGLE OF TI.JIST (ó)

OF ROUND THIN_VüALLEÐ TUBES hIITH MASSIVE END PLATES' AND

WITH A FULL-LENGTH NARROI,,/ AXIAL SLIT THROUGH THE TUBE WALL 
'

- Due to a Uniform Torque;
fRelative to

the angle of twist (ø^) of the original unslit
tube subjected tB tfre same torque]

u

it
q

8

7

t>

5

4

3

L

I

o

.¡
I hesrs

(for tu be
Eq'7'
.Qxts

ests
5.rq

c c
Ey l.,l

: clS

il+)""--

(r-;:

,"i
I

cenlre of lw

o-

L/D
- 

TUBES SLIT FULL-LENGTH:ENDS CONSTRATNED TO REMAIN PLANE

(i) Classic Solution t ú/Á^ = .75 (D/t')2(k-tanh k),/k - Eq.I.ll
(ii) rhesis s,¡rutions {1ll:==;?! î :å3å iiii\t : :;.ï;ii.

(iii) Experimentat Resul-ts?
E End Torque applied about shear centre (FiS.(.))
E¡ End Torque applied about tube centre (Fi-g.15¡¡

A Additional test : slit-tube with medium size end plates (fig.(c))

ISpecimen no. shown by each pointl
L-r--,-"-" "-- -r , J

FTG. 8,2

t 2 3 4 s 6 7 I g' te

I

5p ¿ cì*ie "r2,2

i vheÊ+-e

T i
I
I
I
t

I';

I

I
I
¡ -._r'1.@)

T.

r;9.Þ)

T
2.2

F; (c)
I

I
¡

I
+.,5a

6.t

S pecig
d,to
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MEASURED AXIAL STRAINS ( e )

IN A R0UND THïN-!ìIALLED IUBE, llì/ITH MASSIVE END PLATES
AND CONTAINiNG A NARROVìJ AXIAL 5LIT, OF VARIOUS LENGTHS (L- )

tFrough the wall of the tube .
I Compared to

theoreticat sträins ( á r) which assume
that the cross-sactions contaifiing the ends of the

slit stay plane ]
.i-*,- 

ri "-1 ''"r''-'r----1'---r^-'- t.'-

_,1,

(i
"r

!t'2.

.¡*
I

.TRAN 6AUqES

MEASURINq t E
ON SICTION B

o

200

t6a

,20

8A

4o

o
Ð ,/ .4 .6 -8 I'o l,z t,t+ t-6 l,g 2,o L,z 2-,+

TUBE

El= measured strain at section B, 8.5o f¡om the line of the slit

zg

=é,q
u

Sp*rr L=32.4"
D=3.41"
lc,.Oqg"

re:I

¿.=t

For th
2t=

o

with

óu/

eca
1.5

{

f (Eq.4.2), where dB = 1.55 zr( f - 2 sin { ) ra/D (8q.4.23)

f = L71.5o and E = 29.5 x t03 kips per inz (assumefl)r,

se where the slit does not extend to section B, (i.e. jñ-a f )t
t b, t - 2 sin / ) A o/Dl, 1_.t. 

a nominaL val-ue at thõ

2 sections containing the end of the
slit as,suming these sections stay

= 17f.5o p1ane.

FI G. 8.3

t
lirl

kip
rc-6x

¡ncà
6o

?er
¿

irZ¡
I
it¡

ìr

z

a

i -...¡. .l

I
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MEASURED AXiAL STRE55E5 ( d ) iN THE UNSLIT LENCTH

OF A ROUND THiN.VIALLED TUBE h/ITH MASSIVI END PLATES

AND WITH A NARRO!'J AXIAL SLIT ÛF VARI0US LENGTHS (L^)

through the wal-I of the tube.
fRetative to

theoretical stresses ( da )

o

on the cross-sections containing the ends of the slit
( ò , assumes that the slit-end cross-sections stay plane)

.E

o
l

þ,,-.1 .\

" l9Þ¿_-_
.:t

'r

/.;4"..

r-J

:t.

JC

o3+gu- foo srnarru RoserTEs

MÊASURING ð ¡.r SECTION A

ielq-l

Spon t-= 3¿'4
Ð = 3'41

t =.098

t'2

l,a

c$

.6

,+

,2

o 4a I z 4

TUBE SLIT PART-LENGTH:ENDS CI]NSTRAINED TO REMAIN PLANE

SPAN L = 9.5D

[t = measured st¡esses at section A, plotted relative to the theoretieal
stress .5 , o'n the same generator, where

L.oL
dto = 1.55 j (,N - 2 sin f\ r o/D (from Eq.4.23)

=57o

i
I

- l _....

o& vnea;s..rin{ seclìon A
{rcn' *hø øncl of 'fh¿ sli*

*-'*e- ;- d;sTäö¿ê-'---- 
---'

to

ó

ó

FIG.8.4
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of a round
s

DUE Ï

o:,

Experimental results El (specime
Thesis semi-empirical soLution:

L

ÏNç
th

ubj
OA

REASE IN AI\GLE CIF ThIIST ( A ó)
in-wal-l-ed tube with massive end
ected to a uniform torque

NARROW AXiAL SLIT OF ANY LENGTH

through the waL.l- of the tube

plates,

(r_ )
S

fRetative tothe angle of twîst (l^) of the original unslit
tube subjected to 8ne same torque ]

TUEE SLIT PART-LENGTH:ENDS Ct]NSTRAINED TO REMAIN PLANE

SPAN L = 9.50

,L .3 .+ ,5 ,6 .7 .8 .g 1.0

L,/L

ns 1.1 to 1.19)
Eq.6.11,(L, = L, + D)

(i)
(ii)

L 2L
À d = .101 (ou) (-i) I

L

e
23 ú

oL
Þ

mèrged (by straight line) with thesis solution for L, = L: Á/Áo= 9.95

From Eq.5.19

I

íþL --lT
/t'

L i2.4 Ð 3,4t t.o ?rl

a
a

Ey ó.1 l, *'i ih Le= *D

ó
o

FIG. 8.5



INCREASE IN ANGLE I]F ThIIST ( I d)
OF A RTUND THIN-VúALLED TUBE

SUBJECTED TO A UNIFORM TÛRQUE ,

DUE T0 A NARR0!\, AXIAL SLIT 0F ANY LENGTH (L^)
through the wall of the tube; s

f Retative to
the angle of twist of a 10 diameter length

of the original unsl-it tube subject to the same
toroue ''l

.J

99.

to

t3

t?-

l¡

Lø
r
L

t0

g

B

7

(,

5

+

:'

2

I

o
or?3 5678

TUBES 5LIT PART-LENGTH: ANY END FITTING

(i) Experimental results: [l very heavy end p]ates
.4, medium end Plates
@ open ends

(ii) thesis semi.-empirical sol-utiont Eq.6"Ll, with L

+ili"lr= ,oo 
='ou (Ls'lD 12 + 'ot ._rÏn

FTG. 8.6

?

( Fig .,( a ))
(Fig. (b))
(Fig. (c ) )
=L+D i

S

)3

tø,1
L:l

r/e{nz2,7

L = 32.4"
TUBÊ I

'L = .ogir

T =7. ô
IUBÊ 4
-l F;d(b

t. .o+65

-4 ÎUEE S
F;g(cl

t; .oqo "

Unsli* le.glh
of *ube, o't
eooh e.dr{ D

Ð: l.
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f . üI:¡CU55IOl{ 0F tXP,tRIHf.l{T'tL ftt$UfÏs

f.*Ss. 8.1 - Strecagi llt Iub¡F ¡lft-full-lcnstlr

lach oxporlnental pol,nt ptotted on flgs. B.l (*) and (b) repr,:scnt

thr alopc of a torquo-ett.as Curvc (for a cOnplotr t¡at run on th¡¡

sltt tub¡) dlvtd¡d by tha elnpa of the torque-sha.,r atras¿¡ eurva fot

tho origl.nal unollt tubt, ¡nd lr srtin¿ted to hrvË rn åceuracy of

þetter th;rn a l0f. These curvoa erc dsarn ln thc appandix ehaptcr

i,5 toEi'thar rith teuul,-,¿ions of oll obrcrved ttraln raadings.

Tuber I and 2 rarc urtd to¡ tha¡l ttat¡ (¡ao aPpandix

charpter ¡!5 for dstails) i.n thc ðFpðr +.ua Lllu¡t¡..¡ted in Fj.gsr ?.I (a)

ond (L¡).

Figar 8.I (¿) cnd (b) rhor that tha ¡tra¡ra 1n rhort opori-

saction beane of hlgh rarplng rtgidlty lubJcctad to non-uniform

toraion confotr in gtnarel to the claarls ¡tnr¡ dJ.¡tributisn for

a rotattsn ebout thc lln¡ o¡ lþcrrt ccntrlr for ¡ ìông apen-¡tctton

bcra¡¡ o

Tno longltudinel t¡nrfla and co,'prtsslva ¡ttca¡aa cgreed

partlcr.rlarly wtll wlth thu classl.c eolution for th¡ sltt tubr

approxÍnatad by tq.4.23. Thl'r indic¿:ts3 fia3t that thr ehort

sllt tube wae trl¡tlng rarrnttolty about tha lfnc of ahaer c-ntpr¡

sacontlly that tho nae¡Lvr rnd platao b,GfÉ rff¡ctl,v; Ln nalnteinln¡

both ancl caggs-rcetionr irlan¡r and thirdly that tho ganlral

nssur.rptJ,ona !¡sdc ln cheptar 4 are valld f.¡r bsam¡ wlth croea-sectionl

of high warplng rlgldtrty.

Coner¡nfng thl ræond concfusion Just mcntloncd l,t xill bc
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aæn fron th¡ ?ollorlng ?lgun¡ th¿¡t ln fnct thr ¡tr¡r

dl.at¡ibution ån a rllt tubr i¡ not chung¡d ¡a rerkrdly ¡¡ Lr

the angle sf trltt b¡r non-r|,gid cnd platlr.

Thc axperinsntul ¡hostr ¡tl¡¡tËl s¡l rlso ao rxpoctrd

axcept for the longer ¡pan (9.5D) trated rht¡s ln th¡ nlddh

langth of tha aptn tho nreasurad longltudinrl eh¡a¡ gtr-csg¡g wlrt

¿lûl to 6û í mor¿ than that givan by tq.4.27.

lhis ei:ukl have bcon aseoci¡¡t.,d rith a allght {opening uprl

of tho Elit ln the n!.ddlc portfon c:f tha 8p3nr pt¡hapg due to thc

raleeea of, iocksd up atrarac¡ sruacd b:, tha roldlng of th¡¡ stael

tube to tha and platta, ot prr'hapc due to th¡ banciing of tha tubl

¡hich would occur bccaual of the ¡htft of tho cent¡e of twist

from the cant¡¡ of th¿ cnd e¡o¡s-asctl,on to the shosr centree ln

th¡ r¡iddlr tength af ths tub¡.

In tha ¡horter rpan tubc (ó.5'¡) t¡hich vo¡ cllüedy eflt ptios

to complotion of ths b,¡ldl'n9 - tha sh$âr strr¡¡¿s I'n the ¡¡Tíudl¡

portion of th¡ Dfran ïêr. approxJ."ratcty 20,i greetar than thcoratlcal¡

¡rt¡Ích tter !.n rrl.th ths lattrr hypothoeis rsgðtdlng the bcnding of

the tube¡ Altcrn¿rtlvtly thÉts nay hav¡ bean varLations in Ehsar

attees through thc wrll thLeknaa¡, perfiape partly due tc a sr¡ell

warplng of the ¡nd eactiona.

Furthct cxperfnents afa ra:¡uired r¡ith ¡nor¡ ¡xtrnal,vr gtraln

nrg¡rsJ!êidtËnts lncluding a ro¡attr on th¡ fnrido eurfaca of th¡

tube cs rresponding ter cach rcsotte sn tha ouisiclc eurfsc¡.

Tha rtrrsa dLstrlbutl'ma !n a ¡lit tubc rlth thr torqua

a,;plled about the gærrt¡lc crntrs tnrl ths ahrg¡ cantrc nrrd to br

compared slto.
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Âpart fron thc vðtlstlon f¡on thcory in the nl'ddla lrngth of

the long,'r $ptnsr lt ¡111 i.llt¡r i'n Fig. 8.¡ (b) ttrat there i¡ ¿

singularly h!.gh valu¡ of shoa¡ ctrosE clor¡ to tha ellt nrar thc

and scetlons of the rhorter tub¡.' Thle cen ba ìLk¡n¡d to a

st¡gc¡ conÊ¡ntaãtion at the andr of tha slf.t end I'a actually

prcdicted by the rh¡Il thtory o? Hfroguchf and rihiott [4 I
(:'.:a thelr i!.g' 7)'

f:tc¡. 8.2 - linoh of txi¡t ef tsþos¡l;lli¡lklmgih

fech axperinsnt'.rl point plottad on Fig. 8.2 h¡¡ ¡n caÈLnat¡d

sgcurscy of bettar than + 5í,, ¡nd I'r thr alops of a torque-trÍat

curve oi¡tein¡d fr¡n e conplrta tcat ¡un. Al! polnta ð¡t withl,n

lQii of the anglr of txl¡t pradlctcd by tha thrala Eq.5.l9 cxcrpt

tha triangle point rhlch i¡ fo¡ a nlit tube ¡ith llght ¿¡d-plattsr

Tha squara pol,nta plottrd arl for tuba¡ rlth nac¡|ve gtoel ¡nd

plotee

Provided that it ic acccptecí th¿t ùhe mrelivc stt ¡I snd

platee prtvrnt thc t¡¡a ¡nd scctLone of th{r tub¡ flom werpf'ng it

can be sald that i.q.5.I9 lr a valfd apuroxinats solutioñ.

Hance thu valldlty of [qe. f'3lr t.36 and 5.37 fot othar

arrangamênts of torquc tub¡¡ allt full lcngth al¡o ¡t-"onu to bc

Ilkety¡ and thc gcnrrrl nrthod of d¡tu¡minlng r ¡hsar cor¡ectl,on

from the etrain sncrgy o? tha classic eho;¡r strt¡esea teema to bo

Juattfbd, at laert for b¡rar rith high rarping rtgidity.
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0th¿r concluslons to b¡ dr¡rn f¡on thl's çreph ant

(11 the ov¡¡ell anglo of t;l¡t l¡ vlrtually thr can;

wh¡ther tht end tr:rque J.a appllod about th¡ ax!.s of ehear cent¡cs

or tha tube gaomctric nx5'8.

Thlt res d¡nonrtrstod rtth tha 3iil dlrra¡tcr tubc of span 6.5i.1

which had ths ¡nd torquu spplfud ¡bout thr ah¡g c¡ntra sxis

(douule siìuera polnt on graph ) as well as the tubc q¡cor,retric canttc.

Í¡is is ptÉÊuirrdbly brceuae onc rnd flxlng and perhspa thr

tube ltsalf wcrs f!.sxlblc enough ts b¡ brñt ¡uff!'clcntly for thc

tube.to rot¿ta about ita ll.nc of ohra¡ csntrt¡ f6¡'rrrlt of lta

longth. (ï,ec also flãrin [¿] ).

(if) the ringlø point uhlch 1s deaignatad by a trl:ngle on

Fig. 8.2 trp¡assnts a tcst tuñ on a full lcngth sl:[t tuba rith

rr¡orÉ! rroltftâl ¡nd ¡rlatar¡ about f" tntcf . tt åpptarr that th¡rf

¡¡ere rìot ruf?Lcl,cntly of?cetlvr in raat¡lctlng thr rerpl,ng of

tha tube snci scction¡ bacouca tht angle of t¡sist naasu¡ad hera

wrrr; ërpptoxímatoly 30ii noro than th¡t predictod b. t-q.5.19.

Thiu i¡ i,n u.nc r¡Lth thc oxperínente sf othar authorer fot

exarnple Glasunovs, fror llcachoryrkov I J ] , and Èl!.zogucht rnd

i.¡hiota l"Z I ,

filq¿ .i¡.3 - {¡!l¡} ¡tEalno *n a t}¡[e ¡!lå oar!-lon,oth

Thr: sxpta!.nrntal pointc plott¡d in F.Lg. Br3 arl eatirne¡tød to

be accurat¡ to ¡rLthLn 3 l5ß and otç thc avl¡¡gc of tlrr nun¡rl,cal

randinga f¡orn tno Ìongltudlnal etrain grugar loc¡ted at
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t ," + 1?lr5o ¡nd z . 6.9n sn th. outar.da tutfüct of tha 32.4¡

long 3'.n rtiametet rtaa¡ tsbs Ìrlth naaslva rta¡l and platre (Tul¡- I

in chaptar Á5, Íiee aleo Figs, T.I (a) enrt (b) ).

[,ach rxpæiurcntel polnt fr the rlopr of c torr¡ut-stririn cur\r€

obtalnad fro¡r a trat run wJ.th a partlcul-r length sf ellt. Thcsc

torc¡ue-atratn curvtË tlrã not raeorded ln the theEie but tha

ol¡serveil rc¡¡r.llt¡¡ ¿irs r;ei¡ul:,t, d in 1ne ap¡rcndlx chapter ,\5.

(¡) L /2> ¿-8Ët

The ll.ght hancl aloc of th¡ graph l'r ?os thoae t¡aüc xhors th¡

slit sxtandad ireyond the cro.r-ôcction (8) on xhieh tha atralna xcac

¡s¿¡u¡c¡l íta. L /2 ) l.
-þ--zn

lf it rlt¡ .ttrltod th¡t th¡ rll.t xcra full langthr o¡ if

it wcrc rslun¡d that the csoaã-tcction¡ csntalnLng the cnda of

tho rll.t r¡n¡rl,nrd plenar th¡n th¡ cl¡gsical valuc for ihe

theoretic¡l rtraln at ,f : LIL.5o (8.5o fron¡ ùo rltt) end ¡ . 6.9n

would ba gl,von by

tz- *.1.55 Ë (t -2sin/ ) + (rrm!,q.4.2!)

and thia rould ba a con¡tant for cny langth of sllt (a¡nnnetrical rithtn

thc rpan) graatm than 2 x 6.9r. Thia thao¡etLeal ¡t¡aln Ls drasr

on tho Fig. 0.3 rnd for T o . .5¿13 k¡l pÊr inch klp and en

as¡unad vglu¡ of Ë ¡ 29.5 x ro6 tur/tnz L"

t^ -16CIx
a

10-6 pm l,neh ktp of torqur
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It ir sün ftilr tha flgur: thst thl n.åtu¡8d lttt{nsaa.

rithtn 20i¿ af thi¡ ealculat¡d etrain, índl'cating tha" thr

IongLtudinal trnall¡ and conprccslvr etra¡¡ta 3LoÜa to thc slitt

Ln th¡ sllt lengtl¡ of a part slit tubrr n|y bc prdictad by

thr (ctasels) formula for a futl lmgth rllt tubg.

Thl¡ rc¡ult is Ln accord rlth Brevloul r¡Eaoning coirelrn!.ng

thE imr¡ablltty af the crrd of ths allt Ltr¡lfr

(tj) L /¿ <
I' l¡

Thc left hsnd clde of Flg. 8.3 l¡ fo¡ thocr t¡ete whøte thl

slit did not axtend aa far as tha mrucuring ¡rstiorr ttl) so that

thr ¡trcin reudrnga i,r!Ê bring tekon in tha unüllt portion of th¡

tubo.

The thsoretlcal st¡¡in plottcd h¡r¡ 1¡ fron tho sanr oquation

ae abova viz.

2r* 1.55 ã rl-2rtnf )lË (fromtiq'4'?3)

,r

l

I

I'

f

but rl.th z - Lo/Z. That ic¡ lt Ls an ¡atl.nats of the strüin on þ

the croe¡-rcction contaLning thc end 'üf tha ¡Il" st /' l?t'5o - ln linf

wl.th th¡ strain gåug¡t et eaction Ë - and lt haa Juæt baon ¡horn Þ

that thi¡ ir a good ¡ctimatr of the actual rt¡eln. I

It ia s¡¡¡n ?ron the ?lgurc that thc ¡traint nta¡ut¿rd at
:

section ¡J for thic ca¡¡ ar¡ nruch losa than the strain at tho Gtoll- 
i

aectlon Containing thl snd o? th¡ olLtr 6vrln rhan the môe$ur'tnsntt ï

arE taken fakly clora to thl'e cftrsÐ-åe€tlonr I
.,

Thl,r rspld dytng aury of th¡ et¡ains lnto tha unelit portíon )

c¡f ths tubc lr agaln Con¡irtant urith tlra oppocit¡ n¿rtura of thc /
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ItrËins el.thcr ald¡ of thr elttl thia phenonsnon L¡ furthar

rxrnplified in Figr t.f.

r .8t 4 - Axlal strtaaôt ln thr unallt a of a tubt all,t

Br$:f¡s¡!h-
the .longitudl,nal t¡nrLlr oñd compaleaåve rtr6slas ploütcd on

ti¡jg r¡ro¡rh a¡c darLvcd frorn two etraln ¡'olçlt3t altuat¡d on th¡

crç¡ss section ('') z ' l3.8tr, at | - 57a and l?l'5o saapectivaly'

on thc r¡ut¡id¡ lu¡fðcê sf thr 32.4" long fu{ dl¿notr¡ tub¡ wlth

ñrassivs snd ¡rl,atec (Tub¿ I l,n chaptar 45. 5¡r ¡¡}so Figr.7.-t (e)

and (b) ). Ëaeh exparlnsntal point i¡ tha ül6PË of a torque rtts¡e

cuw¡ obtal"ncd from a tsst run for a parti'culer lcngth ¡f elit

(Lr), xlth L" ( ? x l3.Bi. The ¡cÉuaacy of the pointr i¡

rcekon¡d to ba bett¡r than g lffi.

Ths ¡bcåe¡a of ftg. 6.1 ie x, Lhc dl,rtlncc of tha ncarurin¡

.sc¡ction {A } frel¡ tha and of tho slil. ..hen x ¡ 0 the mcarutlng

eection aolnCldcr wl,th th¡ ßaota-rrcÊtion contrining thc rnd of ths

aliù and rhsn x ) B th¡ rrteurinq acct!.oni¡g ir l,n thc unsllt

hngtn of tuþt¡

Tho ordinato in thr flgura 1¡ the mcalursd lttlss, dividad by

thr throt¡tlerl ¡t¡,'¡ fer ttrc rar¡¡¡ valut of f on the eaoe.-e.etlon

contelning thr rnd of thr ¡Ift. Thia thco¡otical rtrcll ie ainlLr to

thc correapondl.ng th¡orattrc¡I otrain in Flg. 8.3, and wae calculat¡d

fron
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d-t.5s å (./-2¡Inf ) to (Eq.¿.?3)

u|thz=t¿l2o

. ,1n. 8r4 sho¡ra ågðln thrt thr rttlr¡ ¡t t . I?1.5o l¡

clO¡a to the abovs th¡orctieal v¡lur at th¡ t.Gtl-m contal'ning

the end of ùhc rlit (or ¡Ughtty grrotar dus to atrege -

concentratlon sffaci;¡) but dlrllpatlc axtrlroly rt¡pfully into thr

t¡nsiil length of tul¡a¡

'hen f. 5?o; the actual ¡ts¡¡s f'r only ona thlrd sf tha

atlovË thaoretical valuc fot r r $, blcaut. axåy frorn tha clit

tha ncn-¡tgÍdtty of thl Êtolt-lGction allorr lt to rarpr thua

plaxíng tha ¡t¡¡r¡tt coínPond to Ë,t¡.4.23. Thc ¡tr¡s.: along thfr

genara,tor ( f - 5?o) al¡o l,¡ rccn fror,r f{g. 0.4 to dl'raipata

into tho unrll,t hngth, vanlrhing thr¡¡ dl,enct¡r¡ fron ths ¡nd of the

cll.t.

fach cxperln¡ntal polnt on thia graph fu probably accurotc

to bEttar than å 5t( rnd rtpatr¡nta the slopr of a to:qul-twt.et

eurvÈ obtaLncd f¡oçr a caupleta trst run on th$ 3?,4n J"ong 3i-"

dlanater tubt fn thc apparr':tu¡ L:"-luatrated ln Fl,go. 7.1 (a) ond (b).

tha obsr¡vod ¡¡¡¡ultg and thr erparata torqus-twilt cutvÊ! 'rre fn

+.hs app¡ndf.x chapta¡ 45.

To illurtratr b¡ttt¡ tha ¡ffrct of thr r.lit ¡rn th¡ tor¡lonel

rigldlty of th¡ tube eolp¡ild ùo thr rlgl'dtty o? the nrf'gt'nel
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un¡lit tub¡ th¡ ordinatc of thc graph l,¡ th¡ incna¡¡ !n artglr of

trLgt ( AÉ - á - do) cauard b¡ thc ¡llt dlvldrd by tha orj-ginal

nngh of triet of tha unell,t tubc duc to the sana torquer

Thrr íntc¡¡sting fe'rtun o? Fi,g' 8.5 ir that thc thlsls

fornula
L

ot+.r(¡g)
2 L

-¡
L

s
-2

LL
óo

.g
L3 ( 6q.6.11 )

can be rn¿rcte to fft ths Çxpsrltnsntnl ¡¡¡ultr¡ up to a Foint whc¡¡

th,o alit ia Jurt onc dlanlta¡ fron occh .cnd of thr tubl, by choort'ng

a v¿iue for Lu c¡f el,Froxirnatlly L, + Ðr

Thls ties Ln with the straEa plcture dcssrl,brd abovr and

deplctad in FJ.ge. {J.3 and S'4 ¡rhcra the higha¡t atpaaac on tha

Gloss-section containing tha rnd af the rllt ¡re re¡n to bo

quartulcd wlthtn nn¡ df,anctes lnto th¡ unsllt length.

Thc cquLvalcnt bngth

L ¡L +DGT

means that th¡ actual ¡hstic cffr¡ct of th¡ un¡llt and lençths on

th¡ ellt lcnEih of tubr (conpar¡A ta rfgld ond pletca et cach cnd

o? tht al|t lcngth ) tr rpprorhctaly thc aant aG thct of c half-

dl,snetar length of un¡l|t tubr et ¡ach ¡nd brhaving accordlng

to rho Vlaaov ptr.nel,rll. [fe] afecua¡ad in chaptcr 6. Briafly¡

th¡ VlaeOv ãpptotlch el¡ural o Êonatant ¡train along cach gena¡ator

of tho uncll,t length (b¡t¡.¿¡¡n the croat-ttctl.on contðin .ng tha md

of th¡ tllt.nd e rtgld nd plctr)' bt vlrylng cfrc¡.n?r¡ntLaLly

sceofdl,ng to thr rt¡¡ln tn thr all,t part ¡¡ound thc cror¡*aletion

cantslning tha .nd tf thr ¡Ilt.
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:ìecaust of th,: good flt abtol,ned uíth thrsa lxP$rtnant¿rl

fr,ls¡1r, and bæcaugc thü ¡¡!¡rgU8ttd ¡tA¡68 dlssipatlon ïat t9

rspid !.n tht' un6lr.t length, th¡ tena formula, Eq.6.Il ö,rÞvct¡

rith L . L, + iì, woe urtd t6 prldr.ct thr ¡ff¡ct of olltetrt
o? v rf.oue langtha on ths ongla of trlst of tr¡o other t':bes

of eJiffç¡ent dimenEiona and diff¡rünt Ênd. ftxl'ngr.

Tha reaulta of thle prodietion ars thorn in Fig. 8.6.

FIi., 8..6;--qnFle pf tuie-t-olF.Fs.t9l tuEe Ft'ti ¡¡nv or$L$xinq

¡rnd urlth anv hnsth of ¡llt

Lach expe¡i¡nental polnt on thlg groph ie esti0¡eted to b¡

accurate to bç:tter than g l0Í, and reproeant¡ ths til.ope r¡f a

torque-twfat cu¡ve obtaf.nad from a Conploto tset run fo¡ ¿¡

particular langth of sltt.

Sone tanults frorn Flg. 8.5 ars lËPtoductd hr¡c (tube lr

nlth ¡nae¡lvc end platoa), togethe¡ wl.th th¡ rccults frtrn tubee

4 anrl 3. (sce Figs. 7.I and 7.2r and aee ehapter Â5 for the

obsc¡vsd ¡asults and the ocparata torque-tråst curvag).

lubr I had Ënorñeln or nmedlunr snd ¡:latae (a¡ oppossd to

nnee¡lveo rnd platre) and tuba 5 had no and platcã - i.8. it

HåB apsn*cndld, the torqur being appll,rd throu¡h thro¡ xcba

attached to the tube at ? . 0o and g llto.

ln ns caaG rúa¡ thc un¡llt tang h et aach and l¡¡e than

onc dianrta¡¡ alro tht rrxln¡¡n langth of elLt ta¡tod rae

lO dirantar¡.
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Ae a predl.ctLon of thc total anglc sf twíat d of auch

elit tubas ths thEsia forrnula can b¡ sald to ba adcquati, and

ths rnathod ueod thcraby holde pronlea for any aimilar kLnd

of atructuta.

Howcve¡ thr Lncr¡aas Ln englo of tuiat (^l - Á - óo)

dua to a ahort lcngth r¡f ellt ie vary enell and tha âccutacy

of thie incraa¡a ia not knoïn. Furtha¡ inveatigatlons ar¡

requl,rad in thie reglon eLnc¡ guch info¡rn..tion could br

important for dynamic cituations.

Itpte ,on inteFprstatLon of Fío. 8.6

Tha partieula¡ mEthod of plotting the ¡aaulta uecd in

FLg. 8.6 waa adoptad in orda¡ to bri-ng rcsul.te from any tuba

on to oftË GUtva¡

Th¡ abcÍesa le the Iength of the slit in diametara.

Thc ordinata La the incttaga in angle of twiet due to

the Erit ( 
^ I 

n t - do) oivued by the theoratical or actual

angle of twiat (for the aama tolquc) of a l0 diametar longth

of thc orisinal unalit tuba [0"](L - roÐ- + to

Fvam-l r nf i-ha r r¡r nf Fi n ^ P, -â -

An ElumLnium alloy thin-wall ¡ound cylinder ie 20 faet

long and I ft. diametes and ia subJectad to a torquc which ig

constant along Lts langth.

Ectimata thr rELatívc ineteasE in anglc of twi.st that

rould bc cauead by a 5 ft. longitudinal nêrEor sllt through

tha ¡'lall Ln tha mLddle portlon of tha span.
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Alrun no buEktrln¡.

l. LJ
0

¡ 3

2. Frm FÅ9. 0.6

AJ

rlOffir ¡El
ec'l

r 1.00S

ALTERT.'ATIVELY

J:2,e [f"lrrloÐ
r2.0r tr.'l Lr2tlD .

2

r ?.0 ¡ 2û0$ lnsr.ara fo8 .

rfå-
lr

t J.l LrI00

l0 dtntcs {os ¡0 ft.} hngtlì of tubr,

3. Acturl prsctntrgtr Lncrrar

r 20ËÍ x t!.tÅruItr¡r
rctuel lrngtlr

[Jol t r ?ûo

ff,g. 8.t ftluatr: tu tù¡ rf?¡ct to br txptct d ¡hon thr

unrltt lrngth rt botlt rrdr ol thr tub. i¡ llrt tfirn om dlutrr¡
thr vrLr¡r af thr rnglr of t¡lrt fo¡ a rllt bngß*r brUrrn

L. r L - 2 D rnd L. . L ri,lt drprnd on tht typr of rnd flxln¡.

fwtlrr¡ ¡rorl¡ ¡¡¡rlnr to bl don¡ to drtr¡rtil lhr F¡fcl.l
natr¡rc of thlr rffoet but lt 1r upctcd thatr rr thr lmgtlt o?

últ tnc¡ranr f¡or L. - 2 D up to Lr thr rquivr.lrnt lrn¡tù rlll
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v.ty f¡ä L, + D to L +.!r !.¡Pactlvrlyr rhcr¡ y rlll br 0 fol

rl,gld rnd plote¡ and grnrrelly betrr.n CI ¡nd Ð for othrr ¡nd

?lxingr.
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c{hrcl.usIilS
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Thl elurtl¡r.f rËtü tyrtn lfoa lcng ûpürrttctlül

brl ¡åtsñ ær rtÈJrctid tû non*¡¡lfst tærtm) tr vrlld

fæ dlast Þ¡an ot hfgh rerpång rigldl,t¡r.

1l¡1r ir dæsrrbetrd tlrrc¡ttcelty l,n Chrptur ¿ xrd

a, ùÀtL Fl,çrr $.tlg) üú 8.1(bl lllu¡ta¡tr lÛrr ¡aperlnrtal

cslflnrtlqrr

îhü sl¡ldsrt rolutict lmrrdrbly urÉa¡rrtllrtrr

tlu mglr nf tr{rt o? rhstt þrm of hl,gh rrrplng d.gt'dtt¡lr

Thl,r 1l ptüd lñrüürtþd¡v tn 6h*ptc¡ L Ïrrt

ürultf ¡ür dtilt ln flgr Srlr
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çGCLU5I01{3 (Cmtl¡nrdl

2:

thr ¡ddtttutd ír3¡r o? blrt &r to trtrr strl¡
ct¡cudrnatlrt drrer ttnln (eonru¡¡d to th. çfrr¡lsrl
solutloal lay br clesulatrd f:n {ûrr rtl¡ln rnars/ of thr

clorlsal drr¡r lt¡rrrçüc

Thr mtñod tt glym tn drtcll ln drsptar t, to¡nthu

rl$r rorkrú r¡lutlqr fol rrrelrl typlcal rrú eorÉttlaar or.rd

¡âd Goñflgnllrtlcrrr

1*r eo¡tt¡ctlon tr tpætsrt fol üolt rpelrr ot

hl,gh rarptng ltgld{,ty¡ nprclrlty du¡r thr erdr o? thr blr
rn hrld lrü tusrflng or ïttrlÊtrd frm ralpln¡.

Thl tfnrlr rolutloa ræ vrrlflrd by a nrlcr of

tsrtr m tofSr tr¡bm rhlch mn allt fultdargth rrd hrd

tùrts ¡ndr coutratnrd to Fñdn plml. Slr fl,gr 8r2r

.
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AJ I .tt r .tll

$rnû ü floü fq. 6.Å1 ln th ttl¡rrl rnd rhr¡r

thr lrwllãrrr ln *l9lr qf ür*rt t Ar) oalild bt an

u¿|¡ rlit türra¡$ tm rall of r tftl¡-¡¡¡¡rd urtrt tc$r

ùrùe rry þr rrtln¡hd ftw

LJ
D

.2(r).D

t
¡,erl-['
æät t ( l

ag

1.

Dt

tr

tpüqr¡rr eon¡tstt rlsrl tm¡t'tr o? ù¡br

dre dulur
rrmr dlntrs r¡f tr¡br f r s¡tddl
dlc* rlffit lfrie*nrrl

lÐrtetma¡ ct ù¡b¡ lcæ¡tsrt ttr¡qldroutl

frâgtt of d'lt.Lt )

fl¡r 8.1 rhdl hor thr æ¡lrl øf htrt of tlrrn

dlffüüt ùù.r *lffr va¡larn rrrrytÛr ol |llt *trc clÐaty

plrdlgtd bY tÛrl¡ thralr to¡l¡le.
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C0F¡C.Lttsl$l$ (Eanü¡urd I

lo

0lÛrrræn¡l¡nlcrrÜlr*|dtn{trrtlnrlrtnatr¡dr{*ul

fol,tctn¡r

tal thr or¡fr of üllrt d I ùSr rltt fut'l'trrngür ar

nrallyfuurryrgûhtrhlghlynmittwbt}Ürrrdeortdttloall
In pcttculott ntltrr ütdËa¡rtrr rrr n¡drd to

p¡lwnl lûrr rrd GtocÜrtlßtisu Sron rrlpfn'¡' ff¡lkrd

ln¡¡ra¡m fn ñ¡ft of futlt d'ff' lrßft f¡o tdrr u* cû

ll$t 3 rnd Plrtlt.

(b) thr cfuricrt r$¡rtt¡rr f* t*rr lt¡uæl nl h

urrd fc thr r¡.tt poûtf'str of r ü¡br rltt my lrngtht rvrn

?c lt$rt rnd Pl'rtæ.

Îhü'rduÐ¡t¡rrlßãlHültrttlonrinthrvlntñåttl
af thr rr¡dr e? üË dltr

(s! Thr .ngf¡ of trirt ol a rllt ttr ll vlrtuallv

urrffratnd by thl ncrÅüon af trr clr of lr rpBtlrd md

tffitgtr
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CoiltLUEt[Hg (tqnünnd]

!r {qf,rtrnr, iqFt.Êfiq¡tfl¡#ì.

{r)

(f¡ trpül¡rntrl rnd furür:* thrær¡tLsal tnnrtl,Ertlm

lnto tlr¡ rpplløbtttty d tl'rr al,¡crio lwtg bra ri¡ln

fs¡n¡Lrl to wty optn c*or. rrutlo¡r of lry ?lrrunl

topion ralptnç rågtdlty¡ th¡ncl appllcrtlon Ef thr $t¡rir

rhm* eolrestlsl to tlrrr àüül

(ff) thr rffrst ol rrd ßordåt¡sñl flr vrty drûrt os

ùtt-ffn btaml

lfff¡ r ül*gn ddlrstlonr throsrtieal appruch ltc.ludlng

lnrtablilþ rf?rotr

(3v) sr tnwrtlgattor t¡rtu fallr¡lr snodul

{v) feBgur¡

(vil ot*lard rldllrorl

(vffl vl'bntlmtl
{8æ Clrt¡v*rlll f* rni ltcütt rorkr on thr br*k$.ng

prr¡blm of thtpnf¡.d ¡ættsnrl



taB

Cgrg,LUgl[HS f oonttnrd ]

E.M
{b} Qn tlil. rtf,pqt qf ¡ q}åì {n æ'..tt4¡Ftttfr

thc ryplleatløn o? lhl rn rt¡had rhtch pædu¡rú

Eqr 6.tl for rllt ù¡bu rry p¡ovldr r rslutl¡n for any

cls¡rdrrotlon ttrtn trttrd rl¡uct¡ln tfirt h¡¡ r longtttd$rl

dlt-litr rpartutle'

Thr Lnerralr ln .ñf,tt of tri¡t dtlr ts tlrr rllt ccsld

br glvm by m rçrtton sf th¡ fon
2

AJ - tL. + [*]

¡drút f ,: tot$r. tsonrtsrt doa¡ lmgtdr a? tlt) r

hngttr of rlltt

rrrplng rtgl.dtty of crolr-rectlon thrangh

rllt¿lrngtltr

m rqtrltccl rqulvdrnt lrng'lh fror mdrt
t¡rtrr it o*f¡ bl apprutrctrly rcprl
to tln drpth of ttra erotl-rretlon.

Lx t

1L
-..f-la Ë{

L.I

J.T



xu
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4.1. A RËV¡I..' OF {"ìTHER ÅUTHORSI SOLUT¡OñIs I'JHICH T{X[: ACCtlÜ¡¡T OF

AXIAL 5HËÂR sTfi.Àll,l IN t{t}N-uNIFÛRM T0ätiI0i¡ i.¡F THIN-I¡ALL

tlPtl{-$tCTIot{S¡ &, St}t[' tXPtRIllf,NÏÂL RTSULT:i t]F üfHE¡l AUT¡{uR3.

L. E¡okh LZ l

ln th¡ Jou¡nal of A¡¡onautl.eat Scianers tn l94A rrggkln

obtsLnr a df.ffar¡ntl,¡l rquctton ?or eng&; of t¡¡lat nLth account

for ghcor by first a.Jding c eh¡ar terrn to a nonbran¡ eslutLon

liko tq.4..t9 cnd thon r-ncluding tha oi'foct of pure toreion by

rquating thu nnglea of txÍ¡t obt¡lncd vlE the flaxs¡al tortfonal

o¡raton and ths puro toreLonal syrtam. The ¡ecult is r-q.n.1.5 xhich

ie darívod hera in not r¡ul,to th¡ cano way in o¡der to ørnphaalla

tho r¡aunptiono ínvolvsd¡

ïhc rquatl.on to br d.'v¡loped uill b¡ built up from thr

acparatc componsnta of torquc (fl¡xu¡¡¡l-tor¡lonrl T" and pura torsl,onel

Tr) and englr of tx!.et (nclae¡icn 0 gT rnd dl¡rct ahoar g 
")t

and ag¡unptl.ons made f.n thl anelysls ¡ta ar follotrr

(e) thc applLrd torquc is rasfstcd at any point by it. Vonant

torrion plur tha flcxu¡al te¡aiont

(o) thr fl¡xurel totsion e¿rnsists of two aeparetr conrponrrt¡

callad tbrndingn tnd tìahaarfr 
¡

(c) thr part of tho torqua r¡¡L¡ted b¡* thr:rt. Vanant ¡hca¡

strËr¡ Lr proporttonal to the rets of twfat, at any

pertlcula¡ ¡rctlont

{d} thl part of thr tolqur ra¡irtod by tha flaxural tortl,on

la proportLonrl to thæ rst¡ af twlet cauaed hy ahccr onlyr



,12

rnd Ls ahe psoportlon¡l to tha englr of tvl.¡t othar

th¡n that clurad by thrar dff?¡¡¡ntl,atsd tríc¡ nlth

naplot to a¡

(al thr rata of trl,¡t rt thr ?txrd ond l¡ dur to thf I¡h¡arrl

eorponnt onlyr

Thr r¡latian betr¡an th¡ rctu¡L rat¡ of t¡Lat S'et any

rûction and that part of tha torqu¡ rhlch lr ¡ml¡tad by tho

nornants wlthin the wallc due to tha va¡latl.on of shesr atroel

through the thlckno¡s ie

1
,

- 6JO (t,q.16 )
T

Ths ¡rßaindar of the torqut (TS) Ie that rarlatod by

flcxursl torsion such th¡rt tf¡gt tq.l8)

T
t,t

--f,J q
T IT f-q.A.l.l

i¡ thc rate of trlst cxcludJ.ng the dlrsct ahear

9 rl that ir

e- 06 Eq.A.l.z

5

wher¡ I
8T

d¡fl¡ctl'on

and honcr

¡9r,

,'i . g e - (i)

T.---LJ. ( e"' g"' ) -(ir):rfA

Aarunc nor that the gh¡er d¡flaction pËr unft lcngth ( 9'")

dcpende En ths torquc producing it Ï,- ¡nd dofinG a! a conetant of

t

Subatltute thle tn EqrA.I'l¡



At

psopostidtrll,ty r¡ rh¡rl rlgtdtty 6V. nrch thet
Tq

GV
I

g I

Frqr rhl,oh

Subatltuto thl.e ln sq. (ltl above to gLvo

at,

T ._EJ (
5 IJ

Tr-f.Jr( g

a
Eg.A.l.3

- (til)

- (lv)

(v)

d" . tr"6ãr
t

e
1."

--I- ¡
6V

a

Thr total torr¡ur le

T - T- + T, Eq¡;1 ¡1.4

and rub¡tituttng for T, and T, from aq. (iv) anct i-qrlb

abovr glvr.
T.-" ,

-6i-)+6Jê
¡

AIoo f¡om iq.Ê'oI.4
,, tl

r

T ¡Ï +l
5 T

or, agaln u¡lng Lr¡ol6 abovc¡

5 -T" -î; . T - 6Jg

Subrtl.tuting ùhle 1n cq. (v) givas

[.Jr T. -t J*(O + .E¡¿
GV

a

g )+6JO r.q.A.lr5T-
GV

xhon T . 1 (r) l¡ tha to¡quc at erny ¡actfon of the bcan.



e

whers

snd

2k,
-*î(L. 

'',?
I +x --J-

ÉJ
T

Ëq'4.1..6

t-q qi{.It 7

Ëq.A ¡tr1 I

t-q¡A¡Iç9

(8q.1¡2 )

,ll

Fo¡ ¡ r¡nlfo¡r torqul¡

T''EJO -tJ g (l+
v¡r

Lat

xÇ
L+ J/

v

ond than iha differsntl'al cc¡ustlon t¡ay rrtr rritten

.J-
)

B

t

lu

a.- 2rxklk

.0

c-
¿ 'Itj

k. L
2
,lF

2k.t
C, rtnh *

H

aa befotat

It ul,tt b¡ ehosr latsr that v, la not Êon¡tant atong the

lcngth af the b¡rr (otr rl¡o rq.?o of ¡J¡¡kfnfflwhole lo ' Ûr]

¡rlrLch mesns '*q¡rA.lr5 snd À.1.6 atg vaty conpløx and thar¡fore

not of the ¡ana typr ac Ëqa.l9 and 2l xhl,eh thcy replaccl

Horlvttl Ln Ordr¡ to rolva thñ ln a rlmllar m€nnlrr aarune v,

snd h¡nca x at¡ con¡tentl.

Thc gcncrel ¡olutl,on of [.q.4.1.8 tl thlnn (frarn von Ka¡n¡n

anct Chrlstanttn Itl r ?or uanPlc)r

ù
ï

6J
L+

a corh +
- (vl)
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Thr Gon¡tanta nry br ¡v¡luatrd f¡oar knwn rnd csldltionr.

Fo¡ rxrrplt¡ for thc c¡r of rnda pnvrntad ?¡on rarpingr at

r r 0 ¡t thc erntn of thr rpinr fron th¡ r¡mrtry of tht ryrtar¡

I r 0¡ but lron (vt) ebovrt

0r g coeh 3 arnr,
L

,l tcr 3:
L

-S *Ezj

^ 2 k.- LI --¿. (v¿tth z _ il)

T

a

L

a
aa c ¡tl¡

Then a

a

at the fLxad ends I - ¿ å,
T-

ri

GV
a

frorî -,url .1.3r

0I ¡,6o
ã

I

í,q'.tr\.1r10

(?ron rqrl\ol14)

(fsom rq.16)

Eq rA.l.ll

!
2-

T-Tt
GV

3

T-ËJê
GV

GV

al

6

oc

CI

õ-J,
GV

c

(r+qr

(¡r
tI !

o

ucLng äq.4.1.7.

Sub¡tituting thia in rgr (vi) above¡ whan z =

xT
GVt

T
GJo

I I C, eo:h k, +



A6

a
aa (l-r c-

v
I
) ./ corh kt

xT
fiJ ce¡gh kt

Thcn rq. (vt) baconcl¡ urlng thte valua of C, and C, ' 0r

cz
T

6J

T
6Je (r:

la then

that ie

l-

x coch 2 k, t/L

x u,l^nh 2 k z/L

Eq"fi.l.l?

t-q.4.1.13

!
cosh k

T

Tho angb of tt¡dct et dl'etanec z fron thr c¡ntrs aaction

e ! I

2k coeh kIi

ancl the tot¡¡l nnç¡Ie of t¡*iat l's trice thet at ' ' ,

&
T¡J

(Í- )

t

Êq.A.l.14

Thglattthraogguetl.onarnaybeconparadrl'ththeclaall.c

cquatl,one rhích hsva no aeeount for ahcar atral'n¡ for axanpla

[.q,1.1. lt ta saan that k hes bæeone k, (or U 4')r and tha

roctlonconatsntxappÊalsalsoaearnultlpliaroft'hshyperþollc

tg8n.

RçJ.ativ¡tothaanglcoftwictofacloeadtubcgftheaanc

nratarial and lcngth and aubJrct t¡¡ the aano totque, EqrA.l.l4 i¡

J
-g

J
(r- å-

kt tanh k ) t qrIt.l.15
L

* ,t - 
Ç 

tenh kr)

ó
Å'o

b- , to s!.va thc
i

I

Subtr¡ct f¡on thl.¡ Eq.LlB¡ ¡hlch I'l



A'

lncrc¿m Ín angto of t¡rl'¡ù dur ta rhaat cmpre.rd xl'th thr

Vla¡ov-Tf.ro¡hrnko rolutlon,

t

J
-¿

J
(

tanh k tsnh k-
l ) f,q.A.l.16-I

¡(t

Uhcn k ic cnal,l, a¡y <.tr thlr nåy b6 rrltttn

3

k

J

J

tJ,to

ó ftTo

i'q.ri.I.l7
Jl'
Vt

rz)(r-!

I
ä

ú

t !'
óo

J
o

J
a

Ir. -$r--9, fr-x(l-

I
or,einca ått-x).,. å

Jút

ó k2
3 IrX f- (l+x)

Thie er¡u:rtion noy be comparcd with the first ter¡n of th¡

cnorgy solution Cq.5r.I7 which glvea, (fo¡ arn¡.¡l-l v¿l-uoa of k rgain);

2
3

It t¡tll be shown bclor thot ar k + 0r V" * J^r hcnc; for tha

sll.ü tubcr ftonr tq.A.l.6 and Flç. 5.1¡ x + l. Thue lt is accn that

tha last tro rquatlonc abovs !rü a<luivahnt. Fo¡ çrorl oprn roctLonc

x ia r¿rther lceo thon unity ao that ["q,r..1.15 gLvoa a proportionatrly

loyer volug of tha shoc¡ dcflactLon than the ancrgy solutl,on of

chaptar 5¡

Fig. 5.4 gfvaa tüno nuñtrLcal ¡csuLte fo! t-q.r'.I.I5¡ rfth

V ¡J¡3s

o



49.

Evclwtton of th¡ ctot¡-tüctlon rhråt nod¡¡lur V I

Thrr¡ncrgymathodrofcheptarSlndfc¡¡t¡thcxryl'nrhl.eh

the rha¿rr rlgtdtty GVst h'hlch tr¡ drflnrd by

T
-.3-
Êe

3

(Eq.Â.1.3)

rnay be rvelu¡t,ad. .5¡a alro Berklnl rq'T0 [4 ] '

The"shcat"v¡ork dono by r torqua T ¡ctLng ovlrl an ¡larnantol

!V
a

length tiz i.c

7T n 9*

whcredèisthe.rngleoft.Histrosultingsolclyfronrthe

ahc¿¡ st¡¿¡in t r Pnd this ro¡k nray Ì:u squ'rto{i t¡¡ the internal

rich íestrain snergy of dlrect I' hs'¡t ul'

'la- dA dz - (,t)
2t¡

xhc¡e T is the shear st¡asa aaaocl'atcd with U

[,,,rnl¡ining arìs. ( ¡. ) and (ii ] '

l^

-
,

Ë
I

- (r)

- l*q¡rì,.1¡18
d.e"
d¡

I
fG¡ I 12dn

À

Subctitute for 9 - fron Eq.A,.1'1
t

1
a

GV
a

fcorn rhich

í^

2t
ïü

Uruel /¡

TT
--.Ët-

r pr Aô drlrt¡d

t? dA

ldA

- fq.Å.Ir19
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Ihe rral vEluoa of T snd r a¡¡ lntcrdcprndant wlth V^¡r¡-
but en tpprroxl¡¡.atr valu¡ for V" ean ba obtalned by uaing thc

claEalc relstl'on¡ betw¡tn T. and T ' Thu¡ fron Eql' 13 and l8

Ln th¡ lntroduetlont

T5T - - --e.--J!'
J

H

o

SubstLtutlng thlr Ln [-,.i.A.lrI9 givrs

- Eq.A.t.2[l

J - fq.A.l¡21
a

rh¡rs

J2
..Ë-
s

HH

([q.5.3]

J 1¡ thr (conrtant) ¡h¡ar nodulur rh¡n ths pure total'on I's
I

l,gnored¡ (ruc ehcptar 5).

Eq.A.lr2l l¡ sontlrtrnt xlth th¡ s¡¡ult of chaptar 5 Ln ao

f¡re¡T --Trhrnk*0.t
Hor.vllt it l¡ r¡rn that ln gmorol V" 1r not constant along

tho trngth of thr brer rnd h¡no¡ [,qr.A.l.I2 to Arl.l4 a¡ valld

rolution¡ only ?ar th¡ llnl,ting orra of k * 0 rh¡n V, --+' Jo.

itryc¡thctut lt l¡ rlo¡thrhlþ conpardng th¡e¡ aolutlon¡ w.lth

th¡ oth¡r¡ bccsut¡ thc ov¡rall Lnflurnca of thrl ahaar docp¡¡c¡

nlth lnc¡rarLng lptñr

Sub¡tÍtutlng ?mn Eq.A.l.Zl tn Eq.A.l.3 gLvm¡ for th¡ ¡atl

of tvlat ous to dlrcct ahrat,

T

-TE
a

v

J¡

l'f

I

2lt
I

-

6Jt
- Ëq.A.Lr22



^Lt

lhtr nrytr thrt I 
" 

vrrlm rlong thr lxrgth af the brar
,:f

nceordi.ng to iÏo)'¡ rpprorchtng thl torìt'-qflt velul of ãi to"
t

alurrt bçaça ¡*¡ü * '* flr rnd ¡Pproæchln¡ lrttr tol long bu*int.

Thr rhs¡¡r åiÍts. 1 nry br ¡ub¡ti-tutad b¿ck for I" fuwr

fq116r to th¡t Éq.A.l.?2 bæm

I ¡ - [9.4.1.23¡

Intagt.rt.ing thia cxptlallør ovtt o c¡¡toin kngth v'.111

gtvo thø total angle Ef trl¡ù du¡ to dlf.ct shoar ovar thls

longthr thuet
z ^,a

I 'tL
dr - úq.'i.1.24

ü:,
H

For rxaapl;. for thc c*ar s? n unf'fanâ tÐtqua i rct"lnq on

; b6oqr cl,th cndr eonrtt+rinüd fron rarplnç¡ thc chl*t stra*¡ ll

¿orh {2 xútl (t q.l.I lT q
þt CO¡h k

tiubetåtutinç thl'l ln [q.A ol.Zl eind i.ntlsr*rting glvrr

(uaing t.ri¡3.3 !

å ¡inh2t Ák
2

_25
-:- -ËúT{ì 52r

t Í
T

Í¡i

ï
J

IJ

sfi¡
Lå l6J 2 ¡:Ofh k

rhiGh ir f-q.¡.ô obtainrd d$rctly fro¡r tlrc.rnügy üf Èhe eirpar

tttEatct.

-Êssr!.

b{;!Iar tü¡u¡t¡ to rll tha *¡t¡ove .*al obi"älnel¡le by rllertln¡

EItl
ß



Alt

thr alglr of ùrtrt ¡nscl,at¡d rLl¡h $r rrl,d drra: rttaln to
thü totd krqr¡ (ltt¡ thr st. Vrnrnt lrlrtior¡l vl¡,

nlûrrl thm to 1. ([q. 4.1"3]

Th!,r gLwr

o' r zft
=-.U-. -rr

ro qrtn Y. * J. dtrn k +0r ¡*td rtth ürl| nrl dr?tñttfun

fo¡ t*r dl,r¡ct rlrr¡¡ ltgldity tuhr dtffæratirl rçratlcr lc
mgl¡ cf ùrtrt (EqerlrLll becæ¡r T - #- 

l " . &r 9'- EJrg''
I

Thfu ngr thr oan of l$rr rmlfor¡ tanmr ir uwhen¡rt

tlËrr thr almrfs Eq.2¡.

Eq*Arl.l4 ?s¡ ltlr mg!'l of btrt af r bm rlth coarturlnld

mdr l¡ rrpfucrd by

&
6.¡

( r * jl rrù r l

ao I
.LwI

I a
k

4r8.

rt.l *f
I

.is¡lsf v.

tl mf br of ,l¡rt¡rçrt tr oùtrtn an rrualrgri v¡tr¡t d V.

for lûr¡ crs of both rldr lrnrlrtfng pl,anr ry¡d r rnll¡r¡r torçr
dúiJrrd rr fcfl,ærr



Att

(fro Eq.Arl.3)
6iv \\ t, ¡v i:' L

2

rhf,ch, subetitutf.ng for T from [q.4.1.2[t1 thcn aubetltuting

for T from Eq.Z.l and intrgr"ting glver¡

I¡.- t"tl* Eq.A.l.25
AU

But

riJ (flrst tarr¡ uf fq.5.T)

!{z
iT;El-

E
ó dr

k6/V \\ B/
tt

TLú =kfr8

lv I\ a/

ív \\ s/

5

!'iencs

=l
tarrh k I

-

KK
G

1 rsÅ¡þl!.- r Í99Þþ--3EJJ
k tco¡h .'k + I' '-À- sLnh ;'lk + l

2k

Lc.å,1 ¡ 26

Êlv

&v

J

g

J

t¡

l¡

-.r + -¡i--¡inh 2k

when k+0.t (u-, )

and ¡¡han k +€ r

Vsluos uf J"

Flg.5.l..

av
->J tI

{v \\¡/
'*2J

eV t

for the elf.t-tubc end scmi-ci¡clo ara glven in



Att

I - U rrn¡nnÊu Ir I trn Ru¡rlsr]

tn 191! ln ¡ ß¡¡rrlat p¡bl,tr¡¡tton ttrlr ¡uttro¡ ul¡r

Êcrttglårnorr thro¡n of lært ürrr¡ût *¡d tactr¡dor tlrr c¡{¡t
dræ rnr$gy tn hÅr rrprrrd,o{r ?sæ tatrl mrríy r,ht ñ o$rlrdrr

lr ta*rn fr,r Vlrwtr ¡arulrl rr¡¡rmlgæ t¡lrrt r¡r for ttrr
graarrl tcadlng p¡rt of r t¡ruvrrrr lod nlrtsh o.rrtrt oldlnrry

bandtng el rrll Ð nscu¡nl?olr lcrlsr.
Varobrrrr rEfutlm [¡ ] ¡ Eq. ñrlr! rtth V. . J.l srd

hl,¡ and sørditlsr ?on ratr of trl,rt lor r þt¡1lt*tñ brc år

Eq. A.l.ll.
Thr rraætlsrr tlwolvrd fñ thrr. ro¡utfoñû htw barn

dl.rcr¡n¡d aþqr:r lt har bæn dle¡n too tlrrt it gtvcr ¡rruttr
cll* ta tlrst of tlrr dånct rhrrr üræl¡r rtåod of chrptor !
tn rpl,tr sf ttr, llnltrtlanrr

tt tt intsnrtl¡rg to notr lùrt Vs¡oùlv polntr o*rt ürot l?

vr¡tlc¡l rhrer tn bfidtn¡ .i¿ "r¡,¿ drrar l.n non-r¡nlfocr tonlm

arr rlr¿ltanrørly {up*tcrtr |twr thry ban l"nt¡¡drprdrnt

¡ug'h thrt a rí,æl,r rupcrparlttei d thr rrpcaÐ pmtr af trlrr

adl.lrd toading lr not tmrùh¡

qnffi4FsÊq L¡lLrl
In thr rody l9!0rr E¡ Srllrnrr aur!,rd out utrnrÅvr

rt¡dfut ôñ a î8nærltlrd verlEtlon¡l tt¡rrt crrt¡ntr p¡scrdusr

rôtdr hr ¡pplll¡d to l|rr grnrnl srrr s? nonrsnlfm tnrfa¡ d
b¡Err
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In thr 1952 Journol of H¡thncti.c¡ end Ph¡nlcr nrfrrnrr I I ]
eonfl¡raa ín gmeral ternl, for eny doubly r¡nanatrLc "ro"r-itåtton
bar, raapcctlvcly, the thr¡e dtffe¡rnt rolutisr¡ follorf.ngr

(d¡pandl,ng on the roaunpt.lonc irda rcgardlng th¡ v¡¡iables

affactJ.ng J,ongJ,tudinat dlrplrcc¡nt q o¡ atr¡e¡ d ) r

(r) th¡ clrs¡lc rolutl,on

(b) Lq'4.36 fo¡ thc rats of trlst at thc fl,xsd end, ff

{:hs cent;e sf twíst is the c¡ntre of grav:Lty of tht

r,ectiorr, (fq.A¡1.27 foll,oring)¡ and

(c ) ¡þs trrjeskin-Vr,¡ubsv{ equartion (Í-q.A¡1.5) an.r the aan¡

¡nd conditiort for r;;te nf t¡*iet aa {,,:;.A.t.lfi.

Ihe:¡e tlr¡ee solutione have atroady Þeerr discussad, þut Lt

is stilt worttiwhile cctnaidcting H¿islnstf s ¡n*thods and co¡rmontsr

(a) Ttre first resuìt ¡:f Êìeiagnar I f ] comea fron the assum¡rtl,on

u - g'ir) 0 (xry)
I

where I ie va¡i.rblo with z, and $ ls -it. Venantfl warplng

function c¡r an approxinatf,on to it, x und y bolng thr

coordinatas of the cross-stction.

ths conditfon for u ¡ 0 at o fixad cnd automutically

givea (aa axplalncd rry flal¡¡nrr)
,g ¡0

o

f¡om chic¡r follor the claa¡ic aolutlono¡

It ia elso notad that for thi,n-¡¡sll¡d oprn cecti.one

0=x
(b) In th¡ ercond n¡t;,od of ñ¡larnrr [f], thr longltudinal

dl,¡pleecwtt u 1¡ no longer tr3¡rrrd ti: ba proportfonal ts tha
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¡¡tr of trl¡t but to ¡or¡ sthr ?¡¡nctlon of ttr lmgth¡ ray

-<(z) so rhat

u¡ *{r) 6 (¡ry}

Thia givu¡ via ths vcslâtion¡l rqurttonr

t
grT

o 6J Ëq.4.1.27
p

rharE J le thr polar aon¡nt of l,ncrtl,a ¡ and for tho
i)

differentinl equation fo¡ thc ,rngb of txlst,

It

whara

üJe - x r" l-O o T
1

Ê
J1- J

D

Èq.;i.l,.lB

iq.A.Ì r 29I*r

(ot¡t¿rinerl c.iiractly fro¡n a later publlcetlon of rìoieaner [ 6 ] ,

7 la Lho watpJ'ng c,;nstdnt r¡hich for thin-y¡al'Ied open-åsctions ie

equiva,lant to J*,.

[q.4r36 ia rl,nil¿¡r with ths axprlcslon ebovc fo¡ ¡ata of
ì

twl¡t ( g 
- ) in opfts of the fact that I'n the enal¡,'aí* of
o

chaptor 4 u is takan åa proportj.onul to g' . Tha reaaon

fo¡ this is thet the dcte¡rß:l,nctlons of the cnd condition for rat¡

of twist in chapter 4 aro ear¡Lld out indeplndently f ths

gencral analyrra of chaptor 4, whereae in tho v¡:rlational

a¡rproach all quantititao a¡G containEd in a aingle expteeaion

for rntrgy eo that alt th¡ quantitie¡ ¡nust noturally bo conpotlbltt

v{th each othor (rtthtn th¡ li its of tha a¡eunptiona made).
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In faet, nrklng the grnnrl alrunptlon

u r Gr (r) A (¡)

End fsllering tha ranû ptrficedur¡ aa ln pcrt (a) uf ehapter tl

glvea the sans reault agaln, ¡s follorvas

Subotltutlng u r ê{ (r} A (r) tnto [q'f '8 xtrlctr I's

T =6(nO +

so

èu.
to3

glveo

T.6(*O'+-.ä)

Ancj substitutin; this into i:q.4rl{J t¿hicrr i:s (fo¡ ¿, circule¡ aac

aætion ) ¡

Tg ltr¡tla

gives

e ¡ot¿¡tfon abaut tha ccntrc of gravity so that th¿: n¡omtsnt alirt R

baconag Þr aaV

T-ßtag, df

-so

r-6ta VI:,n'dt + */Ï"^#ot'f I

rrt the fixed and, for u c Û, o4 r O, and aaaunring hor

t ?
c

or

e 6J
(f-q.A .L.tÍ'-

finally lt t¡ nstld thst thE cðtasction factot x ,

{Eq.A1.âgebova} tr¡ vf¡tually unlty for thÍn-¡¡llþd open-eegtlong

o
r

P
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so rhat li¡f¡snstra arcand ¡nathod givaa eff¡cti.valy tha cla¡olc

differEntial oqu:rtion ior thin-wallad opr:n acctiona (Ëq.ät)

plur tha and eonditl.on of Lq..4.lrl.

(c) RoLs¡na¡ta third mathod [5 ] eterta ¡rr,th a subatttution

for tha longitudinal ¡trsae

ó = ¿(=) Õ(x,j)

l.n tha varl.utLonal. aquatlon, and for the snd eonditl,on pute

ó(0) - 0

rhLsh rould occur at ths centro of the opan for tha bEam

conctreined at both cnde and subJact to an encj torquar

Thc aolution pr¡tt in ganuaL fo¡m for any cr€Bs-rüctlon

rubJaet to an rnd torqua ¡¿hst iorot¡av fr ] obtarne for s thLn-

vall¡d o¡ction aubJcet to a¡bl,trary }oading.

Th¡ ¡rtc of j.¡ri¡t at th¿ fixtd rnd ir equl,valant to

^'T9o. tãi- ([q.A.t.l0)
g

rh¡rr thc dafl,nl.tlon for J. ar gl,vrn by 8q.5.3 l,s ¡¡ln to br

thr partlcularl'latl,on for thl.n ¡alled opan-a¡ctÅona of Rcl.¡¡ncrra

rxptlr¡lon (quotr)

D (..P) : Iø v de (r)r' 
LI^a'ooJ"

thr¡c

2vf = Õ
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and tha difforcntl'el rquatlon ls glvrn rt

GJ Þ - E rg J ).7
I

wherein

J = 
gf+ (rlr rq. (t) ¡br¡vs)

"Y'
R¡lç¡n¡r fErl¡ thEt thta ¡olutl,on nay br ¡ battor onc

than tho fo¡r¡r onra¡elthough ln en rxanplo gLvan loila yÜaae

latcr te ] h¡ u¡nr Ëqt.A.l'?? and A'I'28 snd not f''¿'A'I'6 abovl¡

Tho greater corapllcatlon ¡:f the lact nrthod Le prÞaunably not

¡orthvrhile for o¡rnnatrlcal clol¡d coctfon¡. As alr¡ady cxplrf'nrd

thaso tro ¡raultc glvr qslto dl,ffçr¡nt anBrÉ3¡ for the rhacr

d¡flaetl.on ln thln-*rall¡d gptn tastlone ro that oxparln;ntal

rork ahsuld raadl,Iy detor*rinÊ¡ tht rnort tceulat¡ colution provlded

that lt can bç çn¡ul¡d thct non-¡i9ld tnd lff¡ctr and thr pooltion

of the ccntto of trfrt do not ob¡cur¡ thr raault¡¡

r(. r.t¡¿ptiugHl AN! tl. .sllJlRTA I r ]
tn a Japrnln Journal of 1965 th¡¡a ¡uthon rpply a

eyllndrlccl ¡h¡ll thtory of Èhr fo¡nu to thr crrr Ef thc to¡¡lon

of ¡n opcn cyllndrle¡l Ë!B rætfon r¡rtr¡lnrd fro urarpl,ngr

Th¡ ba¡Lc dl.ffu¡ntlal rquatlon 1¡ a typlcal ahrll aquatlør

bcing of 8th osdta ln th¡ ¡adl¡l dLlplacrnqrt and f'tr colutlon l'¡

rathar inveli¡d.

¡¡-(r+ {tq.A.l.6)
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(a) W
ln r trrt thr sulûra¡r fal xOtæt r ?tnd-rdrd rllt ùtr

h r t, t . fO, f r r38S ta ¡ mtfscr tsst rnd ttnd tlrrt tlrr
rr¡Lc of äÉrt ir l,Ot to lc$f tlnt lh¡t sf thr tgrtv¡lmt

Êtotd ù¡br, rhtsûr Lr ø¡r 2tÉ ram lû¡rn tfrr f¡stæ o? t.!0 ¡ùlsh

tùrtr throly pradtetr¡ (tñær *ta¡ltr h¡ur bær t¡lm fbr tûrr

ûovr a.¡älo¡rr flg. tl.
fæ coep*lrcrt tln ralutlct flm t¡lth thmlr lr

2

. l.E!
ll raræ rurprt¡ing t*r¡t tf¡r thro:y vhlch t¡l¡rr ütto rosqnt

ttrc r¡dtrl drfbctlørr ¡heu¡d glw e lacs ryüF¿rr ?al *glr t?

bttt ther otrr l*rrt dcr notr Thr n¡ron rry br thrt t¡ thr

lNtrogrhL-$hiata mrl,yrl,r I t ] th. ù¡br tr uu,nd to ætatr ûflt
ttr phyrtcal rxl,r ra$rcl th¡n thr ah¡sl æntrtr ¡r c rhott or

ndl¡n lmgth ûrll rf$t br ßEmÐrûÐd tl dc.

Thr grn*rl ¡aarlrS¡ürmr of r rotrtlqr ûa¡¡t lr¡r rrlr cthü

tlrur tht rhr¡r ðñt¡r r¡r d{rturd tfi ltr$lcl A.tr T}n rffrct qr

tú¡r {¡hr*rtlcal arqlr of trlrt tn thr snplr fur tr glrrn by

Eq. A.á.1! (rpp¡orfmtrly)¡

?

t r.er tr,-f *¡t +,rtå ,þ tr-{ral (Eq.t.ts}

trr.?*.rå fþ

rùåßh rubrt{tlürr¡ f r r3!{r rrd'h

f * r.sr

rt¡lr
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Thl¡ fr clorc ts thr thcorctLcnl eolutlon of r{f.zoguchl

rnd .,hlor,a¡

l,ityrrthclGtr no d¡flnlt¡ cc¡nclusiona c€n bc re¿ehud hosc

bæru¡r of thr unctrt¡l,nty of tha cnd rffrcts ln thr axporirncnt

rnd tho lrek of e tlstur¡d ¡t¡lr¡ dlrrri'þutlon'

{b) flrtr .of $lrt- ¡t.Fl¡trtí !.nC

ïhr ¡hr:l thcory of l4troguchi and hlotc [f ] alfoua a

dlffaringrotåtlonfor¡achpointon6crosi.Ê|Êtlon¡ho¡|rvet

thrir ¡olutlon for thc n¡an vsluo of thr¡ r,,tr of rgtatfon st

th6 ftxod ¡nd of thc stlt tubr Ln tht exanr,'l¡ sbovc 1a prociolly,

Io o
- -L

6J

confl¡nrång flq.5.5 for llt't tubs¡.

It ta lntütüting to nots hrre that lon Karaan and

tdlf, Zang Chim [f ] oftrfn r ririlr¡ rcault for cloud lretlons.

(c i å$E¡¡ll
Àpperantly nc¡ üt3o'ltl ðFt Fl.éfturüd b.,, thc gbove cuthuro

but thry do gl,vc thrtr thro¡rtleel ltl|sr dlrtrlbutl,on for thr

rlit tubt tMtro$Fhl cnd Shtota lal l. ll rgrln lt¡ßI¡. th*t th;y

have conaldrrrd thr tubo ts ratate about |te ;:hyrlCåI ccntr'

blcot¡l¡ thrlr ftg. E rhon t|l iongltudlnal no¡¡sl lt¡n¡ d to

hl of thr¡ sor¡ ¡,[¡n frgrr th¡ rllt to a polnt oppollt¡ thr olltr tnotl¡cl

of changlng slgne at 70o fr6¡ tha ¡llt too - Éo! Ílgor ?rI. and A'6.1."

v{,,î r$Fcr{tflü\trûv Lr I f

tn a Rur¡|,¡n publlcctlon of l?61 Xnchm¡nhou rrrl o nothod

of üoldryrvaytü wtrlch follor¡a tht rtla¡sv proc;durr: fo¡ thr
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gonoral loadLng ceoe of bending and tb¡¿st of thl.n-wailad opsn-

soctl,on boang but¡ ln ordar th.rt th¡ shaar may be I'ncludrd¡ hr

dors not tskr into aceount thË ¡:uta toraLon.

For thr olnpla loadlng ce,sr of e unlfornr torquc or¡ a baan

rlth both rndr ro¡traintd from rarpLng llarcharyakov [Zj oUtafna

¡ rolution xtrl,ch lr [q.5.13 &t c dlffersnt fátn. Hor¡vor 1t 1s

not rxplal,nrd in thc artlcle thst this ¡aault ier applicable only

to ehorter fumgth ¡hell¡ ot bcmsr

SolutLona frsr oth¡r ftua¡tan aoutcta arc quotcd by

È{crchcryakov i 3 I and onc of Lnte¡act la a tors!.on ta¡t carrl.ad

out by Glaaunov¡ on a bul,lt-tn ¡llt tubr 30 cm long, ncan

dl.anatsr â.7gT cnr, lnd rrall ùhi,ckn¡r¡ .295 cn¡.t (h. 6.25)

$. te.eO), Thr cxprrLncnt¡L ¡rerult te 8/, gseatar thon th¡

ilrechuyekov ¡olutlon (1.c. lq.5.l3).

F,.\. tr¡6fJ. ,!nd .l.il.- GllCID¡çn [¡ J

In thr Dæmbar 1953 Jou¡nal of Appltad l'Î¡chanic¡ corbin¡d

brndl,ng ¡nd to¡¡lon ta¡tr ce¡ri¡d out on thln.*ellad ocni-

c.l¡gul¡r arctl,on brm¡ rl.th conrtraLnrd ¡nda ntc d¡¡erlb¡d. Thr

natlrl.al u¡cd i¡ not apælft¡d but tc probably alunlnlur alloy.

Thr ¡rctlon dlnrnrLon¡ wlte ll r 1.98?t and t . .058n glvl.ng

Th¡ flv¡ tengthr tcatrd xorr l6.lenr 26.50[1 4].06frr 53.e5u,

5$.7ãor ¡nd thr lert four gavr good ¡ga..tr¡tnt rlth a thcory

bs¡¡d on Lq.l.l rhi.ch nakc¡ no ¡llotanc¡ for ah¡ar ¡traln. Tht

flr¡t t¡et hotr¡v¡r rl,th

6I39-å
t
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å
D

I lJ¡

ffi ü n¡rr tt hllt rhüt ef Frtm trñ $r thrr¡ll
thtr ütra hü trü ar rlltry b l¡üf cl ¡älrt d
nrfrdr:t u rm* tü *t .tütr rllhær b¡t nfa h
F*tft t¡t tr ttf, Jn* Mfâf tl sll :trndr ot ürPl.t t
t¡¡rla nl¡É b

{3q.trlll

l t¡t

!*
{¡r

**
Jr

ÌJ
qrT

l---lr*' tt*f-.lL ¡¡¡l--- .Sl ' r0l!t
7

I
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4'{¡¡r ffiilr ffrfttfi{r ¡ì{sq¡ffi clnc$ñRFEfIr¡hL #f,{Ê

s¡få¡[.

In lhtr shcptÊr l,t rltt, br rhesr tfirt tht æsrr¡tr

rhm¡ üt¡æt a!ünd t{rr c{rardllrncl fn r rllù.tuùr rr
ùt ¡r¿¡r.d t¡or ttrr gtr¡w lrtr¡lt, fq.ã+tr lr cl,or to ür
rhrar rt¡r¡a ln a clamd trÉr for .FsÐ rF to L r l$¡ro Orrt

tù. dlrst drr¡t drfrlrattcn tñ both ùôrr tr lttrty tü br

tl¡ilr¡¡
Thr nær v¡lrr Ef Eq.?.l fæ thr rlroh tr*r lr glwr

by tùr dsrÈl¡ dtltnttr tntrgral¡
!Tr

1
2rr lJ¡,

a

t, t'f

Att

L
2

rodr I I/t d¡

{Eq.â.u }

TtÌ, ¡ Å
L

Å-
¡fi

L

g
L

codl t

t t *#ile tti ttz

-TT

TT

a

-î L
2

rtrrn

$ $ {3.rî - ,l' - t*o / }¡,
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tntrgratlng ônd aubatl,tutlng ?or J" fron Eqo1.4¡

T (tr.74 rrTav 2r.L x ,253 tD5 x corh k

'T ' '61
1 t¡nh k - 8q.4.2.1

av tD2

Thc ¡h¡ar ¡tr¡s¡ ln a thl.n-rallrd clor¡d tuba ls

It - [q¡ii¡2r2

Subatituting'for Jo for a thin tubc (fq.l.r) glvra

To-tt" -.63ó + -8q.4.2.3- TrD" t tÞ'
The avarage rhaur ctr¡çr in the ¡lLt tub¡ ralativo to th¡

¡h¡ar .atrcs¡ in ,"ht clo¡ed tubr ls th:¡oforr Eq.A.2rl divtdcd

by ËqrA .2¡3t approxl.rnatalY

tanh k
k

5or¡r nun¡rl,cEl valuas of .lg$-L cttr for thc ll'nl,ting
k

ca¡¡ of D ¡ l0 t¡ rLth L . Ûr 3Dr 6T)r and 100 rrcpcctl,vttyr-

1.0¡ .99¡ .96 end .90. For thinn¡¡ tubaa tha valucs cttG ettll

clo¡¡r to unÍtyr

Th¡¡¡fo¡¡ th¡ avarago cl!Ëutôfcsantlal ah¡ar dsflectl'on and

hnnco tho angh of tlil,et du¡ te thL¡.drflsetlen nry ba rxpactcd

to.b¡ llntler¡ for th¡ eloe¡d tub¡ and the clit tubsr

Hsncr as a fisst approxLmstinn it woul¡l r¡anr thst tha angt;

of t¡rlst of a clo¡ed tubs - Lqrlr8 - Gould ba addcd to th¡

qlasar,c aquatLon for Iong ttoams - Ëq.l.l (a) - to givc a

- eJttl, 
"r.n, 

*

k

o
TD
2J

o
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sslutlon for ehort and nedl.un length allt tubcs Htth eons:'¡alned

cnds¿

Thie rncans addS.nr¡ unity to t.qilJll (fron uhieh Fl.g. 1.I

war obtained) to give

2

t'å ,t (r-!siB)+r Eq.Â.2.5

To a similar ordsr of accuracy for chort allt tubEs

uhera f > h

tanh k

L
ó

,

* I- d
3

Substl.tutl.ng for k from t-q.1.5.

(¿ågll2
3

Eq.A'2.5 than beeon¡¡

2

(from Eq.l.12)
k

tanh k ^æ-
k

a

o

l- rbr
6
E

I+

rår

G

E

2

2

(*2

2

t.
4

D rh,( )
1.014

3t

Eq.4.2.6

rhl¡h is

Eq.4.2.7þ - t * .r {þ}2
o

ff I la aga{n g!'van the typleal value of .39.

Nunarlcal aolutfona of thia rquation for þ ratios ef

0, l, 3, 6, I0 arl¡ racpcctLvlly, I¡ l.l¡ 1.9¡ 4'6¡ and lI'0'

Emrperl,ron of tha¡¡ r¡¡ultr rLth Flg. l.l ahor an lncrlaea I'n

I oç ths ordcr unl,ty for th¡ shoat o", vaay thl'n-rallad tubee.
úo

t-r+.26å,h,,t

Tho¡¡ a¡çi-lntultLvr rcrulte havc l¡e¡n tncludcd to indlcata
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tha raaronl,ng rhJ.eh promptad tha author to procaed wlth thr

anclyal,a of gho¡t opün-ttct:lon baenr (and ¡hort ellt tub¡a Ln

part.lcula¡) a¡pecLally ae [-q.4.2.6 gôva the canect recult of En

rxpcriment carrlad aut by f'll.:oguchJ. ¡nd Shlot. [ 2 J rl.th a ¡ltt

notal tuuc f, - f, t. 50.

(Thta ¡af¡¡lncs wea tha only onG at th¡ tLns found to

conts!,n raculte of tarte of tho triating of a fLx¡d ¡nd¡d sl.l,t

tuba ) .
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A.3 Lli4.IJ.q pr {cguRsgutr ,TH.Ë0-RFT¡[;åL FÛR|4ULA5-$NÐ tllr

Ë(PF R I f{Et{ T,A L ¡ t 5ULT5.

Th¡fo¡mula¡Ghoaantocheck},8r8'forthcangìaoftrríot

for any langtht

l.K +X
BT

(Eq.5.7 )

and for thc ¡tnsr di¡trfbution for any longth¡

a (Ëq.2.1 )

é - 1L (tq.2.3)

Th¡rr fo¡nul¡r ata fo¡ a unl.fotm totquc loadlng, ¡nd fo¡

both ¡ndt constrafnad to ranain planc. Thc fir¡t dlff¡ro fr'om

the (Iong bgan) claesLc rolutlon by thl ¡ddl'tl'on of th¡ first

to¡¡n on thc rlght hand ¡td¡ vhlch La intcndld to taka account of

tho sxlal ¡hrar st¡aln ro corrËcting the claaalc ¡olutl'on and

vall,datlng lt for Eny sp6n pmvLdrd tha lLne of ehca¡ c¡ntrce rcmaln¡

th¡ cantr¡ Ef trlst¡ Th¡ aceond two fo¡mulas an ths (Long'.:sam)

claa¡ls foseul¡r ¡*¡lch accosdLng to thosl'o proporah asc valLd

alro for rho¡t 3polls¡ at la¡st for tha slit tubg'

A thin..rcllod ¡ound tuba ?Ltt¡d to sigl,d and platr¡ end

al.ft futl lcngth through tho xallr,¡ar thc partieulaa operì-atctlon

ehérgr to tlrt rnd thr rir¡rlôn! fol thlr rlr'l

I¡ r dL¡æt csnpstllon rt th thr ran¡ tuba prior to rlLtting tt

eould br obuvcd¡

2. t.tta on ptat-3ltt tubr. could olro ba h¡ld on thr cant

ba¡lc rprclnrn.

3
JJ.
6J

&
6J

a

cogh 2- lf¡¡lL
coËh k

5
-.lL
J

¡,
T

I
J

ùf

T

r*¡!,¿I¡lt
2k cosh k
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Such cornparotlve tc¡te ønable a satisfactory accurecy of

thro¡atical caleuLations of angla of trist and gtroeE to be obtal'ncd

fron aasLly neaaurcd epacl.nran dlçcnafuno¡ in particular daereaeing

tho dep;ndlncr of onglo of twlet erlculationa on dianotar from ¡¡5

to 02. Thu¡r lf Eq.S.? cbsva ie for a c1rculat arc ¡action with

nsd!,an ll,na radl.u8 a ¡ D,/2, thrn rolatl,vc to tho angle of twLat of

r round clo¡rd tube ol nedlan linc dlencter Ð, tsltG span L¡ eaml

(unifo¡n)thickness t and aubJcct to the rano torquo T, Lq.5.7

bccomee,

*rt (Eq.5.t? )L
Á'o

rK
J
..9
J

+
a

or, f6t thc sllt tubr,

eLto
'.96K + .75 )

a .96 (l - rz) l¡ ) (l- rz) (8q.5.19 )
2

J
-4.

J

t 
^l 

å for the orl't tub¡ tha puro torclon l'¡

"å(hL
tô

2 (Ë.q.5.18 )K¡

3

ncgugtbls and the deprnd¡ncc on t l,a vl.rtually ¡lininated so

thrt Eq.5.lE naY ba ¡rl'tt¡n

ET

b<!ühcn a

2
2
¡ 5

5cr Flgr 5.5

| ".n 
ba nducrd to thc ringta slEstfc con¡tant y

(PEl,nonts Ratlol f¡or¡ th¡ ¡rlatLon

å-
¡

2 (t +V )
Eq. A3.l



Sr.ùrtl,tuttng tJtl,r Ln Eq.5.l9 rbov¡ glvæ

* -.e6(r-å 12)* **ï rt,t(r-åfo

) + .l0I

2.39 (5.87 - Y -4co¡

¡¡glÅ
L +l)

A29

12) Eq.A3.2

8q.A.3.2(a)

(8q..4.27 )

(8q.4.23 )

orr rith

T

L
to

V r.29

-.96tr-$rz rhrt tr -$rzt

SLlil'arly by coryrrf,ng tht no¡rcl rnd ¡h¡¡c ¡tr¡r¡ta wlth

thr rt¡ar¡ 'r- t 2T/ Tr n?t fit r alo¡rd tubc, [q.. 2.1 rnd 2.3
o

brcor,, for r ¡llt tubr ,,trrn | < ., I,/ f r nrnccttvrly'

õ a

ã T

{.r.ssf; (.7- zoLnl }

l.ro th. c¡lculatlen ef thr stght h¡nd rl,dr of 8qr.43.2, arzT snd 4.23.

(¡)

Th¡ rffcct on l/lo of r rn¡ll ¡rror ¿ k :ln k 1r¡ frorn

8¡Lnlco*th[f J ,

* (/qL 
^k

a til -
oh

.-(1.28*+ ,f,,t I

tL/ t2

AK

D

-L,üo ¡¡t- r -
.96 + L +), (-Í l2

) r ah
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fo¡ anall k. 0r¡ ín tha ordæ

Ak
k

La¡

nrrl,rau¡ trlora ln k arc gtvrn bY

ê¿
D

Àt
t

^(/
ú

?rk (
ú

/ó

fq,A3.3

(Ëq.1.5)¡

AI Eq.43.4

o

sincs for th¡ slit tuba, k ' 1.gl? 
i / å

.+ + + +
?E

,ro
l+ v .:.3 z

L +)/

Dua to tho p$aaneç of tha drnominator on the right hand

rida l-q.43.5 baco¡tor naglLgLbh for væy short bg¡no. Üth¡¡uLsr

all tsrns may ba I'nrportant and er¡ dlccuaa¡d bclow'

L ic ma¡ur¡d to brttsr th¡n .02n. Thr bJ'çgret naxl'msa Êrroa

for .f rould bc, ?or L r lOq raY¡

-4 - tå - .oo2 = .zf Eq.A3.6
L

Thc ncen dlcmtæ Ü r¡¡ obts¡,n¡d f¡om¡

outrld¡ dl,an¡t¡r - tr Th¡ out¡Ld¡ dl'anrter (nürLnal 3.5n) wa¡

AL
L

Ak
k

+2 ag,
?fr

ao that when k { .3, cay, eatiafactory nas.usalt'nts of tha

quentitlaa Ín Eq'44.4 a¡r rarily obtal'ncd to nakc Ëq.43.3 nagligiblco

Tha ¡naxl.nun total ¡ff¡ct of anell .atrqra Ln tha othcr

vsrLsbl¡¡ y ¡ L ¡¡nd iJ r¡a lin!.larly ealculat¡d to be

o('rro)r,r,o _g l#_eÊÀ +eâ"1

o (L
D
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naåaund by ealLbrctrd raLc¡onctcr to ¡n tcculacy of g .0fl05n for

cech raüding, but varLcd .040í along and round the tube. Tha

averaga (¡ffcetivr¡) outsids dlanst,,r ¡Íã¡ catimatad to hava en

êeeuaacy

À0.0
0.Ð

-p19
3.5

a

a

!

* .006

Hanca thc posslbla ano¡ fn D l,¡ about th¡ aamr slnca

at ir naglígl.bls. That it

AD o .006 Eq.Â3.7

Ilua ts th¡ f¡actionrl drpondanc. oe $ on y a hrndbook
o

vEl,ua for pol,oaonrr rstlo Lc acccptabll (a.g. t'terks [l ] )r

Say v - .29 !&. Thcn

âJ . .gg Eq.À3.8v
Calculation o1 ót,to

Substitutc Ëql. 43.61 43.7 and 43.8 in Eq.A3.5 to gl.vr thc

¡atl.natrd nax!'nrn trroa tn th¡ calculatrd valua o, ó/Åo I'n Eq.A3.2

n

D

"-%L)átt
o

I (i0å.f .t10{ + .Q}lL
L * Lt''å.t) rhl, '

i .04 , -,.

t'+ /Í¡l-y th,t

Eq.Â3.10

thla varla¡ f¡om rpproxl,matrly ?É for þ * 3 to 3.5S fo¡

!r l0r
n
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P¡ohablc ¡ax{nu¡ ¡taol! for c¡lcul¡tcd thaor¡t{caL ó¡ro ats

approximataly 1.5É tor þ - 3 aná ?.5T6 ?o¡ þ. ro, urlng rm¡ valucs

accarding to B¡inkro*h [2 l.
(b) Strras equatlons. 8qa.4.27 and 4.23

Th¡ ¡ffcct of a gnall rrror in I ¡ orì I and d could ba

large bocåusG of tha rapidly varying vpluc of thc atrcssea xith t
(are Fl,g. 2.t) .

Th¡ calculatcd r¡latLv¡ ahaat st¡¡as la

"Y

\

o@*
th,

2..39 (5.87 - 'f - 4 co¡ ,l ) (tq.4.27)

Hanc¡

)
A,l Eq,43.11

V

rhl,ch dsmonrtratas the lrrgl poaribla o¡rott, n¡s¡ to th¡ ¡Ilt

( ,l - + Tr ).

Sinilarly
o(l/àç = ¡,1 -z*f co¡,/ì âl-ñ = \_:-- I -¡ Eq.A3.l2

tto '/-z¡ln/

¡nd th¡ calcul¡t¡d rclatlva no¡nal ¡trras l,r ¡lso e¡¡n to b¡

in larga pa.rcantagt tatoa l,f gnat car¡ f,¡ not takrn in locatinE

th¡ ctrain gaug.r rccuratrly ør tht toct pirca.

¡a¡r¡o{raTtÀ-

tn ths autho¡tt bu$t¡t¡g tonlo¡, trl.ti4n,Çoçirotïr.

Tomu¡ (T )

Tha rtation.ty cnd of tha aprclitn rtt fi.xod to onr rnd of

an exl,rtl,ng tonlon n.chtnt vhlls th¡ otha¡ lnd of tha eprctnfn Yae

rfr¡ar to rotatr ln a apæl¡lly nrdr blarLng. Srs ftga. 7.1.

Thr tsrqu. Ír. cppllad at thc baaring and, rr lhorn, by cqual



A3t

dead w*ights appll¡d to ¡ach rnd¡ of en a¡rE ¡xtlndíng fron both

cldra of thr ePrclnrn.

Thr frtetlon in thc b¡a¡lng H6¡ nraeuted ¡nd ?ound to ba

nrgllglbl.r â! r¡s thr hyrtææfu.

Th¡ frl,ctåon ln thr pultcy löl nta¡ured too snd rtro found

to ba nogligfbtc.

All wrlghta xera chnckrd and found ¡Gcutatc'

Thc¡rtorl,nr¡o¡u8l'ngmmont¡m¡wernaEllgf'blc'

Th¡ maxinu¡r poaalble araotr l,n any part!'cule¡ ta¡qur

rcading ra¡ thsrafon vary anall¡ ray g lÉ

In ony ca¡c T dot¡ not appaÐt in ttrs conparetlvr fqc.A3.2

4.2? and 4.23 ¡nd lt ls po6f,blo that tho degpc of repratrbittty

of nnaaurøncnt of T La of a hl'gho¡ s¡dl¡ of rccurccy thsn Ltl

ebaolutc valus.

lr nf TuLrt t
Tha thror¡tl,c¡l caleulatl,ons cholcd that total añgl'e of

trlrt rould bc as lotr ac 25 minutc¡ of e¡c and genrrally ln tha

o¡do¡ of 3Û ninutg¡.

Ths nrthod cho¡¡n to maa¡u¡r lo rnd t uts rlmplr' A

ellnonrst¡r (bubbla lrvll) calLb¡¡tod I'n ninutr¡ of a¡e- and

raadablc te * rl.nutl - rar plaord, ln tu¡nr on knl?a rdgcc

rrldad to ¡sch ¡nd blæk of th¡ apcelnrn. Tha ehonga ln angla of

tu!.¡t for a pcrtlcular chanEa In torquc r¡r thcn thr changa ln th¡

dt?fr¡cner¡ of thr ollnort¡t arådlngs.

thü¡fol'. ¡ r¡xinun laûD8 of approrl,malrly g I llnutt ctìc



eoul'd br rxprct¡d for rgch changr 1n angl,r (and ¡ probeblc orrot

of 7 nÍnutc).

Ðeprndlng on tha actual csnltatcney and lineerlty ¡¡f the

sctual reaulte¡ a low dcgrca of anor in thc oadat of lÉ could ba

cxpected for tho ncaaurad elopc of expæ!.mantal T - t curvtar

St¡eins and Stre¡s¡¡

Fapor ctraÍn gsugla roro s¡.d throughoutr Thry xase

Shl,nkEh tztlj2- Bo - 45o - 90o roscr,tc¡, gaugr lrngth I mm. Thc

rpaatebility of rnlronr gouga xould bo good such that ¡nall .rtst

(cay + l.É) would reault Ln thc mteaurststnt of tho ¡¡latlv¡ ah¡ar

atråat

¡Ln 2I t It'T
'fo I 45

¿

-t?12*z(lnu-¿rrt]'

A3a

(tq.7.4 )
45

Hor¡v¡¡ thr n¡xlnrn ¡aror {n tho calcuhtlon of th¡ ralatLva

nonal ¡tra¡¡ fron tha moaruttd rt¡rin¡ cor¡ld rtl.ll br eppnel,abl¡

du¡ to thr Lnvolvæ¡nt of th¡ ¡l,¡r¡tlc csnrt¡nt V ox 6/î.

Thur
át,* Yz ¡ (Eq. ?.5 )

(, .â.

A

rnd th¡lrforo

) o

¿
T" (zæ)o (l - )r )

drpanda nal.nly on V r ar follorat

(E/r"\u = &e,)o"
É, (á"ù(,:Ð J_ _(i:'à{1= + v ¿")

(áor).' (, _ ,).

v
I -v

LV

a(ðlr), ( v a)/
)4 +vzs

6/r,
+

v Eq.A3.13
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Tha fLrst te¡m rtII grnarally bc ncAlf'¡lbl¡ becaure F- s

rl,ll be gmall (theoretl'eally rrro)f hgncG, L'l v la ascunrd to

bo.29,

A( r oll Au Eq.A3rl{),ò/r"

ð/t" v

whlch xould nGrn an Garoa of 3?i Ln thc ¡rl¡tlvr nora¡l ¡t¡all

for an raaol of 8É l.n Polsranr retlo V .

(It ta fclt that mra¡ured vrlu¡a of v . a3 f , rot

the partfcular nat¡¡i¡I rould not h¡v; tn accutacy tpPstcíebly

bettç¡ than tha 8!$ ¡¡¡o¡ quotcd ¡bovo).

Fl,nally, rhcn conpering thc n¡a¡urld qusntltl¡¡ xith

thc th¡o¡¡tlc¡l sn.tr th¡al furthcr poJ'ntu mu¡t b¡ r¡n¡rnbe¡rdr

(¡) th¡ n¡a¡u¡cd ¡t¡c¡t¡t utat fron ¡t¡sin gaugas on th.

outrl,d¡ rusf¡c¡ of th¡ tublr rhrtra¡ th¡ thlo¡¡tlcsl rquotLonr

¡ro rffrcti,vrly fo¡ th¡ av¡ttg. ltt¡¡ær through th¡ r¡ll

thicknos. 0n thls rccount, th¡ nlasu¡cd ahr¡r att¡æ can b¡

expcctad ùo bc appsoxl,nratnly

grnatar thEn thtorctlcal.

(b) follorJ.ng th¡ clarrtc procrdurc¡ the th¡ontical analyaer

ld the thar:L¡ havo not tsksn tnto ¡ccot¡nt th¡ r¡duc¡d ela¡tls

nudulu¡ -'g- âr Etcau¡l of thlr¡ th¡ noarut¡d atn¡raa ntght
L-)t¿

bc 9S norr than thr th¡ontLcrlr ¡nd th¡ metut¡d anglct of trirt

nlght br lr¡¡ th¡n th¡ th¡or¡tfcel by l* fo¡ tP.nr L r I)¡ o¡ 8:1,

forrpanalrl0D.

r0#x3
D
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(c ) All th¡ threis *rncly6c on sllt tubar h¡vo qacunsd that

th¡ ¡ltt-rhl,l¡ Changing tha nclotod" tub¡ scctiorr to fln 'roponn

¡octlon - 1r of nnglfglbla rldth¡ l,n othar hro¡,dar thc rsrnoinln',

Irctlon ia aald to bc a 3600 cl'¡cula¡ åaÊ oP.n ¡aatLon.

The xidttr of ectr¡al allts ln ths tt:ot ripecinonr' w¡c sl¡out

ona hundredth of th¡ df*¡nEtris¡ lctr clwoy:' Iosa thon lvo of arc'

Th¡ thcoratleal rttcls dÍ¡trlbutlon for srph I flnite

rfdth str,t LE vl,rtually th¡ ¡6rr a¡ for th¡ :oro-rldth caret

provided cl,¡cutf¡r¡ntl,¡l ntalutoaonte are nsd¡ rala,.ive to tho

¡ctual edgc of tht ¡ll,tr

zui tt¡c É.ã.u:rrd angleu of trl,ri eould bu axprcted to be

grratar thrn tha thaoretL;al by an¡ount¡ lhorn in th¡ folloring

tabla (Figr A3.l)

% CorrrctÅon to ¡l (Att))ACTUAL r{II}Ttl
I]F sLIT

(Ðrgrcm of r¡c) L¡6Ii L-lCIU

1.5

3

4r5

lrE

3.6

5.4

'* connect¡oH T0 THESIs. Âl'¡6lt. iiF Tk'¡5T F0RHULA5

(t,9. i¡¡o ¡ .96 + ,lol (L/Ð'f - Eqr5.lg)

rOR FIhITL sL¡T B¡Ü1H5

F IG. ár3.I

Thr rbov¡ Êlr8lctiotìt trt dur ¡ntirely to thc r¡rcr:reæ

lr3lI

I
2

3

lo

20

!o

Ln th¡ rosplñg llgtdlty (Jr) rtth lncr¡rllng rldth sf rlr,t.
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Tr.¡jla on othlr nach{Fca

Tubag I anrj 2 (tha 3-l"r dlarneter tsba¡ - ttt chaptu À.5

followlng) ware taeted Ln tha euthort8 oun eot-up¡ and tho othc¡

apoclmena, whf.Ch wetg etnallcr and rnuch lightat, xeta tlstod I'n

coctürorÊlal labor¡¡tory toralon machinaar l'lo ¡traasaa 6ts r¡cordrd

Ln thc thrcia frs¡ th¡ec othar t¡star Th¡ to¡clu! and angla of

twigt vrç¡.r rnaðcutrËd to thr r¡ma accurccio¡ ¡¡r tho¡o quotad abovo¡

but tho phyaical dimen¡lona and propcrtl.rE !ÚtrB r¡cnorelly laea

carafully msaoursd thsn the ¡ans f¡etures for th* 3;-" dLancta¡

tubnar

44. ËË-Jù¡g JT-I l0l i¡tîK u!'¡¡iTqT,hÊ

SlÍda rula cccullacy r8t oonrldrrrd ¡ufficLsnt fo¡ sll

calculotlona fn thc th¡¡l¡. Hor¡v.:l a deek eonputer ¡r¡¡ utad

fo¡ moat rcprtitivr crlculati¡¡nl fush Nl tha th¡oratl'cel ttpü¡

oquatl,onr

r ¡.39(5.87-12 -lcoaf ) (rq.¡1.27)
f.

and

¿
;, -r.55ã('f -e rln/) (rq.4.2tl

¡nd the Ëxpettlnrnt¡l ¡tr¡r¡c¡ celeulatcd f¡on the rtraln lattttt

nl¡ou¡crllant¡

+, ' î*#" [" r 
24s' t"t' '-' t tou't'f 

-] 
'

(Ëq.?.1 l
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and

2 L-Y I
([q.'?.{l )

¿5 o

yhcr¡

tan 29 r 2,2 á 2

Th¡ two progr¿ils u¡ld on tha CIllv¡ttt l0l dcak computet

to ¡valu¡to tha abovr cxpraral.onr åtr gfvün in thc folloring tsbla¡r

'/\ (8q.4.27)

or, (Eq.4.23 )

Conltrntr .39(D), 1.8?(D/1, l(t), ¡.53
D

lE/ 1, ?lf 't

¿
T

o

!

+ y l"2

á tâ-z

0ltvatti lOt
Progran
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Vorl¿bla to
fa¡d ln

f
2

sLn 2I

tonctanta

l"

t4s

illlvottl lCII
Progran

Abd

sBl

58/l Btâ/-E/t

5D î D l, DlX Ð-Dl-C/*

AO

Y

AYD{-8/-AXCtnü

Ir-A X C + Ð/ * n d

5xËi
AÔ

v

AvE/ ù q/xã+Ff
AO

l{

a5 o

tan 2 I (tq.7.2)

'rl (8q.7.4 )a
a

ð¡ (Cq.7.5)
'r,

2 (D/tt ( t (s)' Y (t/1, (l - v ,( á45)o (r)

SoIutl,on
Frlnt¡d fh¡t



A+o
À5. ÞETÃrtS CIF Tt"{E TËST SPËCTMENS L EKpER¡ÍV1ENT r.lÊSUtTS

RESOLT S FI6. N Ô

A5. I

(s"e .tso z t)

A5,2,Qa\,t6
A5. tó
.l5.ll (cù, ¡6

As.6 [b) I

45, llla), t?iaìl

À5.lltcr), l7(oli
As.6lb) 

i

n5.l ltrr.). t-I(aj

,{5,_lltal, r?l1]

nS.6(cJ,'

15.ll[b),r?[b)ns.6(c) 
,

Aq._ulþ), !{b)
As.6(d)
45. lltb) , iTrbì

es.6t¿)
As. n[b),

A5 ll(ø)
As. 6[e)
45. 1l(ci,l?{cjr

45, t!(ci,l7(c)
ns. ó(e) -
A5- I f (c),17(c)

45. lf (c¡,l7¡c)

Ar6(f)
45. ll(ct), ¡7i¿)

As,ú (í)
A5.rI&{),t7d.
A5,il(d),17{di
As.ll&t), ¡7íd)

45.6{9),8
A5.10
As.il{d),!7¿dl

8"3
t, t(g), +
8,215, 6

Ðimørrslooa S

&

Propertl es

S$¡t¡ìrr5
Stress
Twist

S { rairn s

.Twìql
l"rls {
Sf rains
ïwisl
TwìsI" si;;i;;- "
Twì s{
St¡aìns
Twis*
$trains
T'-wisf
Slraìns
'fwi1l
îwi sl
Slralns
Twìs*
i*is+
S*rains

Tw¡¡ t
lwrS 1

S*rain s

Tyuisù
Strains
Twì s*
Tpist
f"isi-=' -

I

Slrains
S{ resses

Twìst

S{raiv.S
Slresses
Twist

sPECr$ËN DEsCRIPTICIN OF SPECIMgN

TUBE L . Mítd sl¿el *ube
wilh ¡1aa55ìvè sle¿l e'rd plcrles
L3g,+", oo3t", t t"

î,ì

Orfgínal u'rsti* iub¿

Le',g{h of sli'l (ur) = 3'41"

l-.
Ls

b.ro "
6,97-"

L. 9.50
L", ro, L3" '

LE ll.

L
5

l3'6 /þ

L s 15.36

.". !:'
Ls

l?05
t8.?S

_ .Ls 23.87
L s 75.57

L
s

L7,L8

2r,98
30:69

Ft¡ll leng{h sli}- 
Ls = L= 3?'4"

Fr¡rthet d¿rìvEd re.sutl* s

1,7

l.g

1.9

l.l
l.¡l

l,le
l.13

I

l. t5

t. t6

t.¡'l
I

l.t9

l.l *o l.l9

I l

,.2-

1.3
t.4

*---i;5 -
*_'i,6* *^



A5. s
(5ee alsoT- 2)

A5.t5,22
8. ?-

(see øl.so /.2)
A.5. 4

A5,lti(a), â ltc)
45.l4{¿¿),2|(bì

A5.ldb),21(c)
A5.l{b),21(cl
A5. r4ib), 2 r(cr 

r

9.6

5s¿fu.bel

A5,7)9

^5. 
¡0

A5. te

q: !(b), ?-,. - .

A5.r2

A5.3
(See als o l, 2

Ft G. l\to.

Twìst

Din ensions
g,

Prcpec ii cs

.l.wisf

TwisÈ
Twisl
Twis*
TwisI
Tv¡is I
tv,,rSf

Twist
Tv¡ is t
-fwls t
TL.is I
Twlsl'
Tw,'st
.f.wìst

Twist

5*cui'rS
S{resse S
-fwist
*t'wìs'l

RESt}I"TS

Ls=L-7'33"
Fr,rrl-he'¡ derlved n¿sr.tl{

-rUBË 5. Milcl ile.el lube , *'i$[r

^ I ll

"¿

touq he. qrplie¡l lhoÊen où\.1.5,(*0"7..,
I lr r I2 uzs

Twis ftube

Dir,¡etrsion S

&

Properties

alloy tube,
end pla*es
+ lrt"+o

Ðìtre.tnsian S

&
Properli es

.Ls
fu.i-her derìv¿d

T'rvi s*
Twì si
]l-wi sl
T;istt+.6',

resul*s

TUßt 6. Aluv,ìnìu,w,'
wilh n¡assìve sfeel
L 7.33" OD

Ls lâ'Q..

3.0 "
9.0 "L5

L ?9,0" OÐ I

0si3in?l 1:Àlit

TUB'€ +. M;ld sle¿l *ube ,
' wï{h *e.diur.a siz¿ s}e¿l enrl ¡:lo-{e5

Ls
Ls
Lg
Ls
Ls
Ls
Ls
Ls
Ls
L¡
t-s
Ls

*r¡be
CI. g+t'

I.ó0"
e.50.,
3.00"
3.50 "

4.00"'
4.50"
5.0 "
5.5 "
6.a "
ó.5 "
7,0 "
7,5 "',

s[-=

"rS.Su IFc¡ r the ç

t tlL 7.9ô" OD',t

Ls
Ls

deeì ved

0*i3i**l rtvrsli*

Ë'ad *o1ue. ap¡olied abal.rt *ubo cevr*'^g

.|1d lqrgrro a¡opliacl .?bou* óhes¡ ce,,r{re-

Fu"l'he,^ øle'¡i,r¿¿'{ re54 lls

6.t

5,1 fa 5.5

5 3
4
5

5.1
R'

5:
5.

2.t g 2.2

?.1

tt

4. tt
+, tz
+, tg
4.t+
4. t5

+'.i ro +.rs

+.1
4.2
4,X
4,+
+.d
4,.6
4t7
4.8
+,9
+.t*

TUBË Z, Tql¿,e I c"* bacl,{,
So.vvtO e'"d pla*es r .fa.pl¿ slr¿i"r 9*,.9e1,
Full te-rg*h slil L, = L = 22'25

SprclMË't'l N SPECllviI NÞgSCP.IPTION OF THE

A 5.13¡a)J 9{a

As.l3{4J.
45. I 3¡e-¡, !

A5. t3ib), I

As. tStb), I

As.l3ib),
e5. t3r-c),

45. l3(c),
A.5. l3(c),
,45. lS{ct),

As. r3(d),
A5. t 3{di, t

A5.l3fe),1
45.13íe), i

A5,t3je), I

Aå?0; l,?,6

L !,ì;

I
Ì
t

t
I



^+2L
Ls t

sf it

f'*eld oll
2 x solid sleel

îo enol ¡alales
.5{" alia"n., 3" lor'rg -sù¿el tr¡be

SKsTcH FoR TuBES t & 2 (nøt to scate)

Flq.A5.l Þ|MENSTONS & MATER,IAL PRÔPERTI[S OF TUBFS I g 2

1.4
,l

t6
I

t,
Âp¡onori-a{e

angulor loco-*io"s,

I ìo 7, a* *he
vìêt.su¡ì¡r3 Jec{i+
A,B, C &. Þ.

?-4
6 5

3

7
f;

c

i Êxar,rple I desig".o-*io¡ ofOr" rv,ea'rs a .rlrcri".foïg: arynoxi'nc'lalS 8o

frori *hc stí*,â'l+" f¡on Thc' ènd o{ the {*rbe,

.*r..*ì-g *LL s{.aì'a a* 45o *o {l'aq a'ri¡ of +he *r¿bc'

LO¿ÀTION OF SÎRAIN 6AU6ES ON TUBES I g 2

3.41 : -oo+

Es*í.ry,ro*ed .e9 J .02,

'og8ìvìeav\

Circu*rFer¿'n{i al

Es*ir"¡a.{ecl
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A6. ?Hr rËil?ftF nF rulcl

It. l,¡ ¡horn f.n thl,¡ cheptæ that lf the thin-íallod optrr-

ractlon bsem trLets about an axl¡ oth¡r than. tha shE,¡t csntro

thi¡ wl.ll bs ohoxn up by changao ln tha ðngll of t¡ll,at and the

ttrca dktributlon.

Thc point in thc plane of oaeh Gtosa-rtGtl.on th¡ough whLeh

a tranav¡¡rc load ayrtøn rnust bc applLrd to s.bcam euch that only

ci,mplr bcndf,ng and ns to¡¡Lon arc paearnt Ls the ehcar centre

of each etoüa atctlon. Th¡ oh¡a¡ crntrs of a .:toaa sactl,on ls

thuc detctnlntd by thc dlat¡ibution of ah¡at ¡tressss acrssa the

roctlon dua to th; abov¡ loeding caaæ (5¿s for axamph

iqiílll.ene It].
Convo¡¡oly, undcr ¡hstlc condftionrr e¡ny load rhlch hr¡

l

a ns¡arnt about th¡ sh¡ar crnt¡r of any ¡ectfon cf a bean

(lncludlng prctJ,ons, ond puto üttôtfonai totc¡uoa) rl1l tcnd

to produar that ¡ana rh¡ar ¡tr¡¡r dl¡trlbutton and thc bcan

rl,lt tead to ¡otata ebout thr ahra¡ c¡ntr¡¡ (Ræj,plocal Thoorm).

HEr¡ve¡ ùhs ¡hoar crnt¡¡ i¡ not alwayr thc c¡ntre of twi.¡t

¡v¡n undar ela¡tlc condl,tlonc ¡ lt rf,ll dapand on othEr loadf.nge

protrnt and on rnd conditlon¡ and othr¡ rretrainta on th¡

Itructs¡s. L. Berkl,n [3JAfvar r sunnæy of thc cffsct¡ of

ronc ayltclrr oñ th¡ .Loc¡tion of tht ccntse of trLat'

In portlculat, for vtry rho¡t apan rtructuraa - 1rl. ah¡ll¡

- lt wl,Il ba thr appllad ¡nd ahce¡ flour that nllt b¡ tha

lmportant factor f,n detarç¡lning the csntrc of t¡riat. Hh¡r¡

thl.e Fepplt¡d c¡ntsc of trirtÈ dlffæa fron thc natural ehcar



A.17

c.ntlr lt c¡n br rxpratsd that r c¡rtal,n t¡an¡l,tl,on bngth

ia n¡sd¡d rhærln th¡ c¡ntr¡ of trL¡t mov¡¡ from Lt¡ fo¡ccd

porltion rt tho ¡nd seetion to thr ¡h¿a¡ stntta. 5¡a Hg¡'fn [ 2 ]
5¡¡ch a tran¡ltlon cat. rttl not bo lnvoatLgatcd analytlcally

hcr, nrrdy thr crer of complcts ¡otatl,on of a tube about lts

gaonatrlc¡l ¡xl.r to Lndicat¡ e llmttf.ng eltu¡t!,on.

thr ray tn rtrtch th¡ locatl.on of tho ccntr¡ of trlat L¡

r¡Iatsd to ths ¡t¡c¡¡ dlrtributlon snd onglc of tvlat lr ¡horn

by taklng thc mount Esa f,r ln all prrvtoua oquatione, to b¡

nsasurcd frm tha ncu sontr¡ of twl,rt in¡t¡ad of thc ahaar centra.

Conalder thc tub¡ ncntionsd tbovar con¡trainod to ¡otata about

th¡ rtnrctursl axL¡ uhrn cubJccted to an cnd torqueo Thc

v¡¡l,abb nmrt at¡ | bcconca thc son¡tent nern radlus of th¡

tubc¡ e. Thrn

TI / nde (írq.l'll)

t

I

Hl¡
-> adrI

ät

Alao

rt¡t

tè

2^t ra rl
aI

I5T

Eq.A.6rl

5- fu/s rdr

rnd rub¡tltutfng fron Eq¡4.6¡l
/,

+ a3 ,f
t

df

( [q.4.15 ]
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givlne

5 ('f,'- t)

f"

JI
.-Jt t

å

I

3

¡hÅch for th¡ rllt tubo I'r

3
8r

2

t
HT

Eq.4.6.2

(tq.4.lB)

Ëq r4.6.4

ü,q.4.6.5

rhLch for th¡ çILt tsba 1¡
3

r*". å-("'-'f') 8q.4.6.3

Thr ?l¡xural warplng rigldity la ch¡ngad aa follorr¡

-So
J ¡t / "s de-t ,/-su I

aubstitutlng flur Lci.À¡6.2

/-

,n3
3

5

a

('P,' *'t') d (
2

,/,

-f"

,l
3[tJ+ -

5.üß

,1,5êt2
3

aJ
lú

å
2

1 I
J

t

J
ta

I

Ë

Conparad rlth Eq.I.4¡ thl¡ n¡¡nr tha tub¡ lc nor¡ ?.lll

tip¡ rtl,ffcr ln ta¡n¡ of ltr fllxupl toglon rerplng rtgtdtty

EJ . Al¡o th¡ nunbar k rllt bo dtvÍdrd by a/ Z.SS. 1.6
I

conpated ytth tta valua for th¡ ¡an¡ bcan sotating about th¡

¡h¡ar clnttlo



A8q

Thr la¡t ¡¡Etl,on eonrt¡nt ¡ffrstrd !,4 Jrr rhich ocet¡t!

in th¡ fl¡xurel to¡¡lonal ehrur rl'gldity 6Jt

LrtS rt
IT

rt' - z
¡5lw/-so

da

¡ubrtltutl,ng fron 8q.4.6.2

5 I t
HTÉ

¿

+

:i ¡ ,/" [-q.4.6.6
utl

rhl.ch for thr ¡ll.t tube 1¡

5 a Eq. A . 6.7
HUA

J
e

(8q.5.3 )

a

,/,

/n.
(

.,
q

4

Lr'r

I lv-2f"'f')dlf,

t"'lz-ãc_-
5

tat

5tItl-
rã

.?a

Thig sh¡ngtr J.r rhl,ch I'r

+

4

rl'1"
) _{

¡ng
It

(J )2

5rl

J.r. å.3t/,

3.ttlTr
3

I

-

to

¡htsh for tho ell,t tuba l¡

J
Ê¡r

Eq.Âr6.8

ËqrA.ó.9

xhfsh ¡nsk:¡ thc ¡hrar rtgtdtty $ trrrt fo¡ a ¡ptatLon about

th¡ ah¡er c¡nt8l'
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Tho manbr¡n¡ strl¡l l¡

,Td'J- Ht (Eq'4'21)
t,

|Ji,th ths nrx vElu¡a of r and J, frorn Eq.A.6.l ¡nd 8q.4.6.5

thf.a gl,varl fol tho stl't tubr, for rotstlon about th¡ tub¡

ctnttrt

3
I

Tf ta

ot

d ¡ ¡3E7
3

tlt Eq.A .6.10
a td

Compercd rl,th

ô - .988 -J.- (,1 -Zrln'.t l¡ (Eq.il.Z2)
td3

¡rhtch la tha atrcrl di¡':rlbutlon fo¡ rotrtion of th¡ rllt

tub¡ ¡bout th¡ rh¡¡r clntatr thr rt¡4¡ nol changcr llncarly

a¡ound the c!,¡curfargnca changing aign only oppoa!,tc tha sllt.

Ihls !,r lllurt¡atrd ln Flg. 4.6.! Th¡ ¡axl,nn veluol¡ ¡t th¡

rlltr arr only 39% of thc t¡hr¡l c¡ntrl{ vElula.

SubrtLtutlng Ëqr.A.6rt ¡nd 4.6.5 I'n thr n¡rnbnnl rh¡rt

rtt¡a¡ aquatlon,

Í r + S. ([.{.4.25}
JH

ht

t,. T,

3du 'å

Tð
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-.5 +.5
(Þ) Av;al Dis*ribu*ion

(o"++"a tì,.es iv¡ e) r*;H:;:,"""" disfcih*{ia.,)

TI.IIORETICAL STRESSES FOR SLIT TUßE WITI.I

BOTI.ì ËNDS CôNSTRAINE.Ð TA RFMAIN PLAN€ AN}
suBJËcrFD Tô A UN|FôRM T0RQUE ! tF
ENTIRE ÎUBE ROTAìiES ABOOï IfS GFOMETRIC
AXr s (narNe n rl.tAN THE utNg oF sÌ{€ÀR CËNTREs)

FIG. A6, I
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glvt.
2 t'zr

+X
B J T

l,

For e rotatfon aboút thr tub¡ clntta, th¡ valuaa of J,

end J, changr accordlng to Ëqr.A.6.E and A.ó.5 ¡agpectlv¡lyr

¡nd th¡ vnlu¡ of k in thc hyperboll.c factore K chengcr.

For ¡ aho¡t rltt tubo¡ lt ( .3 aey, X, Le nagl:lgl.bl¡ and

Eq.5.46 rnsy ba rrlttrnr for ¡ ¡ototLon about tho tub¡ ctntrc,

ffron Ëq.5rô4)r

33T(fi E-
2 rr3 "5t

f ¡ .0968 J.
td2

(g.8? - "f 
2l Eq,A.6.ll

Ë

llonparad w3,th

2T o .2â7 (5.87 - ,/ -4cos/) (Eq.4.26)

which år th¡ sh¡s¡ atraa¡ for rotatlon about tho ahse¡ centte¡

tha sh¡ar ¡t¡¡ee 1¡ nou a c{mplo parabollc dlrt¡lbution f¡om

rtro at tha allt to a naxl,rnum ppoaLtc thc ¡llt thlt t¡ tOiÉ

hLgher thcn thr naxlnun 'rohtat c.nttarr valuou t¡hish occut ?0o

aLther alda of ths all,t¡

Sra Fl,gr 4.6.1 .

{¡¡,olq of. tr¡l¡t. ¡otct{on abgut }ubg ceqtql

Conel,drr¡ fot rxenpb¡ thr tnttgy colutlon [,q.5.43 Ln

thc forn

XI
-¡, +X

J..t
J

(8q.5.46 )

a, 2

ot

-J-
td2

d.
t2

JJt-
úo

J

JI

6
E
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k2
-.4'-I J

.-g'
JT

6
E

2L-
t2+

Jo
J

LIo

rlr t .¡ (r - nÍl å ,h,t

l+¡

l+k 2
t

SubatJ.tuting for J

l.? (l - ?
3

6

t
l+k2 t

- Eq.A.ó.12

and J
5'

fron Ëq.4.6.9 and Ar613
tl

L4
t o

I

'-l
--)

¡rhrrc

k2
EI

Lt
o

¡ l_
2.55

For anall valuss of k"r f,q.4.6.I2 tands to

rl.2+.I å rå,
2

Eq.A.6.l3

ThLe arlurtlon nay be cunparad rlth L'.¡.5.19 to glva an

indicatlon of the lncrla.ar ln ¡tl,ffn.ra c¡urad by r rot,rtl,on

about thr tub¡ clntrr, rprrt frnm thr car¡ of thr vrry ¡ho¡t
I

rpan shclf, T < 1.95r rh¡so a ¡ot¿tlen abr¡ut ths tubæ c¡ntrc

glvæ a gnatar anglr o? trl¡t.

ff f fr agrln gfvrn the t¡rptcel value .39¡ fq.A.6.l3 glvae,
Ifor f, valu¡e l, 3, 6, I0r ncprctfv.Ly 

tr 
lr24r lr55¡ 2.6

rnd 3.lf rhrtæ¡ Eq.3¡19 givcr maprctl,vrly¡ l.l¡ l'9r 4.6 snd ll.

Conoidor e ¡æI-lgþg clLt full-bngth and ¡¿lth mda conrtral.ncd t

to ¡Emain planr. ¡f ths rnd torqu¡taa a,rpli¡d sbout thr tub¡ 
'*

c¡ntr¡-linr, Lt nfgtrt br rxprctrd that a c¡¡t¿¡l,n t¡an¡l,tJ,on hngth rouJ.c

ba nrad¡cl for ths crntrr of twt¡t to ¡hlft f¡an tha tubr c¡nt¡¡ 
À

lína et the and plctar b¡fora eotncl.ding xlth the natu¡al shra¡
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cðnt3c Ln th¡ ccntral portion of the tube epant ThLo trangl,tion

diatanca mlght depend on thE bandf.r'rg stiffneEs of tha tuba.

The angle of twLst of euch a real tuba can be axpected to

ILe betweon the rehear-ccntren valuee (Eq.5.J.9) and tha frtube-

cantrÊrr valuee (Eq.7.13)

Part-tenqth glít tubg

In thc casa of the part-langth ell,t tubas considsred Ln

the previoua chapt6r$ it ie poasible that tha alLt portion of

the apan wLll twist effectively about ite Ehea¡ cantte prov!'ded

the sllt does not intrude fa¡ lnto the traneLtion langth

mentioned above.

Double-elit tube - anqla of-ttu¿El

An interEsting traaa of the effeet of change of centre of

twist ocÊure when a beam with a doubly a¡rmnetríc eectlon l.s

fs¡med frorn two separate equal beams whieh may have symmetry

about ona axl,a or be asSmnetric¡ the acpatate beama are not

weLded together along the tangth but a¡e fíxed to the aama Bnd

platea eo that the twin unita act ae a singla beam

a-. --+

5YMMETRICAL COI4POSITE SECTITNs FORMED FROH

UNSYMMETRICAL COMPONENT SECTTONS

F16.4.6.2
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Thr hravy dot¡ in F{.9.4.6.? mptralnt thr approxinat¡

location of tht shasr clnttc of the lrpa36tc angler¡ chsnnll¡

or eanl.-€l¡clar. (ree i'louk [f ] ]. Thr shea¡ e¡ntru for th¡

Cornpoalte unit nay be rxpoctcd to l¡s at or ntsr th¡ cent¡o of

gravLty of tha ecction, xhrn th¡ tor¡fonal sttffne¡s nay br

incrsaecd ín thc osd¡r of a hundrr¡¿i iold compand to thr ¡tlffnc¡l

of the orparatr ¡cctiona'

Consldar thg d ubl¡ rlnl..cl¡eula¡ raction rcprercntrd by

F1,g.4.6.2 (c). Tlrie noy br thought of aa e thin-wall¡d round

tube weldEd to en end platc et l¡oth onde, than t¡¡o futl langth

Ellte aawn through tha tube ¡rall dfamet¡Lcally opporlte ¡Eeh

othsr.

Fer ¡ rotetj.on about thr ecntrc of ths ¡adiu¡ of thc are

of the sJ.nglr :rrul-cirelc,

mcsr ,lr3frf?.

fton Lq.r¡¡6¡4r Í3 q

frorn r-q¡A.g.g 
J'u ' -f r-t fq'A'6'r{

Ëq.A.6r15J a u3tå.9,
6aa

the ncw valur of k ia

fr3.
3

L
2

L
¿.

!tk
GJ
gJ

lúll

(fron [.q.1.2 )

lcvi ¡rf¡t / 5.atl2
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k -1¡8a
L t lgT'l'1/ Ë Eq, /r .6.16

a
k

For rxcnpl¡ .trke th¡ car¡ rhrn k" { .3 roy¡ ao that

l,e enall, and Eq.5.46 nry b¡ ur¡d agaln in tho forn

k2
I

2
+

2I*k J l+k
a a

(f¡on eq.5.44)

Substl,tutlng fmn Eqa.A.6.l4 end 4.6'13 for J

reapoctivcly¡
te ¡nd J

l+LI
0

G

E
d.
l2

J
-.e,

å

-¿-

t: e.4 (r -å ru') +.?5 (l - *r', å,hrt
o

k?r)*.3?s(r-k"rftþrzú-
úo

.go (r - å r?) * .26 (L - .t, å tblú_4to

J
-4.-
J

YA8ð

wt

for thr d¡¡ubl¡ allt tubr the angb of tyl¡t 1¡ hrtf thl.o, viz.

.1.2(l- z
3

Eq.A.6.17

îhla nsutt nry bc conpar¡d wlth thr cqutval¡nt rquatlon for

a tuba contrlning a einglc full lrngth altt, (rhtch noinrlly rlll
rotatr about thc ghrsr c¡nt¡r). 8q.3,44 gLvrt thL¡ ar

2

k J¿
rhera

a
2 ((doubl¡ alLt tub¡l) . .tl ((¡tlt tub¡) )

Ëq.4.6.18
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t¡or th¡ angl¡ of tul,¡t of a aingls rünL-€f.¡cular ¡aetfon

(utrl,ch vlll normlly rstato abs¡¡t thE ah¡ar e¡ntra ) ie not tri.ce

tg.Å.6rl7r but, from tq.5o44, end ftg' $.!,

. 6r¡3 x" + 55.i å ,b,' K, + t.5
2

ú-
Jo

ttr Kt

- Eq.A.6.l9

Thc dlffcErncr in i,¡d¡r betræn thLa and LqrA.6rl7 ia

raol,J,y rtltì¡

Sr¡eh rff¡cte cosld br inportant i,n dtt ¡nining tha flcxurel

axls and thc tor¡i,on¡I ctf,ffncsc of efrc¡nft wing at¡r¡ctu¡a¡.

eac Sh¡nhyIf l,
9t¡!s,¡tr in Jûoublc-¡lLF, tl+F

Th¡ nrnb¡an¡ ctr¡¡r rquationt ð¡l

,Tó . f Yr (89.4.2I)
T

rnd

Tr + 5 (Eq.4.25)'Jùú
IJ

Ualu¡¡ of w, $, ond J, arc obtai,n¡d for ¡ c¡nrl,-ci¡ck

rotatJ.ng about th¡ crc r¡dl,u¡ c¡nt¡¡ er follore¡ (rubætttutlng

{o n f /2lt

. .. . {l } (Eq.A.6.I )
51,-

I rã{al

3I
¿

t'/o' - fzl5HI
a (Ëq.4.6.2 l
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¿

fr
ô

3
ð
2

t

7
( ,l ) ....(il)

4ot25J ._rl €t
TII J

5_rt

(t-qr4.6.4 )

Subrt!.tutlng (i), (ft) and (ür) Ín t-qa.4rzl and 4.25

gf,veo thr appro¡lr ata at¡os¡ dl,rtr{butl,on fo¡ tha d¡¡ubl¡ sl|t

tubc wlth rf.gfd cnd Platu¡

T.2 rl !õ
3

I

Tf ¡ t

TT3. Tã*

ó . ?r4tnax

Tr

....(lli)

It fl 5rt

l2 1/r

L2

3 3

ot

ð-r3ol + f . Eq.Å.6.?o
t Dtt

TT
uhl.chhas¡usxlnr¡nvaluawlth I*t + 'nd "'åb,

And

JL-
n3t

lT3
12

3*2!,-1-f. - ,l 2l
1?rl

(.1É,

5at
a

61 v2la
t

fl3"2t
-
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2(,2.17 - I

rhlch has e ¡naxinun value rlith V . 0

Lq.A .6.21

r .1.915
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