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Abstract

This paper investigates the second-order harmonics generation associated with propagation of
Lamb wave in pre-stressed plates. The second-order harmonic phenomena appear in a weakly
non-linear medium due to material and geometry nonlinearities. This study proposes finite
element (FE) models to incorporate stress constitutive equations formulated by Murgnahan’s
strain energy function. The model is used to take into account the stress effect on second-order
harmonic generation of Lamb wave propagation in weakly nonlinear media. The developed FE
model is first validated against two-dimensional (2D) analytical solutions. A three-dimensional
(3D) FE model is then developed and utilised to study more realistic problems, such as the rate
of accumulation of the non-linear parameter B’ at different wave propagation angles when the
plate is subjected to a bi-axial stress and the effect of the applied stresses on second-order
harmonic generation in a plate with a fatigue crack. The results demonstrate that the applied
stresses can notably change the value of 8’ in different directions. The finding of this study can
gain physical insight into the physical phenomenon of stress effect on second-order harmonic
generation of Lamb wave. Thus, the current study opens an opportunity for the development

of a new non-destructive stress evaluation technique for plate- and shell-like structural
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components. Moreover, the new technique can be easily incorporated with existing guided
wave based-SHM systems and provide information regarding the change of the stress
conditions. Such additional information can significantly improve the structural life prognosis

and reduce risk of failures.

Keywords: Second-order harmonic; material nonlinearity; prestressed plate; finite element

simulation; stress effect

1. Introduction

The importance of Structural Health Monitoring (SHM) in engineering field is currently
undisputed, and benefits of SHM systems have been discussed in many papers [1]-[4]. SHM
systems based on ultrasonic guided waves, such as Rayleigh wave [5][6], Lamb wave [7],[8]
and torsional wave [9]-[10], have attracted attention over the past two decades [12]-[14], and
different damage detection techniques using linear guided wave were developed and deployed
across many industries [15]-[17]. One of the main objectives of the SHM systems is to provide
the information in a real time, which is required for structural life prognosis and maintenance
scheduling. However, the efficiency of the SHM systems as well as structural life prognosis is
significantly affected by changing environmental and operational conditions [18],[19], such as
the ambient temperature and applied loading on structures. Therefore, it is important to
incorporate the evaluation of these factors into the on-line monitoring systems in order to

improve the operation and maintenance procedures of high-value assets.



1.1. Acoustoelastic effect of Lamb waves

Most studies on the acoustoelastic of Lamb waves focused on the linear features, such as
change of the phase velocity with the magnitude of the applied stress. Gandhi et al. [20]
conducted a comprehensive analysis of the acoustoelastic effect associated with Lamb wave
propagation in plates subjected to bi-axial loading. However, this analysis only considered the
first-order of the infinitesimal strain tensor. In a recent study by Mohabuth ez al. [21], a general
theory was developed, and the governing equations were derived for the propagation of small
amplitude waves in a pre-stressed plate using the theory of incremental deformations
superimposed on large deformations. They also extended the study to plates subjected to a bi-
axial stress [22] and investigate the large acoustoelastic effect of Lamb wave propagation in an
incompressible elastic plate. The correction to the phase velocity due to the applied stress was
obtained to the second order in pre-strain/stress [23]. The dispersion of the finite amplitude
Lamb waves was studied with a higher (or third)-order elastic theory by Packo et al. [24]. Yang
et al. [25] investigate the effect of axial stress on guided wave propagation using a semi-
analytical finite element method. They investigated the stress effect on phase and group

velocity of guided wave.

1.2. Nonlinear guided wave

There are many phenomena associated with non-linear guided waves, which can be utilised for
the damage and stress evaluation. These phenomena include the generation of higher-order
harmonics [26]-[28] and sidebands [29],[30]. According to the recent review of Jhang [31], the
non-linearity mainly arise from two sources, material non-linearity, and contact non-linearity
due to presence of contact-type defects or damage. The generation of higher-order harmonics

due to contact nonlinearity has been investigated experimentally for bulk waves [32], Rayleigh



waves [33]-[35] as well as for Lamb waves. A number of recent studies have also focused on
different types of damage, such as delamination [36]-[38], fatigue cracks [39]-[41], debonding
[42][43], and loosening bolted joints [44][45].

The material nonlinearity has been a subject of many theoretical and experimental
studies [26],[46]-[48]. According to the work of Pruell er al. [49] and Kim [50], plastic
deformations and fatigue damage can be a source of the material non-linearities, in addition to
the intrinsic non-linearity due to the inter-atomic and molecular forces. Therefore, it is possible
to evaluate the fatigue life and the accumulated plastic deformations based on the change of
the non-linear characteristics of ultrasonic waves. This possibility was recently demonstrated
experimentally by Hong et al. [51], who incorporated the intrinsic material non-linearity and
contact non-linearity associated with fatigue cracks and developed a method for fatigue damage
detection.

It has been demonstrated in several studies that the phase and group velocity matching,
and non-zero power flux are required to ensure that the higher-order harmonics grow with the
distance, and hence, it becomes detectible with piezoceramic transducer and other sensors.
Most of the studies considered the generation of the second-order harmonic associated with the
first order symmetric (S1) — second-order symmetric (S2) mode pairs of Lamb waves, which
satisty the aforementioned matching conditions. Miiller ef al. [52] identified that there are five
mode types that satisfy the requirements for cumulative increase in second harmonic amplitude
through an analytical study. An experimental study of second harmonic generation was also
conducted by Matlack et al. [53]. The study investigated the efficiency of second harmonic
accumulation with propagation distances using both symmetric and anti-symmetric wave mode
pairs, which satisfy the aforementioned requirements. However, at the high frequency, there
are many wave modes, which makes it difficult to extract the non-linear parameter, such the

rate of accumulation of the second-order harmonic with the propagation distance. Moreover,



Lamb waves are normally excited using a finite frequency bandwidth. Because the S; and S»
Lamb wave are highly dispersive at the matching condition frequencies, there is only a fraction
of the excitation power feeds the second-order harmonic, which make the accurate
measurements very challenging.

Wan et al. [48] found that the velocity change of the fundamental symmetric (So) mode
of Lamb waves is quite small in low frequency region and the velocity matching conditions
can be satisfied approximately. Therefore, the generation and growth of the second-order
harmonic can also be observed over a certain propagation distance in low frequency ultrasonic
range. The propagation distance is closely related to the difference of the phase velocities
between the primary and second-order harmonic of Lamb waves. This study showed that the
data processing becomes much easier when only one Lamb wave mode exists. Moreover, the
excitation of So can be easily generated by using a common dual-transducer excitation method

[54].

1.3. Stress effect on higher harmonic generation of nonlinear guided wave

There were limited studies focused on investigating phenomena of higher-order harmonic
generation due to stress effect in the literature. In one-dimensional (1D) waveguide, Nucera
and Lanza di Scalea showed that the higher-order harmonic generation of guided wave can be
used to monitor load levels of multi-wire strands [55]. In their study, the higher-order
harmonics are generated due to the nonlinearity from inter-wire contact. In two-dimensional
(2D) waveguide, Pau and Lanza di Scalea [56] investigated the effect of the applied stress on
the generation of the second-order harmonic. They proposed an analytical model to investigate
the nonlinear guided wave propagation in prestressed plates.

The existing theoretical studies on the generation of the second-order harmonic are

typically very cumbersome and rest on adopting several crucial assumptions, such as plane



stress or plane strain conditions, which are difficult to reproduce in experiments. Therefore, the
outcomes of these studies cannot be readily adopted for practical purposes.

To address this problem, the current study in this paper develops a three-dimensional
(3D) FE model to gain fundamental understanding of the stress effect on the second-order
harmonic of Lamb waves under more realistic conditions i.e. conditions, which can be
relatively easy reproduced in the laboratory environment. The previous theoretical results are
utilised to validate this model. This provides the confidence in the outcomes of the more
realistic 3D analysis of the second-order harmonic generation.

The paper is structured as follows. Section 2 describes the constitutive equations based
on the Murgnahan’s strain energy function. Section 3 provides the details of the
implementation of the constitutive equations using VUMAT subroutine in ABAQUS software
package. In Section 4, the developed FE model is validated against analytical and numerical
results obtained under 2D assumptions. Section 5 presents a comprehensive 3D FE study of
the effect of the applied stresses on the rate of the accumulation of the second-order harmonic
at different wave propagation angles. Section 6 extends the current study to further consider
the prestressed plate with a fatigue crack. The main results and possible implementation of

these results to the stress evaluation are discussed in Section 7.

2. Constitutive Equations

The definition of position for material particle in the reference and current configuration
follows the definition of Mohabuth et al. [21][22], which are defined as X and x, respectively.

The deformation gradient F is defined as

__ 0x

F = ox (1)



The Green-Lagrange strain tensor is given by:
1
E=1(C-1) )

where I is the identity tensor and C is the right Cauchy-Green deformation tensor, which is

defined as:
C =FTF = U2 (3)
where U is the right stretch tensor.

The strain energy function according to Murnaghan [57] is written as:
W(E) = = (A + 2)i — 2piy + > (L +m)iZ — 2miyiy + iy (4)

where A and u are the lamé elastic constants; /, m and n are the third-order elastic constants or
Murgnahan’s constant. i; = tr(E), i, = %[lf — tr(E)?], i3 = det (E), respectively, are strain

invariants. The partial derivatives of W with respect to E give the second Piola-Kirchhoff (PK2)

stress:

_ OW(E)
T=— %)

The relationship between Cauchy stress and PK2 stress is given by the following equation:

¢ =] 'FTF" = J'F 2 FT (6)

where ] = det (F).



3. Implementation the Constitutive Equations in Finite Element Simulation

In ABAQUS/Explicit, VUMAT subroutine is normally used to introduce the user-defined
constitutive behaviour of the material. VUMAT utilises the Cauchy stress tensor in Green-

Naghdi basis, which is given by
6 = RT6R (7)

where R is rotation tensor, and R is a proper orthogonal tensor, i.e., R™1 = RT. The relationship

between F, U and R is given by
F = RU ®)
Using Equations (6) and (8), Equation (7) can be written as
6 =] 'RTFTF'R = | 'RTRUTU'R'R = ]_1U%UT 9)

Equation (9) provides the stress-strain relationship, which are programmed in the VUMAT
subroutine. The stress in VUMAT must be updated with in accordance to this equation at the
end (t + At) of an integration step and stored in stressNew(i) variable. These calculations are

based on the values of F and U given in the subroutine at the end of the previous step (t).

4. Numerical Validation

This section presents the outcomes of a validation study of the VUMAT subroutine and FE
model as described in Section 2. It is validated against the theoretical results published by Wan
et al. [48]. A two-dimensional (2D) plane strain model is created in ABAQUS/Explicit and
constitutive equations are converted to the 2D plane strain case. Figure 1 shows the schematic
diagram of the FE model, which is a 2 mm thick and 1000 mm long plate made by aluminium.

The Lamb wave signal is excited at the left end of the plate, and the excitation signal represents



a sinusoidal tone burst pulse modulated by a Hanning window. The excitation signal is
prescribed to the displacement at the nodal points. A fixed boundary condition is assigned to
the right end of the plate, which does not affect the calculations within a certain time window.
6061-T6 and 7075-T651 aluminium alloys are considered in the study and the material
properties of these alloys, including the third-order elastic constants, are given in Table 1.

N

—! * %

e

Excitation Fixed
boundary

Figure 1: Schematic diagram of 2D FE plate model in ABAQUS

Table 1. Material properties of 6061-T6 and 7075-T651
Material  p (kg/m?) A (GPa) u (GPa) [ (GPa) m (GPa) n (GPa)
6061-T6 2704 50.3 25.9 -281.5 -339 -416
7075-T651 2810 523 26.9 -252.2 -325 -351.2

In the FE analysis, the element size is selected to ensure that there are at least 20
elements per wavelength, so that the accuracy of the simulations is not compromised. There
are also eight elements in the thickness direction. Since the second-order harmonic generation
is of interest, the element size is selected based on the wavelength of the second-order harmonic
Lamb waves. The elements used in this study are 4-node bilinear plane strain quadrilateral

elements with reduced integration (CPE4R).

4.1. Second-order harmonic accumulation with the propagation distance

The maximum propagation distance within which the displacement amplitude of the second-

order harmonic increases [48]) is investigated. The excitation signals of 300 kHz and 400 kHz



corresponding to the fundamental symmetric mode (So) of Lamb waves are excited at the left
end of the plate. The number of cycles of the wave signal is 18 and the excitation magnitude
of the displacement is set at 5 um. For the 300 kHz excitation frequency, the measurement
points are taken at every 50 mm, and for 400 kHz excitation frequency the measurement points
are at every 12.5 mm. Figure 2a show an example of the 300kHz wave signal measured at 200
mm away from the excitation area in the time-domain. Figure 2b show the signal in frequency-
domain. There are peak at excitation frequency 300 kHz and second-order harmonic frequency
600 kHz. The amplitudes of the second-order harmonic for the two fundamental excitation
frequencies, 600 kHz and 800 kHz, are extracted from the frequency-domain of the simulation
results and plotted in Figure 3. The results show that the maximum propagation distance of the
second-order harmonic Lamb wave at 600 kHz kHz and 800 kHz are 200 mm and 62.5 mm
respectively, and the corresponding theoretical values are 220.02 mm and 69.51 mm,

respectively [48].
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Figure 2: a) Time- and b) frequency- domain of strain in x direction calculated at 200 mm

from the excitation location with 300kHz excitation signal
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4.2. Second-order harmonic accumulation of different materials

Another validation study is carried out to investigate the rate of accumulation (slope ratio) of
the second-order harmonic generation with the propagation distances for the materials under
consideration. The excitation frequency in this validation study is set at 100 kHz, and the
second-order harmonic amplitude at 200 kHz keeps increasing until the propagation distance
reaches 7764.7 mm [48]. The number of cycles of the excitation signal remains the same as in
the previous study, i.e. 18 cycles. Numerical studies of the fundamental So Lamb wave mode
propagation are conducted using 6061-T6 and 7075-T651 aluminium alloys.

In this study, a non-linear parameter, ', is defined as a function of the propagation

distance:
=== 10
B =% (10)

where A; and A, are the amplitudes of the primary (excitation frequency) and the second-order
harmonic, respectively, in frequency-domain at some certain distance from the excitation

location. The magnitudes of the nonlinear parameter versus the propagation distance for the



two cases of material properties specified in Table 1 are shown in Figure 4. The third-order
constants, [, m and n, of 6061-T6 aluminium alloy are larger than those of 7075-T651. The
larger values of the third-order constants lead to larger values of the non-linear parameter and
a higher rate of the accumulation of the amplitude of the non-linear parameter with the
propagation distance. The slope of for the curve for 6061-T6 material properties is 0.00228
(mm™), while for the 7075-T651 alloy the slope is 0.00205 (mm). As a result, the ratio
between these two slopes is around 1.11, compared to the theoretical value of 1.12 [48]. The
results show that there is good agreement between the theoretical and numerical result for all

validation studies.
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Figure 4: Relative nonlinear parameter with propagation distance

5. Three-dimensional finite element study of prestressed plate

The 3D FE study is conducted for a 500 mm x 500 mm x 2mm plate. By taking advantage of
the symmetry of the problem, only a quarter of the plate is modelled using symmetry boundary
and the schematic diagram is shown in Figure 5. The material properties are those of 6061-T6

aluminium alloy. The So Lamb wave is excited at the corner of the model by applying 5 pm



displacement history to the nodal points at the circumference of a quarter-circle having 10 mm
diameter, which represents a quarter of piezoceramic transducer. The excitation frequency of
the Lamb wave in this 3D study is set at 200 kHz and the number of cycles is eight. According
to the requirement for the maximum size of the element as discussed in Section 4, the in-plane
element size for the 3D model is 0.4 mm and there are eight elements in the thickness direction,
by which the aspect ratio of the element is 1.6. The finite elements utilised in this study are 8-
noded linear brick with reduced integration (C3D8R).

Various pre-stress conditions are applied at both free boundaries with intensities o; and
o, , where 0, = A gy , and A is the stress ratio. The pre-stress conditions are applied by adding
a quasi-static loading with a duration of 0.004 sec, which is enough to avoid the transient effects
of pre-stressing on the wave propagation in the next computational step. After the plate is pre-
stressed, a Lamb wave is excited, and the propagating wave is measured at five different

directions () as illustrated in Figure 5.
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Figure 5: Schematic diagram of the 3D FE model developed in ABAQUS and positions of

the measurement points



The out-of-plane strain component in the time-domain, which avoids the effect of the
reflections from the FE boundaries, is obtained and transformed to the frequency-domain by
fast Fourier transform (FFT). The non-linear parameter, ', is calculated using Equation (10).
Figure 6 shows the variation of 8’ with the propagation distance ranging from 30 mm to 105
mm away from the excitation location. Figure 6 shows that for different stress ratios and
propagation directions, the value of 8’ increases linearly with the propagation distance.

For the stress-free case and the stress ratio A = 1 (bi-axial tension), the slopes (k) of B’
versus the propagation distance diagram are the same in all propagation directions, as expected
due to the symmetry of the problem. In contrast, when 4 = —1 (pure shear) or 0 (uni-axial
loading), the k value obtained at different propagation directions differs to each other, and the
difference of k value is larger for A = —1 than for 4 = 0 . For the larger stress magnitude, the
rate of the growth (or the slope) of the relative non-linear parameter, ', with the propagation
distance is larger as shown in Figure 7.

To compare the results for different loading conditions, a normalised slope k' is

introduced, which is defined by the following equation:

k(A 0)

k'(4, 00) = (11)

kstress free

where Kgiress free 18 the slope of B’ for the stress-free case and k(A, a;) is the slope for the case

when the same plate is subjected to stresses defined by the pair of A and oy values.
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distance in the 45° propagation direction and A = 1

Figure 8 shows that variation of the normalised slope, k', with the propagation distance
for different pre-stressed conditions. From the figure, the results show that when 8 ~22.5°, the
normalised slope, k', is the same at the same magnitude of g, regardless of the A value. For the
symmetric loading, i.e., A = 1 or 0, the slope of the 8’ decreases when the propagation angle,
0, changes from 0° to 90°. It is interestingly to note that the average value of the normalised
slope, k', for the pre-stress conditions of (4,0;) = (—1,100 MPa) and (1,50 MPa) is the
same as for (1,0 MPa) and (0,50 MPa), respectively.

In the pure shear case (4,0;) = (1,—100 MPa), the values of k', at different
propagation directions are the same, and these values are smaller than the corresponding values
for the stress-free case. In contrast, for the two bi-axial tension cases, the values of k' are larger
than for the stress-free case, and the difference of the normalised slope value between stress-
free and (4, 0;) = (1,100 MPa) cases is twice as large as the difference between the stress-
free and (4, 0;) = (1,50 MPa) cases. Moreover, the results show that the variation of k' has

the same dependency for (4,0,) = (1,100 MPa) and (4, 0;) = (1,—100 MPa). These two



pre-stress conditions have the same magnitude of stress but the first represents the bi-axial
tension and the second represents a pure shear. The different patterns of the relative slope
variation indicate that, generally speaking, it is possible to evaluate the stress ratios and
principle stress directions in a pre-stressed plate based on the analysis of the angular variation

of the non-linearity parameter, 8'.
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Figure 8: Variation of the normalised slope, k" with the propagation distance for different pre-

stressed conditions.

6. Prestressed plate with a fatigue crack

As demonstrated in Section 5, the second-order harmonic generation could be affected by the
applied stresses on structures. The tensile stress could open an initially closed fatigue crack and
change the contact behaviour of the crack surface, as a consequence, the second-order harmonic
generation due to contact nonlinearity could be altered and this adds difficulty in detecting the
fatigue crack in the structures. In this section, the same 3D FE model used in Section 5 is

employed and a fatigue crack (Figure 9) is also modelled in this 3D FE model. The second-



order harmonic generation under biaxial tension, i.e., (4, c1) = (1, 100MPa), is investigated in

this section.
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Figure 9: Schematic diagram of the 3D FE model with the fatigue crack

A 4 mm long fatigue crack located around 30 mm away from the excitation is modelled
using seam in ABAQUS and the interaction and contact effect between two crack surfaces is
modelled by frictional tangential contact and ‘Hard’ normal contact, which prevents mutual
penetration of these crack surfaces. The measurements are taken at the same locations and wave
propagation directions are the same as those used in Section 5. Three 3D FE models are
considered, an intact plate, a plate with the fatigue crack without any applied stress, and a plate

with the fatigue crack under biaxial tension. The results are compared and shown in Figure 10.
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The results in Figure 10 show that when the fatigue crack is modelled without applying

any stresses, the relative nonlinear parameter is obviously higher than that from the intact plate.

It indicates that the effect of the contact nonlinearity at the fatigue crack is more dominant in



second-order harmonic generation than the intrinsic material nonlinearity. However, when the
biaxial tension is applied, the £’ drops to about the same level of that in the intact plate, except
for the cases of 0° and 22.5° propagation directions with the present of the fatigue crack around
these wave propagation angles. The phenomenon can be due to the fact that the fatigue crack
is opened by the tensile stress, which dramatically reduces the contact area between the crack
surfaces, and thus, it reduces the second-order harmonic generation due to the contact
nonlinearity. This parametric study demonstrates that the second-order harmonic generation
due to the fatigue crack can be overlooked if the plate is under tension, and hence, the fatigue
crack is opened by tensile stress. However, it should be noted that the 3D FE model does not
consider the plastic deformation around the fatigue crack, which will also generate extra
second-order harmonics [49]. Further study can be conducted to confirm the reliability of
second-order harmonic generation technique in detecting fatigue damage on a prestressed plate

with the consideration of the plastic deformation effect.

7. Conclusions

The study has investigated the effect of the pre-stressed conditions on the generation of the
second-order harmonic associated with propagation of low-frequency So Lamb wave using 3D
FE simulations. The material and geometric non-linearities have been modelled with the
classical Murnaghan’s strain energy function implemented in VUMAT subroutine of
ABAQUS software package and large-strain transient FE analysis, respectively. The non-linear
FE model has been extensively validated against 2D theoretical results. A good agreement
between the theoretical and numerical results has been achieved with the developed FE model.

The 3D FE model of the pre-stressed plate has been modelled and the change of the rate

of the accumulation of the second-order harmonic with the propagation distance has been



thoroughly investigated for different wave propagation angles (with respect to the principle
stresses) and pre-stress conditions. It has been found that different pre-stress conditions have
some unique features, which is potential to evaluate the stress state based on the analysis of
these non-linear features. This new possibility can be important for the development of future
on-line SHM systems.

The change of the non-linear parameter under the applied stress is of similar magnitude
as its variation in the case of fatigue damage accumulation. As it was demonstrated in the study
of Pruel et al. [49], the changes (increase) of the normalised non-linear parameter over the
fatigue life of an aluminium plate is roughly about 10%. Referring to Figure 8, the variation of
the non-linear parameter under stress can reach up to +8%, which takes place in the pre-stress
case of (1,07) = (1,—100 MPa) at 0° and 90° wave propagation direction. As a result, for
monitoring fatigue damage with the use of the second-order harmonic generation phenomenon
it will be necessary to consider the change of the applied or residual stresses in the structural

components.

Finally, the proposed 3D FE model has been used to study the stress effect on both
material nonlinearity and damage detection of the plate with the fatigue crack. The results have
shown that the second-order harmonic generation due to the contact nonlinearity can be

overlooked if the plate is under tension and the fatigue crack is opened by the tensile stress.
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