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Abstract
Longitudinal piezoelectric transducers (LPT), which collectively refer to piezoelectric
actuators, vibrators, sensors and actuators designed for longitudinal deformations or
vibrations, are the most widely used piezoelectric devices. LPT model, which can be
used to predict the behavior or performance in time/frequency domain, plays a vital role
in the design and optimization of these LPT-based applications. Existing models which
can be used for dynamic behavior prediction, are based on the complex electromechanical coupled fundamentals of piezoelectricity, which involves a complex
position-varying electric field. Therefore, solving these models for the design and
optimization of LPT-based applications is very computationally inefficient.
After initial extensive investigations of possible effective simplifications in the
complex fundamentals for modeling LPT, it is found that the electric field in LPT could
be effectively approximated to be uniform (i.e. electric field is independent of its
position) and this approximation could greatly simplify and facilitate the modeling of
LPT-based applications. Therefore, the aim of this research is to study the uniformelectric-field approximation in simplifying the analysis, modelling and calculations of
LPT for facilitating design and optimization of the LPT-based applications. LPT can,
in principle, be divided into d31-mode LPT and d33-mode LPT. Both types are
investigated in this thesis work.
The main contributions of this thesis work are presented in 6 chapters, with each based
on an individual scientific paper.
Paper 1 presents the rationale behind the uniform-electric-field-approximation for d33mode LPT together with its scope and limitation. Then, based on the approximation,
novel simplified fundamentals of both simple-layer-type and stack-type d33-mode LPT
are formulated, which could provide a very simple analytical solution, especially for
the stack-type.
To facilitate the modeling of free and loaded vibration of d33-mode LPT in a more
straightforward way, a simple equivalent circuit is presented in Paper 2. The presented
circuit is inspired by the network theory and formulated exactly based on the simplified
fundamentals of d33-mode LPT presented in Paper 1.
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In many LPT-based applications, LPT are joined with other layers, such as backing
layers and propagating layers. For the calculations and analysis of a multilayer structure,
a transfer matrix method is always used. Therefore, to further facilitate the calculation
when LPT are joined with other layers, the simplified fundamentals of LPT in Paper 1
is wrapped into a transfer matrix form as detailed in Paper 3.
When LPT are used in a complex structure, a finite element model is widely applied for
computation and analysis. Based on the uniform-electric-field-approximation, two
simple equivalent finite element models of LPT are presented in Paper 4, which can
largely simplify the modeling process and reduce the computational efforts of direct
finite element modeling of LPT.
Then, Paper 5 presents the rationale behind the uniform-electric-field-approximation
for d31-mode LPT, which is different in nature to those of d33-mode. Also, an
equivalent mixing method is proposed to consider electrode and adhesive layers within
d31-mode LPT. The related equivalent circuit and transfer matrix of d31-mode LPT are
formulated.
Inspired by d33-mode, Paper 6 presents simple equivalent finite element models of
d31-mode LPT.
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CHAPTER 1
INTRODUCTION
1.1 Overview
Piezoelectricity is a fascinating property of many natural and synthetic materials that
can directly transform electrical energy into mechanical energy and vice versa. The
intriguing phenomenon of piezoelectricity demonstrates various ingredients to arouse
inspirations and innovations of physicists and engineers, thus enabling numerous
revolutionary opportunities and a huge technological development in the recent decades.
In 2010, the global demand for piezoelectric devices was reported to be valued at about
14.8 billion US dollars [1].
The most widely used piezoelectric devices are longitudinal piezoelectric transducers
(LPT), which collectively refer to piezoelectric actuators, vibrators, sensors and
actuators associated designed for longitudinal deformation or vibrations. Compared
with other types of piezoelectric transducers such as bending and shear piezoelectric
transducers, LPT provides a larger stiffness, a larger operation bandwidth, more simple
and compact structure and more direct energy conversion, thus enabling a large output
force and fast response in actuator and vibrator applications, high transient response for
sensor applications, and a high mechanical-to-electrical energy conversion efficiency
for energy harvesting applications. Consequently, they cover a wide range of
applications such as nano-positioning [2-4], ultrasonic cleaning [5], acoustic imaging
[6,7] and non-destructive testing[8], especially in the field of automation,
biotechnology, information and communication, manufacturing, and defense industry.
For these LPT-based applications, modelling of LPT, which can be used to predict the
behavior or performance in time/frequency domain, plays a vital role in their design
and optimization. For example, based on modelling, designers can explore possible
transducer configurations prior to fabrication, thus greatly cutting down the design
period and design cost. Existing models which can be used for dynamic behavior
prediction, are based on the complex electro-mechanical coupled fundamentals of
piezoelectricity, which involves a complex position-varying electric field. Therefore,
2
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solving these models for design and optimization of LPT-based applications is very
computationally inefficient.

1.2 Aims and Objectives
After initial extensive investigations of possible effective simplifications in the
complex fundamentals for modeling LPT, it is found that the electric field in LPT could
be effectively approximated to be uniform (i.e. electric field could be effectively
approximated independent of its position) and this approximation could greatly
simplify and facilitate the modeling of LPT-based applications. Therefore, the aim of
this research is to study the uniform-electric-field approximation in simplifying the
analysis, modelling and calculations of LPT for facilitating design and optimization of
the LPT-based applications. LPT can, in principle, be divided into d31-mode LPT and
d33-mode LPT. Both types are investigated in this thesis work.
The objectives of this research are:
 Investigate the rationales behind the uniform-electric-field approximation
respectively for d33-mode LPT and d31-mode LPT together with their
corresponding scopes and limitations;
 Derive the uniform-electric-field-approximation based simplified fundamentals of
d33-mode LPT and d31-mode LPT for both sing-layer type and stack type;
 Develop simple equivalent circuits based on the simplified fundamentals of d31mode LPT and d33-mode LPT to facilitate the analysis and modelling in a
straightforward way;
 Develop simple transfer matrix formalism of d31-mode LPT and d33-mode LPT
to facilitate the calculation when they are used in a multi-layer stacked structure;
and
 Develop simple finite element models of d31-mode LPT and d33-mode LPT to
facilitate their calculation when they are used in a complex structure.
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1.3

Preview of the thesis

Chapter 2 provides a general background, literature review, and research gaps. Then, to
address the identified research gaps, 6 journal papers are respectively presented from
Chapter 3 to Chapter 8. Chapter 9 presents the conclusions and future work. In addition,
two conference papers, which are also relevant to the present work, are included in the
appendix.
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CHAPTER 2
BACKGROUND AND LITERATURE REVIEW
2.1 Introduction
The purpose of this chapter is to provide a general background on longitudinal
piezoelectric transducers (LPT) and to review the relevant literature to modeling of LPT
and its applications, all focusing on linear behaviors.
This chapter is structured around four sections. Section 2.2 provides a general
background of LPT. To establish the field of knowledge, 3D fundamentals of
piezoelectric material is presented in Section 2.3. Then, the relevant literature to
modeling of LPT and its applications are reviewed in Section 2.4. Section 2.5 presents
conclusion.

2.2 Background of LPT
Longitudinal piezoelectric transducers (LPT) collectively refer to piezoelectric
actuators, vibrators, sensors and actuators designed for longitudinal deformations or
vibrations. Compared with other types of piezoelectric transducers such as bending and
shear piezoelectric transducers, LPT provides a larger stiffness, a larger operation
bandwidth, more simple and compact structure and more direct energy conversion, thus
enabling a large output force and fast response in actuator and vibrator applications,
high transient response for sensor applications, and a high mechanical-to-electrical
energy conversion efficiency for energy harvesting applications.
In principle, LPT can be divided into d33-mode LPT and d31-mode LPT. With
reference to Figure 2.1, when a voltage is applied to the piezo wafer in the direction
opposite to its pre-polarized direction, it will induce an expansion in the polarized
direction t and a contraction in the direction orthogonal to the polarized direction L .
The former is known as d33-mode and the latter is known as d31-mode. For either d33mode or d31-mode, the piezo wafer is often designed to be thin in the polarized
direction so that it can strengthen the electric field and provide a high mechanical output.
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Figure 2.1 D33-mode and d31-mode of piezoelectricity

2.2.1 D33-mode LPT
With reference to Figure 2.2, d33-mode LPT is based on the operation of thin piezo
layer which is thickness polarized, excited, and operated (stressed and strained). For the
d33-mode LPT, the longitudinal direction refers to the thickness direction of the piezo
wafer.

Figure 2.2 Schematic of d33-mode LPT

2.2.1.1 Single-type d33-mode LPT
Single-type d33-mode LPT refers to d33-mode LPT which use only one piezo wafer in
the transducer. Note, for single-type d33-mode LPT, the piezo wafer is not a standalone
element but joined by other layers in thickness direction such as additional thin piezo
wafers, substrate and other propagating medium which are not shown in Figure 2.2.
They have a high stiffness and high electro-acoustic conversion efficiency and offer a
high speed of operation in transmitter mode (electrical energy input, mechanical energy
output) (Nishimura et al., 2012). Therefore, they can generate powerful ultrasonic
7
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waves, thus widely applied in ultrasonic applications such as ultrasonic cleaning and
ultrasonic welding. Besides, in receiver mode (mechanical energy input, electrical
response output), single-type d33-mode LPT can provide a high transient response, thus
widely applied in acoustic imaging (Zipparo et al., 1997, Foster et al., 1991).
2.2.1.2 Stack-type d33-mode LPT
With reference to Figure 2.3, the piezo wafer shown in Figure 2.2 can be used in a stack
configuration along the thickness direction, known as stack-type d33-mode LPT. Each
piezo layer is mechanically connected in series and electrically connected. Such a stack
configurations enables a large displacement output with a low voltage input in a
compact size in transmitter mode and a large charge output in receiver mode.

Figure 2.3 Stack-type d33-mode LPT

Consequently, in transmitter mode, stack-type d33-mode LPT are widely used as linear
actuators, known as multi-layer piezoelectric actuators. They cover a wide range of
applications from optical alignment (Peng et al., 2013) to vibrations cancellations in
disc drives (Ma and Ang, 2000). In receiver mode, due to its large charge output and
the desired feature that the amount of charges output generated is proportional to the
applied force, they are also widely used as pressure and accelerometer sensors. Recently,
stack-type d33-mode LPT are also explored as energy harvester due to their wide
bandwidth and high energy conversion efficiency and large output charges (Adhikari et
al., 2009, Xu et al., 2013).
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2.2.2 D31-mode LPT
With reference to Figure 2.4, d31-mode LPT are based on the operation of thin piezo
layer which is thickness polarized and excited but operated (i.e. stressed and strained)
in the lateral direction (x-direction in Figure 2.4). For the d31-mode LPT, the
longitudinal direction is along the operation direction ((x-direction in Figure 2.4) rather
than thickness direction of the piezo wafer.

Figure 2.4 Schematic of d31-mode LPT

2.2.2.1 Single-type d31-mode LPT
Single d31-mode operated slab shown in Figure 2.4 can, in principle, be used as a
single-type d31-mode LPT. However, as the piezoelectric coefficient for d33 is 2-5
times larger than that of d31-mode, they are often not preferred in practice for the
longitudinal operation. Instead, it is widely applied for bending (Wood et al., 2005) and
shearing operation (Morita et al., 2012), for various actuator, sensor and energy
harvester applications. As this research focuses on longitudinal transducers, it will be
not discussed here.
2.2.2.2 Stack-type d31-mode LPT
With reference to Figure 2.5, the piezo wafer shown in Figure 2.4 can be used in a stack
configuration along the thickness direction and operated in longitudinal direction,
known as stack-type d31-mode LPT. Compared with stack-type d33-mode LPT, the
structure of stack-type d31-mode LPT is more robust to extension, as shown in Figure
2.6. Therefore, stack-type d31-mode LPT are preferred as a contracting transducers
involving operation under strong tensions (Uchino and Giniewicz 2003, Xu et al., 2011).
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Figure 2.5 Schematic of stack-type d31-mode LPT

Figure 2.6 Configurations of multi-layer d33-LPT

2.3 3D fundamentals of piezoelectric material
To establish the field of knowledge, 3D electro-mechanical coupled fundamentals of
piezoelectric material are presented in this section.
2.3.1 Constitutive equations of piezoelectricity
The 3D constitutive equations of piezoelectric material, which are adopted by the latest
IEEE standard (Meitzler et al, 1988) to describe the electro-mechanical coupled
behaviors of piezoelectricity, are shown in Figure 2.7.
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Figure 2.7 Piezoelectric constitutive equations (matrix-vector notation)

The full matrix form is shown in the following matrix equation:
T1   c11E
T   E
 2  c12
E

T3 
  c13


 
T4   0
T5   0
  

T6 
  0

c12E

c13E

0

0

E
22
E
23

E
23
E
33

0

0

0
0

c

c

0

0

c

c

0

0

E
44

0

0

0

c55E

0

0

0

 D1   0 0
  
 D2    0 0
 D  e e
 3   31 32

c

0

0

e15

0

e24

0

e33

0

0

0   S1   0
  
0   S2   0
0 
 S3 
 0
 
0   S4   0
0   S5  e15
  
E
c66
 
 S6 
 0

0
0
0
e24
0
0

e31 
e32 
 E1 
e33   
  E2  ,
0  
 E3 
0

0

 S1 
S 
0   2  11s
0
0   E1 
 
 S3  

s
0      0  22 0   E2  .
S
0   4   0
0  33s   E3 
 S5 
 
 S6 

(2.1.a)

(2.1.b)

or in a more compact form as shown below:
E
Tp  c pq
Sq  ekp Ek ,

Di  eiq Sq   ikS Ek .

(2.2.a)
(2.2.b)

S q , Tp , Ek , and Di ( q, p  1, 2,3, 4,5,6 and k , i  1, 2,3 ) are respectively the components
of strain tensor S , stress tensor T , electric field tensor E and electric displacement
S
E
tensor D . c pq
, ekp ,  ik are respectively the components of elastic stiffness matrix c E
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measured at constant electric fields, piezoelectric stress matrix e measured at constant
strains and dielectric coefficients

 S measured at constant strains.

Note, a compressed notation is used here ( Tp  Tij , Sq  Skl when k  l or Sq  2Skl
E
E
 cijkl
when k  l , c pq
, ekp  ekij where i, j, k , l takes the values 1, 2,3 based on Figure

2.8).

Figure 2.8 Index notation (Meitzler et al 1988)

The index notations follow the IEEE standard on piezoelectricity (Meitzler et al 1988)
and the measurement of these piezoelectric material coefficients are also standardized
there.
2.3.2 Newton’s Second Law
By applying Newton’s second law to piezoelectric material, one can derive the
following stress equations of motions within a piezo body:

Tij , j  

 2u j
t 2

where i, j  1, 2,3.

(2.3)

 is the density of piezoelectric material, t is the time variable, u j are the displacement
of a material point.
Note, the comma ‘,’ followed by an index denotes partial differentiation with respect to
a space coordinate.

12

Chapter 2. Background and Literature Review
2.3.3 Charge balance
The charge balance within a piezo body along the direction of ‘1’, ‘2’ and ‘3’ gives:

Di ,i  0, i  1, 2,3.

(2.4)

The strain S kl and the electric field Ek can be respectively expressed with mechanical
displacement uk and electric potential  k as follows:

1
Skl  (uk ,l  ul ,k )where k , l  1, 2,3
2

(2.5.a)

Ek  k ,k where k  1, 2,3.

(2.5.b)

By combining the constitutive equations of piezoelectricity with Newton’s Second Law
and Charge balance together with boundary conditions, based on the 27 independent
equations ((9 equations in Equation (2.1) , 3 equations from Equation (2.3), 3 equations
from Equation (2.4) and 9 equations from Equation (2.5)), 24 unknowns ( S q , Tp , Ek ,

Di , uk and  k ( q, p  1, 2,3, 4,5,6 and k , i  1, 2,3 )) can be theoretically solved.
However, solving the analytical solutions from these complex coupled derivative
equations is extremely difficult except some simple cases. For solving a 3D problem of
piezoelectricity, numerical methods such as finite element method can be performed.
In conclusion, to establish the field of knowledge, a 3D electro-mechanical coupled
fundamentals of piezoelectric material are presented in this section. 1D and 2D
problems can be solved based on such 3D fundamentals by applying some
simplifications.
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2.4 Existing modeling of LPT
Existing modeling of LPT in literature can be generally divided into exact models of
LPT and approximate models based on a whole LPT system.
2.4.1 Exact modelling of LPT
2.4.1.1 Single-type d33-mode LPT
Direct Analytical Method
With reference to Figure 2.9, the fundamentals of d33-mode LPT can be simplified into
1D problem along the thickness direction (z direction shown in Figure 2.9).

Figure 2.9 D33-mode piezo layer for analysis

The constitutive equations can be simplified into 1D, shown below:

T3  c ' S3  e ' E3 ,

(2.6.a)

D3  e ' S3   ' E3 ,

(2.6.b)

where S3 , T3 , E3 , and D3 are respectively strain, stress, electric field and electric
displacement along the thickness direction( z direction). c ' , e ' , and  ' are respectively
the elastic, piezoelectric, dielectric coefficients for 1D constitutive equations. The
mechanical strain and electric field can be also expressed with regard to displacement
and electric potential along the thickness direction shown below:
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S3  S ( z, t ) 

u ( z, t )
,
z

E3  E ( z, t )  

 ( z, t )
,
z

(2.7.a)
(2.7.b)

where z and t are respectively position variable and time variable.
By applying Newton’s second law to the thickness direction, one can derive:

T3,3 

T ( z, t )
 2u ( z , t )

.
z
 2t

(2.8)

Note, the comma ‘,’ followed by an index denotes partial differentiation with respect to
a space coordinate.
Based on charge balance along the thickness direction, one can derive:

D3,3 

D( z, t )
 0.
z

(2.9)

By substituting Equations (2.8) and (2.9) into Equations (2.6) with Equations (2.7), one
can derive:

 2u ( z , t )
 2 ( z, t )
 2u ( z , t )
c' 2
 e'

,
z
2 z
 2t
 2 ( z, t ) e '  2u ( z, t )

,
2 z
 ' 2 z

(2.10.a)
(2.10.b)

where  is density of the piezoelectric material.
Solving Equations (2.10) with possible solution forms u( z, t )  u( z )e jwt and

 ( z, t )   ( z)e jwt (where w is the excitation frequency) gives the general analytical
solutions to u ( z, t ) ,  ( z, t ) , S ( z, t ) and E ( z, t ) :

u( z, t )  ( A1 sin(hz)  A2 cos(hz))e jwt ,

(2.11.a)

e'
 ( z, t )  ( ( A1 sin(hz)  A2 cos(hz ))  B1 z  B2 )e jwt ,
'

(2.11.b)

S ( z, t )  ( A1h cos(hz)  A2h sin(hz ))e jwt

(2.11.c)

e'
E ( z, t )  ( ( A1h cos(hz )  A2 h sin(hz ))  B1 )e jwt ,
'

(2.11.d)
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e '2
T ( z, t )  (c '(1 
)( A1h cos(hz )  A2 h sin(hz ))  e ' B1 )e jwt ,
 'c '

(2.11.e)

D( z, t )   ' B1,

(2.11.f)

where h  w


e '2
c '(1 
)
 'c '

, A1 , A2 , B1 and B2 are integration constants.

By solving A1 , A2 , B1 from three boundary conditions of the piezo layer ( two boundary
conditions from two mechanical boundaries at two ends of the piezo layer and one
boundary condition from the electrical boundary condition), the specific analytical
solutions to u ( z, t ) ,  ( z, t ) , S ( z, t ) and E ( z, t ) can be solved. Note B2 is immaterial.
Although the fundamentals of single piezo layer can be solved by direct analytical
methods shown above, deriving specific analytical solutions by direct analytical method
for analysis and calculation of single-type d33-mode LPT are quite complex and
cumbersome, as the piezo layer is joined by other medium for applications of singletype d33-mode LPT.
Exact equivalent circuit method
It is shown by Mason (Mason 1948, Mason 1956) that most of the difficulties in
deriving the specific analytical solutions by direct analytical method can be overcome
by introducing an exact equivalent circuit of the piezo layer, well known as Mason’s
equivalent circuit shown in Figure 2.10. By borrowing the network theory, Mason
formulated the circuit exactly based on the 1D electro-mechanical fundamentals of d33mode piezo layer. The details can be seen in literature.
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Figure 2.8 Mason’s Equivalent Circuits

In Mason equivalent circuit, there is a negative capacitance in electrical port, which is
hard to understand in physical meaning. To make the electrical circuit more physical to
understand, Krimholtz, Leedom, and Matthae(1970) derived an alternative form with
an exact equivalence to Mason equivalent circuit, knows as KLM equivalent circuit,
shown in Figure 2.11. The details can be seen in literature.

Figure 2.9 KLM Equivalent Circuits
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The two exact equivalent circuits greatly facilitate the analysis and calculation of singletype d33-mode LPT in a straightforward way.
2.4.1.2 Stack-type d33-mode LPT
Direct Analytical Method
With reference to Figure 2.12, the operation of stack-type d33-mode LPT can be also
based on the aforementioned 1D fundamentals of d33-mode piezo layer. Each piezo
layer is mechanically connected in series and electrically connected in parallel. For such
a stack configuration, it is theatrically possible but extremely difficult to derive specific
analytical solutions by direct analytical method for analysis and calculation of stacktype d33-mode LPT.

Figure 2.10 Stack-type d33-mode LPT for analysis

Exact equivalent circuit method
With reference to Figure 2.13, as stack-type d33-mode LPT connects each single-layer
piezo element mechanically in series and electrically in parallel, it can be modelled by
Mason’s equivalent circuit or KLM equivalent circuit in the way shown in Figure 2.9.
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Figure 2.11 Model stack-type d33-mode LPT based on Mason’s equivalent circuit

Although modelling is straightforward, solving such a complex electrical circuit is also
very cumbersome.
Transfer matrix method
To facilitate the computation of the multiple-piezo-layer configuration in stack-type
d33-mode LPT, transfer matrix method is proposed in literature. The transfer matrix
method is based on the fact that some physical quantities follow simple continuity
conditions across the boundaries from one layer to the next. Therefore, if physical
quantities on one side of certain layer can be correlated to the other side of the layer in
a matrix form (known as transfer matrix), the dynamics of a stack of layers then can be
simply computed by multiplication of individual layer matrix in the stack.

Figure 2.12 Model d33-mode multi-layer piezoelectric transducer based on transfer matrix
method
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With reference to Figure 2.14, for a stack-type d33-mode LPT composed of k piezo
layers, based on the aforementioned 1D fundamentals of d33-mode piezo layer, the
force F , velocity v , electric potential V , and electrical current {I } on one side of a
piezo layer can be correlated to the other side of the layer in the matrix form(Morita et
al. 2001 and Bloomfield 2002), shown below:

 Fn 
 Fn 1 
 v 


 n   T   vn 1  ,
(2.12)
 Vn  p ,n  Vn 1 




 I n 
 I n 1
n  1, 2,..., k
As the force, velocity, electric potential, and electrical current are connected
continuously at the boundary surface between two adjacent piezo layers, the force,
velocity, electric potential, and electrical current at two ends of the whole piezo stack
can be easily computed by multiplication of each individual piezo layer show in the
following equation:
 Fk 
 F0 
 v  k
 v 
0 
 k 
(2.13)
Tp , n  
.
 Uk  


U
n 1
0




 I k 
 I 0 
Then, combined with 3 boundary conditions (two boundary conditions from two

mechanical boundaries at two ends of stack-type d33-mode LPT and one boundary
condition from the electrical boundary condition of stack-type d33-mode LPT), the
behaviours of the whole multi-layer piezoelectric transducer can be modelled and
computed for analysis of stack-type d33-mode LPT. Transfer matrix method can be
also applied to facilitate calculation, when stack-type d33-mode LPT is joined with
other mediums, just by formulating the transfer matrix of the related mediums.
For either exact equivalent circuit or transfer matrix method in literature, although they
facilitate the analysis and calculation of d33-mode LPT in comparison with direct
analytical method, they all based on the complex electro-mechanical coupled
fundamentals of d33-mode piezo layer shown in Equation (2.11), involving solving a
position-varying electric field ( E ( z, t )  (
20
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If the electric potential  ( z, t ) can be approximated to be uniformly distributed along
the thickness direction (i.e. E ( z, t ) can be directly derived by E ( z, t ) 

U (t )
for any
tp

position along z axis), it could greatly simplify and facilitate the analysis and calculation
of d33-mode LPT, especially the stack-type, which will be shown in the work of this
research. This approximation is widely made for static case in literature (as for static
w0hw

case,
E ( z, t )  (


e '2
c '(1 
)
 'c '

0

). However, whether

e'
U (t )
( A1h cos(hz )  A2 h sin(hz ))  B1 )e jwt  B1 
'
tp

this approximation is applicable to dynamic case, what is the rationale behind the
approximation for d33-mode LPT, what is the scope and limitations of the
approximation, and how this approximation could simplify and facilitate the analysis
and calculation of d33-mode LPT, have not been well explored.
2.4.1.3 d31-mode LPT
To the best of authors’ knowledge, only a few models of D31-LPT are available in
literature (Xu et al 2011；Uchino and Giniewicz 2003; Tolliver L 2013). Xu et al (2011)
and Uchino and Giniewicz (2003) focused on the static behaviours. Tolliver et al (2013)
applied a finite element model to compute the dynamic behaviours of D31-LPT.
Although it can effectively model D31-LPT, the finite element model, which is based
on 3D complex electro-mechanical coupled fundamentals of piezoelectricity, is
computationally inefficient. Simple and effective dynamic modelling of D31-LPT,
which can predict the behaviours in time/frequency domain, has not been well explored
in literature.
This approximation is widely made for static case in literature. However, whether this
approximation is applicable to dynamic case, what is the rationale behind the
approximation for d31-mode LPT, what is the scope and limitations of the
approximation, and how this approximation could simplify and facilitate the analysis
and calculation of d31-mode LPT, have not been well explored.
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2.4.2 Approximate Models based on a whole LPT system
To simply the modelling for some purposes such as describing the behaviours of piezo
system or on-line control, approximate models based on a whole LPT system are
proposed in literature.
To describing behaviours of a piezo system, the Van Dyke equivalent Circuit(Van
1925), which has been adopted by IEEE committee (Meitzler et al 1988), is widely used.
With reference to Figure 2.15, the circuit consists of a lump capacitance C0 connected
in parallel with an inductance L1, a resistance R1, and a capacitance C1. C0 represents
the property of electrical side, while L1, R1, and C1 represents the feature of
mechanical side. The configuration of the Van Dyke equivalent Circuit only allows
one-resonant mode to be modelled. However, a piezo system is actually a continuous
system, which often shows multiple resonant modes in practices. To allow more
resonate modes to be modelled, the Van Dyke model was modified and extended with
additional RCL branches in parallel shown in Figure 2.16 (Meitzler et al 1988). Other
configurations of equivalent electrical circuit models were also explored in literature
(Meitzler et al 1988;Guan and Liao 2004; Kim et al. 2008). The electrical parameters
in those equivalent electrical circuits can be determined by various types of system
identification methods based on measured information (Meitzler et al 1988;Guan and
Liao 2004; Kim et al. 2008).

Figure 2.15 The Van Dyke Equivalent Circuit
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Figure 2.16 The extended Van Dyke Model

Although these equivalent circuits can be used to describe the behaviours of piezoelectrically excited system, the electromechanical interaction and physically
mechanical quantities are obscure. To describe the electro-mechanical coupled
interaction of MPS, a more physical approximate model, which is widely used in the
control of piezoelectric systems, is proposed (Goldfarb and Celanovic, 1997).
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Figure 2.17 A general LPT system

For a general LPT system shown in Figure 2.17, the model describes the mechanical
side as a lumped mass-spring-damper system with an electrical port, which can
introduce a lumped piezo force from applied voltage in the electrical side, based on the
inverse piezoelectric effect. The electrical side is modelled by a lumped capacitance
with a mechanical port, which can introduce a counter charge from the induced piezo
displacement in the mechanical side (similar to counter EMF).
The equations of motion can be shown below:

M

 2u (t )
u (t )
C
 K  u (t )  N U (t )  Fexternal (t ),
2
t
t

q(t )  C U (t )  N  u(t ),

(2.14.a)
(2.14.b)

Where u (t ) is the displacement along the longitudinal direction, M , C , K are
respectively the equivalent mass, damping constant, and stiffness of the mechanical
system, N is the piezoelectric coefficient, Fexternal is the external force applied on the
LPT system, C0 is the internal electric capacitance of LPT, U (t ) and q(t ) are
respectively the voltage and the induced charge of the LPT system. The equation (2.14)
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can be converted into the equivalent circuit form shown in Figure 2.18. In the circuit,
v(t ) is the velocity ( v(t ) 

u (t )
q(t )
) and I (t ) is the current ( I (t ) 
).
t
t

Figure2.18 An equivalent circuit widely used in control area

This equivalent circuit model is easily implemented and computationally efficient.
Consequently, it is widely used with non-linear models for the positioning control
purpose of a LPT system. However, as how LPT is coupled into the LPT system is
implicit and the equivalent constants ( M , C , K , N and C0 ) need to be determined
from experiments rather than from the dimension and material properties of the LPT
system, this model cannot be used to predict the behaviors for the design and
optimization of a LPT system prior to experiments.
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2.5 Review summary and research gaps
In summary, LPT can, in principle, be divided into d33-mode LPT and d31-mode LPT.
Approximate models based on a whole LPT system is easily implemented and
computationally efficient. They can be quite effective for describing the behaviours or
online control of the LPT system. However, as how LPT is coupled into the LPT system
is implicit in these models and model parameters need to be determined from
experiments rather than from the dimension and material properties of the LPT system,
this model cannot be used to predict behaviours of the design and optimization of LPT
system prior to experiments.
Existing exact modellings of d33-mode LPT are based upon complex 1D electromechanical coupled fundamentals, involving a position-varying electric field. Although
the exact equivalent circuit method and transfer matrix method are proposed in
literature to facilitate the analysis and calculation, solving such complex fundamentals
is still inefficient, especially for the stack-type d33-mode LPT. An opportunity exists
to simply complex 1D electro-mechanical coupled fundamentals of d33-mode LPT by
applying the uniform-electric-field approximation. This approximation is
mathematically shown to be true for static cases in this chapter. However, whether this
approximation is applicable to dynamic cases, what is the rationale behind the
approximation for d33-mode LPT, what is the scope and limitations of the
approximation, and how this approximation could simplify the fundamentals of d33mode LPT and the related modelling methods to facilitate the analysis and calculation
of d33-mode LPT, have not been well explored.
For d31-mode LPT, only a few static models are available in literature. Although the
dynamic behaviours of D31-LPT can be predicted by using 3D finite element method,
the finite element model, which is based on 3D complex electro-mechanical coupled
fundamentals of piezoelectricity, is computationally inefficient. Again, whether the
electric field for the operation of d31-mode LPT can be approximated to be uniform to
simplify the fundamentals, what is the rationale behind the approximation, what is the
scope and limitation, and the related modelling methods to facilitate the analysis and
calculation of d31-mode LPT, have not been well explored.
These research gaps concerning the application of the uniform-electric-field
approximation to simplify the complex fundamentals of d33-mode LPT and d31-mode
LPT will be addressed in the following 6 chapters, with each based on an individual
scientific paper.
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This chapter is based on the following paper:
Full citation: Zhang, Y., Lu, T. F., & Al-Sarawi, S. (2015). Formulation of a simple
distributed-parameter model of multilayer piezoelectric actuators. Journal of Intelligent
Material Systems and Structures, 1045389X15595294.
Contributions of this chapter: This chapter presents the rationale behind the uniformelectric-field-approximation for modelling d33-mode LPT together with its scope and
limitation. Then, based on the approximation, simplified fundamentals of both simplelayer-type and stack-type d33-mode LPT are formulated. It is interestingly found that,
by applying the uniform-electric-field-approximation, the multi-layer stack
configuration of stack-type d33-mode LPT can be effectively modelled as a whole. It
greatly simplifies and facilitates the modelling of the stack-type d33-mode LPT, which
could provide very simple analytical solutions. The effectiveness of the proposed
simplified fundamentals of d33-mode LPT has been validated by 3D finite element
model in commercial software ANSYS.
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This chapter is based on the following paper:
Full citation: Zhang, Y., Lu, T-F., & Peng, Y. (2015). Three-port equivalent circuit of
multi-layer piezoelectric stack. Sensors and Actuators A: Physical, 236, 92-97.

Contributions of this chapter: To facilitate the modelling of free and loaded vibration
of stack-type d33-mode LPT in a straightforward way, the simplified fundamentals of
stack-type d33-mode LPT proposed in Chapter 3 is wrapped into a simple three-port
equivalent circuit, which is inspired by the idea of network theory. Note, although the
circuit is aimed at stack-type, it can be also applied to single-type LPT simply by letting
the number of piezo layer equal to 1. Compared with the existing equivalent circuits,
the proposed circuit of d33-mode LPT has a simpler structure and can be extended to
any electrical and mechanical condition. Besides, as the proposed circuit elements are
explicitly and exactly derived in terms of material and dimension information rather
than determined from measured information, the proposed circuit model allows one to
predict behaviours with material properties and structural dimension. For both free and
loaded vibrations, the effectiveness of the proposed circuit has been validated by 3D
FEA models.
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a b s t r a c t
Multi-layer piezoelectric transducers (MPS) is a transducer stacked by numerous thin piezo layers, which
can used as an actuator, sensor, or energy harvester. This paper points out the limitations of existing
equivalent circuits for the effective modelling of MPS and proposes a 3-port equivalent circuit of MPS
which is inspired by the idea of network theory and formulated exactly on the basis of the simpliﬁed
fundamentals. The 3-port equivalent circuit, which separates the MPS into two acoustic ports and one
electrical port through an electro-mechanical transformer, offers an exact and explicit representation
of electro-mechanical coupled interaction of MPS. It is very straightforward to apply and effectively
simpliﬁes and facilitates the analysis, modelling, and calculation of free and loaded vibration of MPS
in either transmitter mode (actuator) or receiver mode (sensor or energy harvester). Compared with
existing circuit models in literature, the proposed circuit can be extended to any electrical and mechanical
condition. Besides, as the proposed circuit elements are explicitly and exactly derived in terms of material
and dimension information rather than determined from measured information, the proposed circuit
model allows one to predict behaviors with material properties and structural dimension. For validation,
a simple case study is carried out. For both free and loaded vibrations of MPS in the case study, the
effectiveness of the proposed circuit has been validated by 3D FEA models.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
Multi-layer piezoelectric stack (MPS) is a transducer stacked
by numerous thin piezo layers which can convert the electrical
energy into mechanical energy (actuators) and can also convert
the mechanical energy into electrical response (sensors and energy
harvesters). In many MPS-based applications such as design of
free and loaded resonators, determination of unknown material
property and design of harvester scavenging energy from ambient vibrations, modelling vibration behaviours of MPS is a key step.
To facilitate analysis, modelling, and calculation of free and loaded
vibrations of MPS in either transmitter mode (actuator) or receiver
mode (sensor or energy harvester), a three-port equivalent circuit
of MPS is proposed in this paper.
Section 2 reviews the existing equivalent circuits in literature.
Their limitations are pointed out and a novel equivalent circuit is
proposed. Section 3 presents the fundamentals of MPS, which provide a basis for the construction of the proposed equivalent circuit
presented in Section 4. To validate the formulated equivalent cir-

∗ Corresponding author.
E-mail address: yangkun.zhang@adelaide.edu.au (Y. Zhang).

cuit, 3D FEA models of MPS are developed in commercial software
‘ANSYS’ in Section 5. Simulation results between the two models are
compared and the limitations of the proposed model are discussed.
Section 6 presents the summary.

2. Existing equivalent circuits
For the facility in describing behaviours of piezo-electrically
excited vibration system, equivalent electrical circuits are often
used. A widely used equivalent electrical circuit, which has been
standardized in IEEE [1], is the Van Dyke circuit [2] shown in
Fig. 1, which consists of a lump capacitance C0 connected in parallel with an inductance L1 , a resistance R1 , and a capacitance C1 .
The Van Dyke circuit can be used to represent a piezo-electrically
excited mechanical vibration system with one dominant resonant
mode captured. However, a piezo-electrically excited mechanical
vibration system is actually a continuous system rather than discrete systems, which shows multiple resonant modes in practices.
To capture more modes, the Van Dyke model was modiﬁed and
extended with additional RCL branches in parallel shown in Fig. 2
[1]. Other similar equivalent electrical circuit models were also
explored to model multiple resonant modes and improve the accuracy [3,4]. The electrical parameters in those equivalent electrical

http://dx.doi.org/10.1016/j.sna.2015.10.033
0924-4247/© 2015 Elsevier B.V. All rights reserved.
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Fig. 1. The Van Dyke equivalent circuit.
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Fig. 3. Schematic of multi-layer piezoelectric stack.

be extended to any electrical and mechanical condition. Besides, as
the proposed circuit elements are explicitly and exactly derived in
terms of material and dimension information rather than determined from measured information, the proposed circuit model
allows one to predict behaviours with material properties and
structural dimension. The conﬁguration of the proposed circuit is
inspired by the idea of network theory and each electrical element
in the proposed equivalent circuit is derived exactly on the basis of
simpliﬁed fundamental of MPS presented in the previous paper of
the authors [8].
3. Fundamentals of MPS

Fig. 2. The extended Van Dyke model.

circuits can be determined by various types of system identiﬁcation
methods based on measured information [1–4]. Although these
equivalent circuits can be used to describe the behaviours of piezoelectrically excited system, the electromechanical interaction and
physically mechanical quantities are obscure. Therefore, they are
incapable to predict the behaviours, when mechanical boundary
conditions are changed.
To describe the electro-mechanical coupled interaction of MPS,
a widely recognized lumped model is proposed by Goldfarb and
Celanovic [5]. This model is composed of an electrical side, a
mechanical side, and the ports which couples the electrical and
mechanical models. The mechanical side is modelled as a lumped
mass-spring-damper system with an electrical port, which can
introduce a lumped piezo force from applied voltage in the electrical side, based on the inverse piezoelectric effect. The electrical
side is modelled by a lumped capacitance with a mechanical port,
which can introduce a counter charge from the induced piezo displacement in the mechanical side (similar to counter EMF).
The lumped model can be easily implemented with some
non-linear models [6] for positioning control purpose. However,
lumped-models are just approximated models, as a MPS is actually a distributed system. Adriaens et al. [6] and Chen et al. [7]
further elaborated this lumped electromechanical model of MPS
into distributed-parameter models. In their models, the MPS is proposed to be taken as an equivalent distributed normal solid with
no piezoelectricity and the action of voltage is taken as equivalent force acting on the MPS. However, their proposition is not
well proved. Besides, the related equivalent constants, which are
required to be determined from experiments, make the models
hard to predict behaviours, when the experiments are not available.
The 3-port equivalent circuit proposed herein offers an explicit
representation of electro-mechanical coupled behaviours of MPS,
which separates the MPS into two acoustic ports and one electrical port through an electromechanical transformer. Compared with
existing circuit models in literature, the proposed circuit model can
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The schematic of MPS is shown in Fig. 3, where each piezo
layer is mechanically connected in series and electrically connected
in parallel. By applying voltage/charge to MPS, it can produce
force/displacement in the longitudinal direction of MPS (x direction
shown in Fig. 3) and vice versa. The former is called transmitter
mode which can be used as an actuator and the latter is called
receiver mode which can be used as a sensor or energy harvester.
In transmitter mode, the stack conﬁguration of MPS allows a large
displacement output with a low voltage input in a compact size. In
receiver mode (sensors and energy harvesters), the stack conﬁguration enables a large charge output for equivalent force inputs.
The proposed equivalent circuit is based on the simpliﬁed fundamentals of MPS, which is presented and justiﬁed in the previous
paper of the authors [8]. For the completeness of the formulation
of the equivalent circuit, the simpliﬁed fundamentals of MPS are
reproduced here.
To facilitate the model formulation, deﬁne MPS with overall
length L stacked by k piezo layers and assign an x axis along the
length. Since, MPS is designed for its longitudinal vibration (the
stack is more than three times longer than wide), the vibration is
associated with a uniaxial stress state (i.e. the lateral stress is zero).
For the operation of MPS, the electrical ﬁeld is only applied to the
direction of vibration (i.e. the electrical ﬁeld in lateral directions is
zero). Based on these two conditions, the constitutive equations of
each piezo layer in MPS along the longitudinal direction can derived
from the 3-D piezoelectric constitutive equations of IEEE standards
[1], shown in Eq. (1).
T3 = c  S3 − e E3 ,

(1.a)

D3 = e S3 +  E3 ,

(1.b)

where T, S, E, and D are respectively stress, strain, electrical ﬁeld,
and electrical displacement. c  ,e , and  are piezoelectric coefﬁE , e = d /sE , and = T − d 2 /sE ). sE ,d , and
cients (c  = 1/s33
33 33
33
33
33
33 33
T33 are the standardized piezoelectric coefﬁcients [1]. The subscript
‘3 stands for the direction of polarization (i.e. x direction in this
case). For the convenience, this subscript ‘3 will be omitted in the
later notations.
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Then, based on Eq. (5), E3 can be seen as a constant (i.e. the
distribution of the electrical ﬁeld across tn is uniform). Therefore,
E3 can be simpliﬁed as follows:
E3 = −

(xp + tn ) − (xp )
∂
Un
→−
=
.
tn
tn
∂x

(6)

For the electrical side, also considering that the distribution of the
displacement across tn can be assumed to be uniform as reasoned
before, the induced charge on the surfaces of nth piezo layer can be
simpliﬁed in the following way:
Qn = ADn = A(e S3 +  E3 )
→ A(e
Fig. 4. Analysis of nth piezo layer in MPS.

T, S, E, and D can be respectively expressed as follows:
T (x, t) =

N(x, t)
,
A

(2.a)

(2.b)

∂(x, t)
,
E(x, t) = −
∂x

(2.c)

Q (x, t)
,
A

D(x, t) =

(2.d)

where Nand u are respectively the normal force and displacement,
 and Q are electrical potential and electrical charge respectively,
A is the cross-section of the piezo layer. The arguments ‘x’ and ‘t’
are position and time variables respectively, which will be omitted
in the later notations for briefness.
To derive a simple but effective distributed-parameter analytical model, the following simpliﬁcations for MPS are mathematically
justiﬁed and applied.
With reference to Fig. 4, consider the nth piezo layer at certain position xn of MPS with thicknesstn (where n = 1, 2, 3...k). The
charge balance in the x direction gives:
(3)

Substituting Eq. (1.b) into Eq. (3) with Eqs. (2.b), (2.c), and (2.d)
results in:
2

2

∂ x

2

=−

e ∂ u

 ∂ 2 x

,

(4)

e



S3 + B1 ,

N = A(c 

∂u
UMPS
− e
).
tp
∂x

where B1 is an integration constant.
Considering that each piezo layer is often far less than the overall
length of MPS in longitudinal direction (i.e. tn = kL is far smaller than
L), the distribution of the displacement acrosstn can be assumed to
be uniform (i.e S is a constant) for a certain number of the ﬁrst
vibration modes whose quarter wavelength is far larger than the
thickness of piezo layer tn . This fact limits the frequency range of
the simpliﬁcation to a certain number of the ﬁrst vibration modes
and errors might occur, when the simpliﬁcation is applied to model
high-order vibration modes. Note, as high-order vibration modes
in practice are almost damped out due to the mechanical and electrical loss and are trivial in practical applications of MPS, this issue
is of minor importance.

(9)

Based on the Newton’s Second law in the x direction, the following
equation of motion can be derived:
2

∂N
∂ u
= A 2 ,
∂x
∂ t

(10)

where  is the density of piezo layer.
Substituting Eq. (9) in Eq. (10) gives:
c

2

∂ u(x, t)

=

2

∂ x

∂ u(x, t)
2

∂ t

(11)

,

Using the principle of separation of variables, for excitation voltage UMPS (t) = U0 ejwt , the general solution of displacement u(x, t) to
Eq. (11) can be written in the following form:
u = (A1 sin(ax) + A2 cos(ax))ejwt ,
where a =

(5)

(8)

Assuming negligible thickness of electrode layers and considering
that each piezo layer in MPS has the same material properties (c  ,e
,  and density), dimensions (thickness and cross-section area). and
the same applied voltage (Un = UMPS ) due to the electrically parallel
connected structure, it is possible and effective to apply a single
constitutive equation for the whole MPS, shown in the following
form:



Integrating Eq. (4) with regard to x yields:
E3 = −

∂u
Un
− e
).
tn
∂x

2

∂Qn
= 0.
∂x

∂ 

The above justiﬁed simpliﬁcations allow MPS to be effectively
modelled as a whole in a following simple way.
By substituting Eq. (6), Eqs. (2.a) and (2.b), Eq. (1.a) can be simpliﬁed as follows:
N = An (c 

∂u(x, t)
,
S(x, t) =
∂x

(7)

un − un−1
Un (t)
+ 
).
tn
tn

w2
,
c

(12)

A1 and A2 are constants, which can be calculated

from the boundary conditions at two ends of MPS.
Substituting Eq. (12) into Eq. (9) gives the general solution of the
normal force

⎡

N = A⎣

⎤

c  (A1 a cos(ax)
−A2 a sin(ax)) − 

U0
tn

⎦ ejwt .

(13)

For the electrical side, as each piezo layer in MPS is electrically connected in parallel, the general solution of the total induced
charge of MPS can be derived as follows by substituting Eq. (7):
QMPS =

k

n=1

Qn = A(e

uk − u0
UMPS (t)
+ k
),
tp
tp

where k is the total number of piezo layers in MPS (k =

(14)
L
tp ).
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Table 1
Simulation parameters.
L (m)

A (m2 )

k

Material property

0.04

1.6 × 10−5

10

N10 [8]

Based on Eq. (17), the following MPS circuit shown in Fig. 5 with

exact equivalence can be found.In the equivalent circuit, CE = ktpA ,


K = A tep , Z0 =
Fig. 5. Three-port equivalent circuit of MPS.

By differentiating displacement u(x, t) and electrical charge
QMPS (t) with respect to time variable t, the general solution of the
velocity v(x, t) and induced current IMPS (t) can be derived:

v(x, t) = jw(A1 sin(ax) + A2 cos(ax))ejwt ,
IMPS (t) = A(e

vk − v0
tp

+ k

(15.a)

UMPS (t)
jw).
tp

(15.b)

Note, the mechanical damping and electrical damping, which
respectively account for the mechanical loss and mechanical loss,
can be easily considered by adding positive imaginary part to
stiffness material constant (c  in this case) and adding negative
imaginary part to permittivity material constant ( in this case)
[9].
4. Construction of equivalent circuit
Based on the fundamentals of MPS presented in Section 3, an
exact equivalent circuit is constructed in this section, which is
inspired by the idea of network theory.
Referring to Figs. 3 and 4 boundary conditions at both ends of
MPS can be derived, shown as follows:
(16.a)

vk = v(L, t).

(16.b)

F0 = N(0, t),

(16.c)

Fk = N(L, t).

(16.d)

There are 8 unknowns (A1 , A2 , ,UMPS UMPS , v0 , vk , and) in 5 equations
(Eqs. (15.b), (16.a), (16.b), (16.c) and (16.d)). Therefore, F0 , Fk and
UMPS (A1 , A2 ) can be expresses with regard to v0 , vk and IMPS in the
following matrix form:

⎡

A
jw

⎢
⎢
⎢
⎢
⎥ ⎢ A
⎣ Fk ⎦ = ⎢
⎢ jw
⎢
UMPS
⎣
F0

⎤

c  a(cos(aL)−1)A
.
jw sin(aL)

The subscript ‘L’ and

‘R’ stands for the left and right side of MPS (corresponding with the
‘0 and ‘k’ in this case). CE is electrical impedance of MPS, while
Z0 andZM are the impedance from the mechanical side. K is the
value of the electro-mechanical transformer. Note, the mechanical
damping and electrical damping, which respectively account for
the mechanical loss and mechanical loss, can be easily considered
by adding positive imaginary part to stiffness material constant
(c  in this case) and adding negative imaginary part to permittivity
material constant ( in this case) [9].
The 3-port equivalent circuit, which separates the MPS into
two acoustic ports and one electrical port through an electromechanical transformer, offers an explicit representation of
electro-mechanical coupled behaviours of MPS. Compared with
existing circuit models in literature, the proposed circuit model can
be extended to any electrical and mechanical condition. Besides, as
the proposed circuit elements are explicitly and exactly derived in
terms of material and dimension information rather than determined from measured information, the proposed circuit model
allows one to predict behaviours with material properties and
structural dimension for design, fabrication, and optimization purpose. It is very straightforward to apply and effectively simpliﬁes
and facilitates the analysis, modelling, and calculation of free and
loaded vibration of MPS in either transmitter mode (actuator) or
receiver mode (sensor or energy harvester).

e 2
c a
+
tan(aL)
k tp

A
−
jw

e 2
c a
+
sin(aL)
k tp

e 2
c a
+

sin(aL)
k tp

−

A
jw

e 2
c a
+
tan(aL)
k tp

e
jwk

−

e
jwk

To further validate the formulated equivalent circuit model, a
simple case study of free and loaded vibration of MPS shown in
Fig. 6 is carried out. The MPS is stacked by 10 piezo layers with
negligible thickness of electrode layers and with the left end ﬁxed.
The right end of MPS is set free for case 1 and loaded with a propagating medium for case 2. The dimension of the MPS is deﬁned
in Table 1 and the piezoelectric material properties are with reference to N10[8]. The propagating medium is chosen to have the same
dimension with MPS and its material is chosen to be epoxy resin
e
jwk

⎤

⎥⎡
⎤
⎥ v0
⎥
⎥⎢
⎥
e
⎥ ⎣ vk ⎦ .(17)

⎥
jwk
⎥ I
⎦ MPS
tp
jwk A

Fig. 6. Case study: free and loaded vibrations of MPS.
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and ZM =

5. Validation and discussion

v0 = v(0, t),

⎡

c  aA
jw sin(aL)
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Fig. 7. Equvalent circuit of the study case.
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Fig. 8. Meshed FEA model of ﬁxed-free MPS.
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Fig. 10. Vibration velocity of free vibration.
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Fig. 9. Meshed FEA model of ﬁxed-loaded MPS.
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Fig. 11. vibration deformation of free vibration
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Fig. 11. Vibration deformation of free vibration.

1170 kg/m3 ;

8.2163 × 109

(density:
Young’s modulus:
Pa; Poisson
ratio: 0.3). The validation is achieved by checking the results simulated by the proposed equivalent circuit against those simulated
by a 3D FEA model developed in ANSYS. The frequency response
of the vibration velocity vR and deformation uR (can be derived by
integrating vR ) at the right end of MPS, are chosen to be simulated
and compared for both case 1 and 2.
Based on the proposed equivalent circuit shown in Fig. 5, the
equivalent circuits of case 1 and 2 can be constructed as shown in
Fig. 7. A 3D FEA model of both case 1 and 2 is developed on the
commercial software ANSYS. Case 1 and 2 are ﬁnely auto meshed
respectively with 18,560 nodes and 3430 elements shown in Fig. 8
and with 8031 nodes and 1310 elements shown in Fig. 9, which
is sufﬁcient enough to ensure a high resolution. Other conditions
are deﬁned as speciﬁed in the study case. By applying a harmonic
voltage of 100 V, the frequency response of the right-end velocity vR
and deformation amplitude uR of MPS are simulated to be compared
with equivalent results simulated by the proposed circuit model.

Figs. 10 and 11 respectively show vibration velocity and deformation of case 1 simulated by the proposed equivalent circuit
model and 3D FEA model. For the convenience of comparison, both
mechanical loss and electrical loss are not taken into account. As
motioned before, for the proposed equivalent circuit, the mechanical loss and electrical loss can be easily taken into account
respectively by adding positive imaginary part to stiffness material coefﬁcient and adding negative imaginary part to permittivity
material coefﬁcient [9]. Compared with 3D FEA models, the proposed circuit model shows a good match for the ﬁrst two resonant
modes of both velocity and displacement and the errors begin to
occur at the second anti-resonant modes. The errors are expected
due to the compromised assumption of simpliﬁcation which the
proposed circuit model is based on. As the thickness of piezo layer
L
(tn = 10
) is approaching to the quarter wavelength (approximately
L
) of the second anti-resonant mode, it becomes less effective to
4
assume that the displacement of each piezo layer is uniformly
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vibration velocity of loaded vibration
velocity(m/s in dB)
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proposed equivalent circuit model
3D FEA model
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cuit elements are explicitly and exactly derived in terms of material
and dimension information rather than determined from measured information, the proposed circuit model allows one to predict
behaviours with material properties and structural dimension. A
simple case study of free and loaded vibrations of MPS has been
carried out for validation. For both free and loaded vibrations of
MPS in the case study, the effectiveness of the proposed circuit has
been validated by 3D FEA models.
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vibration velocity and deformation of loaded vibration in case 2.
The results show that the proposed circuit model is also effective
for loaded MPS vibration. Besides, the proposed circuit model can
effectively capture more resonant modes (6 resonant modes) for
loaded MPS vibration, compared with free MPS vibration (2 resonant modes). This is under expectation. As the vibration wavelength
for the loaded MPS becomes larger, it is more effective to assume
that the displacement of each piezo layer is uniformly distributed
across each layer. It was worth noting from the assumption of the
proposed circuit model that more vibration modes can be effectively captured by the proposed circuit model, when more piezo
layers are stacked or when MPS is connected with other propagating mediums. The limitation for modelling high-order vibration
modes is of minor importance, as high-order resonant modes in
practice are almost damped out due to the mechanical and electrical loss and are trivial in practical applications of MPS.
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6. Summary
In this paper, inspired by the idea of network theory, a 3port equivalent circuit of multi-layer piezoelectric stack (MPS) is
proposed and formulated exactly on the basis of simpliﬁed fundamentals of MPS. The 3-port equivalent circuit, which separates
the MPS into two acoustic ports and one electrical port through
an electro-mechanical transformer, offers an explicit representation of electro-mechanical coupled behaviours of MPS. It is very
straightforward to apply and effectively simpliﬁes and facilitates
the analysis, modelling, and calculation of free and loaded MPS
vibration in either transmitter mode (actuator) or receiver mode
(sensor or energy harvester). Compared with existing circuit models in literature, the proposed circuit can be extended to any
electrical and mechanical condition. Besides, as the proposed cir-
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CHAPTER 5
A SIMPLIFIED TRANSFER MATRIX OF D33-MODE LPT

This chapter is based on the following paper:
Full citation: Zhang, Y., Lu, T. F., Al-Sarawi, S., Tu, Z. (2016). A Simplified Transfer
Matrix of Multi-layer Piezoelectric Stack. Journal of Intelligent Material Systems and
Structures, 1045389X16651153.
Contributions of this chapter: In this chapter, the simplified fundamentals of stack-type
d33-mode LPT proposed in Chapter 3 is formulated into a transfer matrix form.
Combined with transfer matrix method, the proposed transfer matrix form can greatly
facilitate the calculations when stack-type d33-mode LPT is joined by other mediums.
For modelling stack-type d33-mode LPT, compared with using the transfer matrix
proposed in literature, which is subjected to individual piezo layer in stack-type d33mode LPT, the proposed simplified transfer matrix, which considers the whole stacktype d33-mode LPT to be an equivalent homogenous bulk, contributes to a much
simpler form of analytical solution and greatly cut down the computational effort. Note,
although the proposed transfer matrix is aimed at stack-type, it can be also applied to
single-type LPT simply by letting the number of piezo layer equal 1. Even for modelling
individual piezo layer, the proposed transfer matrix based on the simplified
fundamentals is simpler and more computationally efficient than the transfer matrix
formulated in literature on the basis of the complex fundamentals. The effectiveness of
the proposed simple transfer matrix is validated by the transfer matrix proposed in
literature.
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CHAPTER 6
SIMPLFIED EQUIVALENT FINITE ELEMENT MODELS OF D33MODE LPT

This chapter is based on the following submitted paper:
Zhang, Y., & Lu, T-F. (2016). Simple Equivalent Finite Element Models of D33-Mode
Multi-layer Piezoelectric Actuator, submitted to Smart Materials and Structures
Contributions of this chapter: In this chapter, based on the uniform-electric-field
approximation, two simple equivalent finite element models of stack-type d33-mode
LPT are proposed and developed for computation when stack-type d33-mode LPT are
used in complex structures. The proposed finite element models consider multi-layer
d33-mode LPT as equivalent homogenous bulk which could simply meshed with puresolid and consider the inverse piezoelectric effect of the applied voltage with equivalent
external forces. Compared with direct finite element modelling of stack-type d33-mode
LPT by using an electro-mechanical coupled and multi-layer model, the proposed finite
element models greatly facilitate the modelling processes and cut down the
computational effort. Based on the IEEE standard 3D constitutive relations of
piezoelectricity, the rationale behind the proposed equivalent models together with the
scope and limitation are presented. Also, the related equivalent forces and other
equivalent parameters are derived in terms of the standard 3D piezoelectric coefficients.
The proposed models can be applied to both single-type and stack-type. The
effectiveness of the proposed simple equivalent finite element models has been
validated by direct finite element modelling of d33-mode LPT in commercial software
ANSYS.
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Simple Equivalent Finite Element Models of D33Mode Multi-layer Piezoelectric Actuator
YANGKUN ZHANG AND TIEN-FU LU
School of Mechanical Engineering, University of Adelaide, 5005, Australia
*Author to whom correspondence should be addressed. E-mail: yangkun.zhang@adelaide.edu.au
ABSTRACT: D33-mode multi-layer piezoelectric actuators (MPA) are widely used linear actuators. When
d33-mode MPA are used in a complex structure, a finite element model is widely applied for computation
and analysis. For direct finite element modelling of d33-mode MPA, the stacked configuration makes model
defining process cumbersome and the electro-mechanical coupled behaviours of piezo material which need
to be meshed with electro-mechanical coupled elements consumes large computational efforts, thus
inducing a long model solving time. In this paper, two simple equivalent finite element models of d33mode MPA are proposed. The proposed finite element models consider multi-layer d33-mode MPA as an
equivalent homogenous bulk which could be simply meshed with pure-solid elements and consider the
inverse piezoelectric effect of the applied voltage with equivalent external forces, which greatly facilitates
the modelling processes and greatly cuts down the computational effort. Based on the IEEE standard 3D
constitutive relations of piezoelectricity, the rationale behind the proposed equivalent models together with
the scope and limitation are presented. Also, the related equivalent forces and other equivalent parameters
are derived in terms of the standard 3D piezoelectric coefficients. Simulations are carried out in commercial
software ANSYS, which validates the effectiveness and also shows the limitation of the proposed
equivalent models.
Keywords: D33-mode, multi-layer, piezoelectric, actuator, 3D, equivalent, finite element model
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1. Introduction
D33-mode multi-layer piezoelectric actuators (d33-mode MPA) are linear actuators
characteristic of a nano-meter resolution in displacement and compact size. They are
widely used as high-precision positioning units or vibrators for a wide range of
applications, such as optical alignment in Lenz modules (Lee et al 2011) and cell
manipulation in microbiology (Zhang et al 2002). In these applications, modelling
electro-mechanical coupled behaviours of d33-mode MPA, which can be used to predict
their performance, plays a vital role in their design, manufacture and optimization. When
d33-mode MPA is used in a complex structure (for example, when combined with flexure
mechanism for displacement amplification purpose) (Lu et al 2004;Li et al 2012; Yong
and Mohemani 2013), a finite element model is widely applied for computation and
analysis. For direct finite element modelling of d33-mode MPA, the stacked
configuration makes model defining process cumbersome and the electro-mechanical
coupled behaviours of piezo material which need to be meshed with electro-mechanical
coupled elements consumes large computational efforts, thus inducing a long model
solving time.
In this paper, two simple equivalent finite element models of d33-mode MPA are
proposed. The proposed finite element models consider multi-layer d33-mode MPA as
equivalent homogenous bulk which could simply meshed with pure-solid and consider
the inverse piezoelectric effect of the applied voltage with equivalent external forces,
which greatly facilitates the modelling processes and greatly cuts down the computation
effort.
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2. Physical Background

Figure 1 D33-mode and d31-mode of piezoelectricity

Figure 2 Configuration of d33-mode MPA

With reference to Figure 1, when a voltage is applied to the piezo wafer in the direction
opposite to its pre-polarized direction, it will induce an expansion in the polarized
direction t (known as d33-mode of piezoelectricity) and a contraction in the direction
orthogonal to the polarized direction L (known as d31-mode of piezoelectricity). In
principle, both d31-mode and d33-mode can be used as linear actuator. However, as the
d33-mode often has a larger voltage-deformation conversion coefficient than the d31mode (Arevalo and Foulds 2013), d33-mode is widely used. As the displacement for a
single wafer is too small to be used, a multi-layer stack configuration with reference to
Figure 2 is often used to enable a large deformation with a low voltage operation in a
compact size (Adriaens et al 2000). For d33-mode MPA, each piezo layer is mechanically
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connected in series and electrically connected in parallel. The following section will
provide a rationale that such configurations of d33-mode MPA can be effectively
considered as an equivalent homogenous pure-solid bulk actuated with equivalent
external forces.

3. Rationale
Based on the IEEE standards on piezoelectricity (Meitzler, Tiersten et al 1988), the 3-D
piezoelectric constitutive equations of piezoelectricity can be shown below:

T1   c11E c12E c13E 0 0 0   S1   0 0 e31 
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(1.a)

(1.b)

where S q , Tp , Ek , and Di ( q, p  1, 2,3, 4,5, 6 and k , i  1, 2,3 ) are respectively the
components of strain tensor S , stress tensor T , electric field tensor E and electric
E
displacement tensor D . c pq , ekp ,

 ikS are respectively the components of elastic stiffness

matrix c E measured at constant electric fields, piezoelectric stress matrix e measured at
constant strains and dielectric coefficients
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notation follows the IEEE standards (Meitzler, Tiersten et al. 1988) and the measurements
of these coefficients are also standardized there.

Figure 3 Analysis of nth piezo layer of d33-mode MPA

With reference to Figure 3, consider the n th piezo layer at certain position z n of d33mode MPA with thickness t n ( n  1, 2,3...k where k is the number of piezo layers in
d33-mode MPA). The charge balance in the
D3
 0.
z

z direction gives:
(2)

The third row of Equation (1.b) gives:

D3  e31S1  e32 S2  e33S3 .

(3)
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Substituting Equation (3) into Equation (2) with S1 

E3  

u ( x, t )
u( z, t )
u ( y, t )
, S2 
, S3 
and
x
z
y

 ( z, t )
gives:
z

 2u ( x, t )
 2u ( y , t )
 2u ( z, t ) s  2 ( z, t )
e31
 e32
 e33
  33
 0.
xz
yz
2 z
2 z

As

(4)

 2u ( y , t )
 2 u ( x, t )
 0 , Equation (4) can becomes:
 0 and
yz
xz

 2 ( z, t ) e33  2u ( z, t )
 s
,
2 z
 33  2 z
Integrating Equation (5) with regard to

E3  

(5)

z yields:

e33
S3  B1 ,
 33s

(6)

where B1 is an integration constant.
With reference to Figure 3, considering that each piezo layer tn is often far less than the
propagation length in ‘3’ direction (in this case, the propagation length is the overall
L
length L of d33-mode MPA ) (i.e. tn 
is far smaller than L ), the distribution of the
k

displacement across t n can be assumed to be uniform (i.e. S3 is a constant) for a certain
number of the first vibration modes whose quarter wavelength is far larger than the
thickness of piezo layer t n as shown in Figure 3. Note, the mode shapes drawn in Figure
3 are just to illustrate the concept and might not be the exact mode shapes.

74

Chapter 6. Simplified Equivalent Finite Element Models of D33-Mode LPT

Then, based on Equation (6), E3 can be seen as a constant (i.e. the distribution of the
electric field across t n is uniform). Therefore,

E3  

 ( x p  tn )   ( x p ) U n



.
z
tn
tn

(7)

The electrical configuration of d33-mode MPA gives E1  E2  0 .
By substituting E1 , E2 and E3 into Equation (1.a), the constitutive equation for the n th
piezo layer of d33-mode MPA can be derived shown in Equation (8).

T1   c11E
T   E
 2  c12
E

T3 
  c13

  
T4   0
T5   0
  

T6 
  0

c12E

c13E

0

0

E
22
E
23

E
23
E
33

0

0

0
0

c

c

0

0

c

c

0

0

E
44

0

0

0

c55E

0

0

0

c

 Un 
 e31 t 
n

0   S1  

U
  e
n 
0   S2   32
tn 




S
0  3
     Un  ,
0   S4   e33

tn 




S
0
 5  0 
E
c66  
 S6 
  0 


 0 



(8)

Assuming negligible thickness of electrode layers and considering that each piezo layer
in MPA has the same material properties, thickness ( tn  t p where t p is the thickness of
each piezo layer in MPA) and the same applied voltage ( U n (t )  U (t ) ) due to the
electrically parallel connected structure, it is effective to consider Equation (8) as the
constitutive equation for the whole d33-mode MPA, which can be written in the form:
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T1   c11E
T   E
 2  c12
T3   c13E
 
T4   0
T5   0
  
T6   0

c12E

c13E

0

0

E
22
E
23

E
23
E
33

0

0

0
0

c

c

0

0

c

c

0

0

E
44

0

0

0

c55E

0

0

0

c

0   S1   p1 
   
0   S2   p2 
0   S3   p3 
   ,
0   S4   0 
0   S5   0 
   
c66E   S6   0 

(9)

U (t )
U (t )
U (t )
, p2  e32
and p3  e33
.
tp
tp
tp

Where p1  e31

Therefore, based on Equation (9), the electro-mechanical coupled and multi-layer finite
element model of d33-mode MPA can be simply considered as an equivalent
homogenous bulk meshed with pure-solid elements of elastic stiffness matrix c E and the
effect of voltage can be equivalent to external forces which can induce the equivalent
stress

p1 , p2 and p3 . An example of cuboid d33-mode MPA is shown in Figure 4 where

the equivalent opposite forces can be calculated by Fi  pi  Ai  e3i

U (t )
Ai ( i  1, 2,3
tp

which denote x, y and z axis respectively). This is the proposed model 1.
The proposed model 1 can be further simplified into the proposed model 2 shown as
follows.
Equation (9) can be transformed into the following form:
 S1   s11E
S   E
 2   s12
 S3   s13E
 
 S4   0
 S5   0
  
 S6   0
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E
E
E 1
where the compliance matrix s is the inverse matrix of matrix c (i.e. s  (c ) )

E

(Meitzler, Tiersten et al. 1988).
For applications of d33-mode MPA, the deformation along the z (3) axis is of interest
and the deformation along x and y axis is of little importance. Based on the equivalent
deformation on z axis, p1 , p2 and p3 can be further equivalent to p3 '( p1 '  p2 '  0) by using
the third row of Equation (10):

s13E p1  s23E p2  s33E p3  s33E p3'
Solving Equation (11) gives p3 ' 

(11)

E
E
e31s13E  e32 s23
 e33s33
U (t ) .
E
s33
tp

So, the effect of voltage can be also equivalent to external forces which can simply induce
the equivalent stress p3 '( p1 '  p2 '  0) . An example of cuboid d33-mode MPA is shown in
Figure 5 where the equivalent opposite force
F3'  p3'  A3 

F3'

can be calculated by

E
E
e31s13E  e32 s23
 e33 s33
A3 U (t ) . This is the proposed model 2.
E
s33
tp
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Figure 4 Equivalent decoupled pure-solid bulk model 1 of cuboid d33-mode MPA

Figure 5 Equivalent decoupled pure-solid bulk model 2 of cuboid d33-mode MPA

Note, the proposed two simplified finite element models of d33-mode MPA are based on
the condition that the distribution of the displacement across each piezo layer can be
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assumed to be uniform. This condition limited the frequency range of the proposed
simplified finite element models to a certain multiple of the first resonant frequencies
whose corresponding quarter wavelengths are far larger than the thickness of piezo layer
as shown in Figure 3. It is worth noting that the more piezo layers are stacked in d33mode MPA or the more other layers are stacked with d33-mode MPA (i.e. the relative
quarter wavelengths are increased, as the propagation length is increased), the more
vibration modes will satisfy the condition that their quarter wavelengths are far larger
than the thickness of piezo layer, thus resulting in the facts that the more vibration modes
and a larger frequency range it can model. For a good performance of d33-mode MPA
(i.e. a large output deformation with a low-voltage operation in a compact size), a large
amount of piezo layers are often stacked in d33-mode MPA, thus enabling the proposed
simplified finite element model of d33-mode MPA with a sufficient effective frequency
range for applications. Therefore, the limitation is of minor importance in practice.

4. Validation and Discussion
To validate the effectiveness of the proposed two simple equivalent finite element models
of d33-mode MPA, a case study is carried out in this section. Frequency responses of
free-end displacement for a free-free vibration of d33-mode MPA are simulated for
comparisons. The validation is carried out by checking the results simulated by the two
proposed equivalent pure-solid bulk models actuated with equivalent external forces
against those simulated by electro-mechanical coupled and multi-layer finite element
model.
A d33-mode MPA of square cross-section stacked by 10 piezo layers ( k  10, L  0.02m ,
A  0.004  0.004m2 and t p 

L
 0.002m ), shown in Figure 3, is first investigated. The
k
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materials properties of MPA are with reference to PZT-5H (Arevalo and Foulds 2013).
The related finite element models are implemented on the commercial software ANSYS.
To obtain the frequency response, the ‘Harmonic Response’ module in ANSYS is
performed. To implement the proposed two models, a bulk normal solid model is simply
built and meshed with pure-solid elements shown in Figure 6 and then actuated with
equivalent forces as shown in Figure 4 and Figure 5. To implement the electro-mechanical
coupled and multi-layer finite element model, the extension package ‘Piezo
Extension_R150_v8’(ANSYS 2015) is used to allow analyzing electro-mechanical
coupled behaviours. A multi-layer configuration of d33-mode MPA is build and meshed
with electro-mechanical coupled elements as shown in Figure 7 and actuated with the
voltage applied at two ends of each piezo layer.

Figure 6 Meshed pure-solid bulk equivalent model of cuboid d33-mode MPA
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Figure 7 Meshed electro-mechanical coupled model of cuboid d33-mode MPA

The simulation results are shown in Figure 8. The simulation results show that the results
simulated by the proposed model 2 almost overlap with those simulated by the proposed
model 1, which validates their equivalence in modelling deformation along the z (3) axis.
Compared with electro-mechanical coupled and multi-layer finite element model, the
proposed two models show good match until the frequency rises to the second resonant
mode. This is expected. The proposed two simplified finite element models of d33-mode
MPA are based on the condition that the distribution of the displacement across each
piezo layer can be assumed to be uniform. This condition limits the frequency range of
the proposed simplified finite element models to a certain multiple of the first resonant
frequencies (in this case only the first resonant mode is accurate.) whose corresponding
quarter wavelengths are far larger than the thickness of piezo layer. For the second
resonant mode in this case, its quarter wavelength (around L ) is not far larger than but
6

approaching to thickness of piezo layer (

L
). Therefore, the errors are expected from the
10

second resonant mode. For MPA stacked by more than 10 piezo layers (if the overall
length L of MPA is kept the same), due to the decrease of relative thickness of piezo
layer, more vibrations modes will satisfy the condition that their quarter wavelengths are
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far larger than the thickness of piezo layer, resulting in the fact that more vibration modes
can be modelled by the proposed two simplified finite element models. The simulations
of 20 piezo layer shown in Figure 9 demonstrate this fact. Likewise, for MPA stacked by
less than 10 piezo layers (if the overall length L of MPA is kept the same), due to the
increase of relative thickness of piezo layer, less vibrations modes will satisfy the
condition that their quarter wavelengths are far larger than the thickness of piezo layer,
resulting in the fact that less vibration modes can be modelled by the proposed two
simplified finite element models. The simulations of 1 piezo layer (the worst situation for
the proposed two simplified finite element models) shown in Figure 10 demonstrate this
fact. This is the limitation of the proposed two simplified finite element models. However,
the limitation is of minor importance in practice. This is because, to achieve a large output
deformation with a low voltage input in a compact size, a large amount of piezo layers
are often stacked, thus enabling the proposed transfer matrix with a sufficient effective
frequency range for applications.

free-end displacement under 100V excitaiton voltage
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Figure 8 Simulation results for d33-mode MPA of square cross-section with 10 piezo layers
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Figure 9 Simulation results for d33-mode MPA of square cross-section with 20 piezo layers
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Figure 10 Simulation results for d33-mode MPA of square cross-section with 1 piezo layer

Simulations for d33-mode MPA of rectangle, circle and hollow circle cross-sections
shown in Figure 11 are also investigated to validate the effectiveness of the proposed two
simplified equivalent models. Other simulation parameters are kept the same ( k  10,

L  0.02m and t p 

L
 0.002m ). The simulation results for square, circle and hollow
k
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circle are respectively shown in Figures 12, 13 and 14. Similarly to square cross section,
for rectangle, circle and hollow circle cross-sections, the results simulated by proposed
model 2 almost overlap with those simulated by proposed model 1, which validates their
equivalence in modelling deformation along the z (3) axis for different cross sections.
Also, similarly to square cross section, for rectangle, circle and hollow circle crosssections, the proposed two models show good match with electro-mechanical coupled
and multi-layer finite element model until the frequency rises to the second resonant mode.
The modelling errors starting from the second resonant mode are attributable to the
limitation of the proposed two models which is justified before.

Figure 11 d33-mode MPA with other shapes of cross section
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Figure 12 Simulation results for d33-mode MPA of rectangle cross-section with 10 piezo layer
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Figure 13 Simulation results for d33-mode MPA of circle cross-section with 10 piezo layer
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free-end displacement under 100V excitaiton voltage
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Figure 14 Simulation results for d33-mode MPA of hollow circle cross-section with 10 piezo layer

5. Conclusion
In this Chapter, two simple equivalent finite element models of d33-mode MPA are
proposed. The proposed finite element models consider multi-layer d33-mode MPA as
an equivalent homogenous bulk which could simply meshed with pure-solid and consider
the inverse piezoelectric effect of the applied voltage with equivalent external forces.
Compared with direct finite element modelling of d33-mode MPA, the proposed
equivalent modelling method greatly facilitates the modelling processes and greatly cuts
down the computation effort. The proposed models are developed on the basis of the
condition that the distribution of the displacement across each piezo layer can be assumed
to be uniform. This condition limits the frequency range of the proposed models to a
certain multiple of the first resonant frequencies whose corresponding quarter
wavelengths are far larger than the thickness of piezo layer. Simulations are carried out
in commercial software ANSYS, which validates the effectiveness and shows the
limitation of the proposed models. It is worth noting that the more piezo layers are stacked
in d33-mode MPA or the more other layers are stacked with d33-mode MPA (i.e. the
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relative quarter wavelengths are increased due to the increased wave propagation length),
the more vibration modes will satisfy the condition that their quarter wavelengths are far
larger than the thickness of piezo layer, thus resulting in the facts that the more vibration
modes and a larger frequency range it can model. For a good performance of d33-mode
MPA (i.e. a large output deformation with a low-voltage operation in a compact size), a
large amount of piezo layers are often stacked in d33-mode MPA, thus enabling the
proposed simplified finite element model of d33-mode MPA with a sufficient effective
frequency range for applications. Therefore, the limitation of the proposed equivalent
models is of minor importance in practice.
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This chapter is based on the following submitted paper:
Zhang, Y., Lu, T. F., & Gao, W. (2016). Model D31-mode Longitudinal Piezoelectric
Transducers. Submitted to Sensors and Actuators A: Physical
Contributions of this chapter: This chapter presents the rationale behind the uniformelectric-field-approximation for modelling d31-mode LPT. Based on the approximation,
simplified fundamentals of d31-mode LPT is derived. Besides, a simple equivalent
mixing method, which can flexibly consider the electrode layers and adhesive layers, is
proposed. Then, a simple 1D equivalent homogenous analytical model of D31-LPT is
formulated. Also, inspired by d33-mode, the related the related equivalent circuit and
transfer matrix of d31-mode LPT are formulated. The proposed models can flexibly
consider the number of piezo layers and passive layers such as electrode layers and
adhesive layers in d31-mode LPT.
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ABSTRACT: D31-mode longitudinal piezoelectric transducers (D31-LPT) are linear piezoelectric
transducers which can be used as actuators or energy harvesters. Simple and effective dynamic modelling
of D31-LPT, which can predict the behaviours in time/frequency domain, has not been well explored in
literature. This paper proposes simplified fundamentals of D31-LPT based on uniform electric field
approximation and a simple equivalent mixing method which can flexibly consider the electrode layers
and adhesive layers. Then, a simple 1D equivalent homogenous analytical model of D31-LPT is
formulated. Also, based on the proposed analytical model and borrowing the network theory, an exact
equivalent circuit is formulated. The more straightforward form of the equivalent circuit facilitates the
analysis and modelling of D31-LPT. Besides, the proposed analytical model is wrapped into a transfer
matrix form. The formulated transfer matrix of D31-LPT can be used with transfer matrix method to
facilitate the calculations, when D31-LPT are stacked with other layers. The proposed models are
validated by a 3D finite element model of D31-LPT.

Keywords: D31-mode, longitudinal, piezoelectricity, uniform-electric-field approximation, an
equivalent mixing method
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1. Introduction
D31-mode longitudinal piezoelectric transducers (D31-LPT) are one kind of linearmotion transducers which can be applied as either actuator [1-5] or energy harvester
[6]. With reference to Figure 1, when a voltage is applied to a piezo layer in the direction
opposite to its pre-polarized direction, it will induce a contraction L in the lateral
direction which is perpendicular to the polarization direction. On the other hand, when
a force is applied in lateral direction, a charge can be generated on the electrode surfaces.
These two effects are the operational principles of D31-LPT (the former known as
transmitter mode can be employed for actuators and the latter known as receiver mode
can be employed as sensors or energy harvesters).As the effects for single layer is too
small to be used, D31-LPT is often used in a stack configuration [1-3] shown in Figure
2. Compared with D33-LPT shown in Figure 3, D31-LPT are less popular due to the
fact that the d33 coefficient is around two times larger than the d31 coefficient.
However, with reference to Figure 3, the configuration of multi-layer D31-LPT has
more robust resistance to tension. Thus, D31-LPT are popular in the applications where
transducers are subjected to a huge tension [1-7].

Figure 1 Schematic of d31-mode of piezoelectricity
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Figure 2 Configurations of multi-layer D31-LPT

Figure 3 Configurations of multi-layer D33-LPT

Modelling D31-LPT plays an important role in the design, fabrication, and optimization
of D31-LPT-based applications. To the best of authors’ knowledge, only a few models
of D31-LPT are available in literature [1-4]. Most [1, 2, 4] focused on the static
behaviours. Tolliver et al [3] applied a finite element model to compute the dynamic
behaviours of D31-LPT. Although it can effectively model D31-LPT, the finite element
model, which is based on 3D complex electro-mechanical coupled fundamentals of
piezoelectricity, is computationally inefficient. Simple and effective dynamic
modelling of D31-LPT, which can predict the behaviours in time/frequency domain,
has not been well explored in literature. In this paper, based on uniform-electric-field
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approximation and then a simple equivalent mixing method, simple and effective 1D
equivalent homogenous analytical model, equivalent circuit, and transfer matrix of
D31-LPT, which can flexibly consider the electrode layers and adhesive layers, are
proposed and formulated.
Section 2 proposes simplified fundamentals of D31-LPT based on uniform electric field
approximation and a simple equivalent mixing method to formulate a simple equivalent
homogenous analytical model of D31-LPT which can flexibly consider the electrode
layers and adhesive layers. Based on the proposed analytical model, an exact equivalent
circuit and a transfer matrix of D31-LPT are respectively formulated in Section 3 and
Section 4. In Section 5, a 3D FEA model of D31-LPT is established in commercial
software ANSYS for validations. Section 6 presents the summary.

2. Model Formulation
For model formulation, consider the D31-LPT shown in Figure 2 with a length L in
direction (i.e. longitudinal direction) and an overall thickness H in
stacked by piezo wafers polarized in

z

x

z direction

direction and a width W in y direction. A

more detailed view concerning how each piezo layer is connected can be seen in Figure
4. Each piezo layer is electrically connected in parallel and also mechanically connected
in parallel for the operation direction (longitudinal direction). Note, electrode layers
and adhesive layers are arranged in such a configuration shown in Figure 4 that there is
no voltage drop across each adhesive layer when each electrode layer is pasted to the
corresponding piezo layer.
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Figure 4 a more detailed view of D31-LPT

As D31-LPT is designed for longitudinal vibrations, it can be assumed to be at a uniaxial stress state:

T1  0,
T2  0,

(1)

T3  0.
The subscript ‘1’,’2’, and ’3’ denote x direction, y direction, and z direction
respectively.
This assumption is true, if the frequency band of interest for the longitudinal direction
is well below (more than 3 times smaller than) the lowest resonant lateral frequency.
As the electric field is only applied to the polarization direction, the following relations
exist:
E1  0,
E2  0,

(2)

E3  0.

Based on the IEEE standards on piezoelectricity [7], the 3D piezoelectric constitutive
equations can be written as shown below:
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0
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0

0
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0   E1 
 
0   E2 

 33T   E3 

(3)

where Si , Ti , Ei , and Di are respectively the components of strain, stress, electric field
E
and electric displacement vectors. sij are the components of compliance matrices

measured at constant electric fields. d ij are the piezoelectric strain coefficients.

 iiT are

dielectric coefficients measured at constant stresses. Those piezoelectric material
constants can be obtained by measuring and analysing electrical impedance [8, 9].
Substituting Equation (1) and (2) into the first row and the ninth row of Equation (3),
the constitutive equations in the directions of interest can derived as follows:

T1  c ' S1  e ' E3 ,

(4.a)

D3  e ' S1   ' E3 ,

(4.b)

d312
d31
1
T
where c '  E , e '  E , and  '   33  E .
s11
s11
s11
Consider a piezo layer at certain position zn of D31-LPT shown in Figure 4 with
thickness t p , length L , and width W and it is excited by a voltage U p .
The strain and electric field can be respectively expressed as follows:

S1  S ( x, t ) 

u( x, t )
,
x

E3  E (z, t )  
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 (z, t )
,
z

(5.a)

(5.b)
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where the arguments ‘ x ’ and ‘ z ’ are position variables, ‘ t ’ is time variable, u and 
are respectively displacement and electric potential.
As illustrated in Figure 2, the charge balance in the z direction gives:

D3
 0.
z

(6)

Substituting Equation (4.b) into Equation (6) results in:

 2 ( z, t ) e '  2u ( x, t )

,
2 z
 ' zx

(7)

 2 ( z, t )
 2 u ( x, t )
0,
 0 . Therefore, E3    ( z, t ) can be seen as a constant,
As
2
zx
z
z
which gives:
E3  

 ( z p  t p )   ( z p ) U p (t )
 ( z )


z
tp
tp

(8)

Therefore, constitutive relations shown in Equation (4) can be simplified as follows:
T1  c ' S1  e '

U p (t )

D3  e ' S1   '

tp

,

U p (t )
tp

(9.a)

.

(9.b)

For D31-LPT, each piezo layer is electrically connected in parallel, which gives:

U p (t )  U (t ),

(10)

where U (t ) is the excitation voltage applied to D31-LPT.
Besides, considering each piezo layer in D31-LPT is stacked in z direction and has the
same material properties ( c ' , e ' , and  ' )and dimensions ( t p , L , and W ) and if
electrode layers and adhesive layers shown in Figure 4 are neglected, T1 , S1 and E3 of
the whole D31-LPT in x direction can be considered to be homogenous as written in
the following form:
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T1  c ' S1  e '

U (t )
,
tp

(11)

where t p is the thickness of each piezo layer ( t p  tn ).
However, for more accurate modelling of D31-LPT, passive layers such as electrode
layers and adhesive layers in D31-LPT are needed to be considered. Therefore, an
equivalent homogenous model shown in Equation (12) is proposed here to consider the
passive layers in D31-LPT for accurate modelling.

T1  cS1  eE3 ,

(12)

where the symbol ‘  ’ represents the homogenous property and E3 

U (t )
.
tp

As both active layers and passive layers are connected in parallel and have the same
strain ( S1 ) in the operation direction ( x axis), the following relations exist:
T1   p  T1_ p   a  T1_ a   e  T1_ e ,

(13.a)

S1  S1_ p  S1_ a  S1_ e .

(13.b)

The subscript 'p', 'a', 'e' respectively refer to the piezo, adhesive, and electrode
( T1_ p  c ' S1_ p  e '

volume

e 

fraction

U (t )
U (t )
U (t )
, T1_ a  ca S1_ a  0
and T1_ e  ce S1_ e  0
).  denote
tp
tp
tp
( p 

np  t p
n p  t p  na  ta  ne  te

, a 

na  ta
n p  t p  na  ta  ne  te

and

ne  te
where n denote the number of layers).
n p  t p  na  ta  ne  te

Substituting them into Equation (13) with Equation (12), the homogenous coefficients
in Equation (12) can be calculated as follows:
c   p  c '  a  ca   e  ce

(14.a)

e   p e'

(14.b)
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The homogenous normal force of D31-LPT in x direction can be expressed as follows:
N ( x, t )  H W  T1 ,where H  n p  t p  na  ta  ne  te .

(15)

Based on the Newton’s Second law in x direction, the following equation of motion
can be derived:

T1
 2 u ( x, t )

,
x
 2t

(16)

where  is the homogenous density (    p   p   a  a   e  e ).
Substituting Equation (12) in Equation (16) with S1 

 u ( x, t )
gives:
x

 2 u( x, t )
 2 u ( x, t )
c

,
2 x
 2t

(17)

Using the principle of separation of variables, for excitation voltage U (t )  U 0e jwt where

w is the operation frequency, the general solution of displacement u ( x, t ) to Equation
(17) can be written in the following form:

u( x, t )  ( A1 sin(mx)  A2 cos(mx))e jwt ,
where m 

 w2
c

,

(18)

A1 and A2 are constants, which can be calculated from two boundary

conditions at two ends of D31-LPT.
Substituting Equation (18) into Equation (12) gives the general solution of the
homogenous normal force


U 
N ( x, t )  H W c( A1m cos(mx)  A2m sin(mx))  e 0  e jwt .
t p 


(19)

For the electrical side, the induced charge of the nth piezo layer can be expressed as
follows:
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L

L

0

0

Qn  W   D3dx  W   (e ' S1   '

U (t )
)dx.
tp

(20)

As each piezo layer is electrically connected in parallel, the total induced charge of the
D31-LPT can be expressed as follows:
(21)

np

Qtotal   Qn
n 1

L

 n p W   (e ' S1   '
0

U (t )
)dx.
tp

Substituting Equation (18) into Equation (21) with S1 

 u ( x, t )
gives the general
x

solution of the total induced charge:
Qtotal
L

 n p  W   (e ' S1   '
0

U (t )
)dx
tp

(22)

 n p  W  (e '(u ( L)  u (0))  L   '

U 0 (t ) jwt
)e
tp

 n p  W  (e '( A1 sin(mL)  A2 cos(mL)  A2 )  L   '

U 0 (t ) jwt
)e
tp

By differentiating displacement u ( x, t ) and electric charge Qtotal (t ) with respect to time
variable t , the general solution of the velocity v( x, t ) and induced current I total (t ) can
be derived:

v( x, t )  jw( A1 sin(mx)  A2 cos(mx))e jwt ,

(23.a)

I total (t )
 n p W  (e '(v( L)  v(0))  L   '

U 0 (t )
jw)e jwt
tp

 n p W  jw(e '( A1 sin(mL)  A2 cos(mL)  A2 )  L   '

(23.b)
U 0 (t ) jwt
)e .
tp

Therefore, a simple 1D equivalent homogenous analytical model of D31-LPT, which
can consider the electrode layers and adhesive layers based on an equivalent mixing
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method, has been derived. Note, the mechanical damping and electrical damping, which
respectively account for the mechanical loss and mechanical loss, can be easily
considered by adding positive imaginary part to stiffness material constant and adding
negative imaginary part to permittivity material constant [8-10]. The specific analytical
solution can be derived simply by applying the two boundary conditions at two ends of
the D31-LPT.

3. Equivalent Circuit
Equivalent circuits are widely used in modelling piezoelectric systems, as they are very
straightforward to apply. Based on the fundamental of D31-LPT presented in Section 2
and by borrowing the idea of network theory [11], an exact equivalent circuit of D31LPT is constructed herein.
Referring to Figure 5, four boundary conditions at both ends of D31-LPT can be derived,
shown as follows:

v(0, t )  vL ,

(24.a)

v( L, t )  vR .

(24.b)

N (0, t )   FL ,

(24.c)

N ( L, t )  FR ,

(24.d)

where the subscript ‘ L ’ and ‘ R ’ stands for the left and right side of D31-LPT.
There are 8 unknowns( A1 , A2 , I total , U , vL ,

vR , FL and FR ) in 5 equations (Equation

(23.b), (24.a), (24.b), (24.c) and(24.d)). Therefore, FL , FR and U ( A1 , A2 ) can be
expressed with regard to

vL , vR and Itotal in the following matrix form:
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 n pt p  e ' e W  c  m 
n pt p  W  c  m
e 'e 

W

W
 


jw  sin(mL)
 'L 
 jw   ' L tan(mL) 
 FL  
 F    n p t p  W  c  m  We ' e   n p t p  We ' e  W  c  m 


 R   jw  sin(mL)  ' L 
jw   ' L tan(mL) 


 U  
t pe '
t pe '



jwL '
jwL '




jwL ' 
  vL 
tp e
  v .
R 
jwL '  
  I total 
tp


jwn p 'WL 

tp e

(25)

Based on Equation (25) and borrowing the network structure [11], the following circuit
model of D31-LPT shown in Figure 5 with exact equivalence can be found.

Figure 5. Three-port equivalent circuit of D31-LPT

4.

In the equivalent circuit, the electrical elements can be expressed below:
CE 

n pWL

Z'

tp

tp

'

e
e'

jwn pWL '

(26.a)
(1 

e'
)
e

K  n pW  e
Z0 

(26.c)

n p t pW  c  m

(26.d)

jw sin(mL)

Z M  n pt pW  c  m

(26.b)

cos(mL)  1
jw sin(mL)

(26.e)

The formulated equivalent circuit of D31-LPT wraps the model into a more
straightforward form, which further facilitates the analysis and modelling of D31-LPT.
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4. Transfer Matrix Formalism
For real applications, D31-LPT is most often connected with other layers, such as
backing layers and propagating mediums, in the direction of interest (longitudinal
direction). For modelling those multi-layer structures, transfer matrix method greatly
facilitates the calculations of directly deriving analytical solutions [10]. The transfer
matrix method is based on the fact that some physical quantities, such as force and
velocity, follow simple continuity conditions across the boundaries from one layer to
the next. Therefore, if physical quantities on one side of certain layer can be correlated
to the other side of the layer in a matrix form (known as transfer matrix), the dynamics
of a stack of layers then can be simply derived by multiplication of individual layer
matrix in the stack. The transfer matrix of D31-LPT in the form shown in Equation (24)
is derived herein to facilitate the calculations, when D31-LPT is stacked with other
layers.
 FR 
v 
 R  T
D 31 LPT
U 
 
 I out 

 FL 
v 
 L ,
U 
 
 I in 

(27)

where the electrical current flowing into D31-LPT Itotal  I out  I in . There are 8
unknowns ( A1 , A2 , I total , U , vL , vR , FL and FR ) in 5 equations (Equation (23.b),
(24.a), (24.b), (24.c) and(24.d)). Therefore, FR , vR and I out ( A1 , A2 ) can be expresses
with regard to FL , vL , I in and U and then the transfer matrix of D31-LPT shown in
Equation (23) can be derived, shown below:

TD 31 LPT


 cos(mL)

 sin(mL) jw

  n p t pW  c  m

0

 e ' jw sin(mL)

 c  mt p

n p t pW  c  m sin(mL)
jw
cos(mL)
0
n pWe '(cos(mL)  1)


0


e  jw sin(mL)
0
tp c m


1
0

 ' e ' e  sin(mL)
jwn pW ( L 
) 1
tp
tp c m

n pW  e  (cos(mL)  1)

(28)
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The formulated transfer matrix of D31-LPT can be used with transfer matrix method to
facilitate the calculations, when D31-LPT is stacked with other layers.

5. Validations and Discussions
To validate the effectiveness of the proposed models of D31-LPT, a case study is
carried out in this section. The validation is achieved by checking the results simulated
by the proposed models against FEA results.
With reference to Figure 6, a multi-layer d31-LPT with electrode layers and adhesive
layers considered is chosen as a study case. The D31-LPT is fixed at left end and set
free at the right end. The frequency response of the free-end displacement is simulated
and compared with a 3D FEA model for validations. The simulation parameters are
listed in Table 1. PZT-5H [12], brass (density: 8500 kg/m3; Young’s modulus: 1.6*1010
Pa; Poisson ratio: 0.3), and epoxy resin (density: 1170 kg/m3; Young’s modulus:
8.2163*109 Pa; Poisson ratio: 0.3) are respectively chosen as the materials of piezo,
electrode, and adhesive.

Figure 6. Study Case

Table 1. Simulation parameters

Piezo

20

2

Layer
thickness
t (mm)
0.4

Electrode

20

2

0.08

6

Brass

adhesive

20

2*

0.08

4

Epoxy resin

L (mm)

W
(mm)
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To apply the analytical model formulated in Section 2 for calculations, by substituting
the boundary conditions ( vL  0 and FR  0 ), the specific solution to the free-end
displacement u R and velocity vR of D31-LPT can be easily solved, shown below:

uR (t ) 

k  e  sin(mL)
U 0e jwt .
c  Lm cos(mL)

(29)

Turning to applying the equivalent circuit formulated in Section 3 for calculations, by
substituting the boundary conditions ( vL  0 and FR  0 ) into the equivalent circuit
shown in Figure 5, a simple circuit shown in Figure 7 can be derived. Then, it is very
straightforward to solve the circuit to get vR . By integrating vR ( uR   vR dt 

vR
), u R
jw

can be also derived.

Figure 7. Equivalent circuit of Study Case

In terms of applying the transfer matrix of D31-LPT formulated in Section 4, the
calculation process goes as follows. Two equations can be derived from the first and
second rows of the matrix in Equation (28) and another two equations can be derived
from two mechanical boundary conditions ( vL  0 and FR  0 in this case). With four
equations available, vR (and other three unknowns FL , vL and FR ) can be solved with
regard to input voltage U . The displacement

uR can be also derived by integrating vR .

Note, in this case, the advantages of applying the transfer matrix method is not very
obvious. But, when D31-LPT is stacked with other layers, the transfer matrix method
will become very convenient.
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For validation, a 3D FEA model is developed on the commercial software ANSYS. To
model the electromechanical coupled behaviours of piezoelectricity, the extension
package ‘Piezo Extension_R150_v8’ [13] was used. With reference to the meshed
models shown in Figure 8, it is auto-meshed with 54623 nodes and 7616 elements,
which is sufficient enough to ensure a high resolution. The boundary conditions are set
up as specified (one-end fixed and one-end free). By applying a harmonic voltage input
of 100V from 0 Hz to 400 kHz, the frequency response of the D31-LPT free-end
displacement is obtained and the data are transferred to matlab to be plotted against the
results obtained by the aforementioned 3 methods.

Figure 8. Meshed FEA model

Figure 9 shows the simulation results between 3 proposed models and 3D FEA model.
Note, for convenience of comparison, both mechanical loss and electrical loss are not
taken into account. As motioned before, for the proposed model, the mechanical loss
and electrical loss can be easily taken into account respectively by adding positive
imaginary part to stiffness material constant and adding negative imaginary part to
permittivity material constant [8-10]. It can be seen that results simulated by using
analytical models, equivalent circuit models and transfer matrix are completely
overlapped. This is expected, as the proposed three modelling methods are based on the
same fundamental of D31-LPT but with different forms. The proposed 3 models show
a good match to the 3D FEA model from DC to the third resonant frequency, which
validates their effectiveness in modeling D31-LPT. The deviations between the
proposed models and 3D FEA models start to occur from the third resonant frequency.
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This is because, for high-frequency excitation, the lateral effect cannot be neglected,
which compromises the effectiveness of the proposed 1D models.

frequency response under 100V voltage excitatoin
displacement(m in dB)

0

anlytical model
equivalent circuit model
transfer matrix
3D FEA model

-50

-100

-150

-200
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Frequency (Hz)

5

x 10

Figure 9.Frequency response of free-end displacement

6. Summary
In conclusion, modelling D31-LPT from the fundamental of piezoelectricity is
presented in this paper. Simplified constitutive equations for modelling D31-LPT are
derived from the IEEE standard 3D constitutive equations. Then, the electric field
mathematically proves to be effectively seen as uniform for the operation of D31-LPT,
which greatly simplifies the electro-mechanical coupled fundamental of D31-LPT.
Based on the simplified fundamentals, an equivalent mixing method is proposed to
formulate a simple 1D equivalent homogenous analytical model of D31-LPT, which
can consider the electrode layers and adhesive layers.
Besides, based on the analytical model and borrowing the idea of network theory, an
exact equivalent circuit of D31-LPT is formulated. The more straightforward form of
the circuit facilitates the analysis and modelling of D31-LPT.
Also, the proposed analyticla model is wrapped into a transfer matrix form. The
formulated transfer matrix of D31-LPT can be used with transfer matrix method to
facilitate the calculations, when D31-LPT is stacked with other layers.
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A 3D FEA model of D31-LPT is established in commercial software ANSYS.
Simulations are carried out and the results validate the effectiveness of the proposed 3
models of D31-LPT.
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This chapter is based on the following submitted paper:
Zhang, Y., Lu, T. F., & Al-Sarawi, S. (2016). Simple Equivalent Finite Element Models
of D31-Mode Multi-Layer Piezoelectric Actuator. Submitted to Journal of Intelligent
Material Systems and Structures
Contributions of this chapter: Inspired by simple equivalent finite element models of
stack-type d33-mode LPT proposed in Chapter 6, two simple equivalent finite element
models of d31-mode LPT are proposed. The proposed finite element models consider
multi-layer d31-mode LPT as equivalent homogenous bulk which could simply meshed
with pure-solid and consider the inverse piezoelectric effect of the applied voltage with
equivalent external forces. Based on the IEEE standard 3D constitutive relations of
piezoelectricity, the rationale behind the proposed equivalent models of d31-mode LPT
together with the limitation and scope, which are different in nature to d33-mode LPT,
are presented. Also, the related equivalent forces and other equivalent parameters are
derived in terms of the standard 3D piezoelectric coefficients. Compared with direct
finite element modelling of stack-type d31-mode LPT by using an electro-mechanical
coupled and multi-layer model, the proposed equivalent modelling method could
greatly facilitate the modelling processes and reduce the computational effort with little
compromise of effectiveness. The proposed models can be applied to both single-type
and stack-type. The effectiveness of the proposed simple equivalent finite element
models has been validated by direct finite element modelling of d31-mode LPT in
commercial software ANSYS.

112

113

114

Chapter 8. Simplified Equivalent Finite Element Models of D31-Mode LPT

Simple Equivalent Finite Element Models of D31Mode Multi-Layer Piezoelectric Actuator
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ABSTRACT: D31-mode multi-layer piezoelectric actuators (MPA) are often used as contracting actuators.
Inspired by simple equivalent finite element models of d33-mode MPA, two simple equivalent finite
element models of d31-mode MPA, are proposed and developed in this paper. The proposed finite element
models consider multi-layer d31-mode MPA as an equivalent homogenous bulk which could simply
meshed with pure-solid and consider the inverse piezoelectric effect of the applied voltage with equivalent
external forces. Based on the IEEE standard 3D constitutive relations of piezoelectricity, the rationale
behind the proposed equivalent models of d31-mode MPA together with the limitation and scope, which
are different in nature to d33-mode MPA, are presented. Also, the related equivalent forces and other
equivalent parameters are derived in terms of the standard 3D piezoelectric coefficients. Compared with
direct finite element modelling of d31-mode by using an electro-mechanical coupled and multi-layer model,
the proposed equivalent modelling method could greatly facilitate the modelling processes and reduce the
computational effort with little compromise of effectiveness for modelling d31-mode MPA. For validation,
a case study is carried out to compare the proposed equivalent modelling method with direct finite element
modelling by using an electro-mechanical coupled and multi-layer model of d31-mode MPA. Simulations
are implemented in ANSYS and simulation results validate the effectiveness and also show the limitation
of the proposed equivalent models.
Keywords: D31-mode, longitudinal, piezoelectric, actuator, 3D, equivalent, finite element model

115

Chapter 8. Simplified Equivalent Finite Element Models of D31-Mode LPT

1. Introduction
D31-mode multi-layer piezoelectric actuators (d31-mode MPA) are often used as
contracting actuators characteristic of a high-resolution in displacement and a compact
size. With reference to the left part of Figure 1, when a voltage is applied to a piezo
cuboid in the direction opposite to its pre-polarized direction, it will induce a
contraction in the direction orthogonal to the polarized direction (known as d31-mode).
As the deformation for a single block is too small to be used,
A multi-layer stack configuration shown in the right part of Figure 1 (i.e. d31-mode
MPA) is often used to enable a large deformation with a low voltage operation in a
compact size. Compared with d33-mode MPA, although d31-mode MPA produces a
smaller deformation output for an equivalent size and voltage input as the d33
coefficient is around two times larger than the d31 coefficient (Arevalo and Foulds
2013), the configuration of d31-mode MPA is more robust to tension, especially when
involving negative strain, thus making it widely used as a contracting actuator (Uchino
and Giniewicz 2003; Xu et al 2011; Tolliver et al 2013).

Figure 1 Schematic of d31-mode MPA

For the d31-mode MPA based applications, modelling electro-mechanical coupled
behaviours of d31-mode MPA, which can be used to predict their performance, plays a
vital role in their design, manufacture and optimization. A finite element model is often
applied for computation and analysis, when d31-mode MPA is used in a complex
structure (Xu et al 2011; Tolliver et al 2013). For direct finite element modelling of
d31-mode MPA( Tolliver et al 2013), the stacked configuration makes model defining
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process cumbersome and the electro-mechanical coupled elements of piezo material
consumes large computational efforts, thus inducing a long model solving time.
In another paper of authors (Zhang and Lu 2016), simple equivalent finite element
models of d33-mode MPA, which are based on the uniform-electric-field
approximation, were presented. The presented finite element models consider d33mode MPA as an equivalent homogenous bulk which could be simply meshed with
pure-solid elements and consider the inverse piezoelectric effect of the applied voltage
with equivalent external forces, which greatly facilitates the modelling processes and
greatly cuts down the computational effort. Inspired by simple equivalent finite element
models of d33-mode MPA, this paper develops simple equivalent finite element models
for d31-mode MPA, which could facilitate the modelling processes and reduce the
computational effort with little compromise of effectiveness for modelling d31-mode
MPA.

2. Model Formulation
Based on the IEEE standards on piezoelectricity (Meitzler, Tiersten et al 1988), the 3D piezoelectric constitutive equations of piezoelectricity can be shown below:

T1   c11E c12E c13E 0 0 0   S1   0 0 e31 
  
T   E

E
E
 2  c12 c22 c23 0 0 0   S2   0 0 e32   E 
T3   c13E c23E c33E 0 0 0   S3   0 0 e33   1 
  
 
  E2  ,
E
T4   0 0 0 c44 0 0   S4   0 e24 0   E 
T5   0 0 0 0 c55E 0   S5  e15 0 0   3 
  
  

E
T6   0 0 0 0 0 c66   S6   0 0 0 

0
 D1   0
  
0
 D2    0
 D  e
 3   31 e32

0

0

e15

0

e24

0

e33

0

0

 S1 
S 
0   2  11s
0
 S3 
 


s
0      0  22
S
0   4   0
0
 S5 
 

 S6 


0   E1 
 
0   E2  ,
 33s   E3 

(1.a)

(1.b)

where S q , Tp , Ek , and Di ( q, p  1, 2,3, 4,5, 6 and k , i  1, 2,3 ) are respectively the
components of strain tensor S , stress tensor T , electric field tensor E and electric
E
displacement tensor D . c pq , ekp ,

 ikS are respectively the components of elastic stiffness
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matrix c E measured at constant electric fields, piezoelectric stress matrix e measured
at constant strains and dielectric coefficients  measured at constant strains. The
S

subscript notation follows the IEEE standards (Meitzler, Tiersten et al. 1988) and the
measurements of these coefficients are also standardized there.

Figure 2 The nth piezo layer of d31-mode MPA

With reference to Figure 2, consider the n th piezo layer at certain position z n of d31mode MPA with thickness t n (where n  1, 2, 3...k and k is the number of piezo
layers stacked in d31-mode MPA).
The third row of Equation (1.b) gives:

D3  e31S1  e32 S 2  e33 S3 .

(2)

The charge balance in the z direction gives:

D3
 0.
z

(3)

Substituting Equation (2) into Equation (3) gives:

e31
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 2u ( y, t )
 2u ( z , t )
s   ( z, t )
 e32
 e33


 0.
33
xz
yz
2 z
2 z
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As

 2u ( y , t )
 2 u ( x, t )
 0 , Equation (4) can becomes:
 0 and
yz
xz

 2 ( z, t ) e33  2u ( z, t )
 s
,
2 z
 33  2 z

(5)

Integrating Equation (5) with regard to z yields:

E3  

e33
S3  B1 ,
 33s

(6)

where B1 is an integration constant.
As d31-mode MPA is designed for longitudinal deformation and vibration in x
direction (denoted by subscript ‘1’), the excitation frequency band of interest is well

z direction (denoted by subscript ‘3’).
So, the distribution of the deformation u ( z, t ) in lateral z direction can be seen to be
below the lowest resonant frequency in lateral

uniform along lateral
Equation (6), E3  

E3  

z direction (i.e. S3 can be seen as a constant). Then, based on
 ( z, t )
can be seen as a constant, which gives:
z

 ( z p  tn )   ( z p ) U n (t )
 ( z )


.
z
tn
tn

(7)

From the analysis justified above, it can be seen that the uniform-electric-fieldapproximation is valid under the condition that the frequency band of interest is well

z direction. As d31-mode MPA is designed
for longitudinal deformation and vibration in x direction and the excitation frequency
band of interest is well below the lowest resonant frequency in lateral z direction, the
below the lowest resonance frequency in

uniform-electric-field-approximation is perfectly all right for modelling d31-mode
MPA. Note, the rationale behind the uniform-electric-field approximation together with
the scope and limitation for effectively modelling d31-mode MPA is different in nature
to that for effectively modelling d33-mode MPA(Zhang and Lu 2016).
With reference to Figure 2, the electrical configuration of d31-mode MPA gives

E1  E2  0 .
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By substituting E1 , E2 and

E3 into Equation (1.a), the constitutive Equation for the n

the piezo layer of d31-mode MPA can be derived shown in Equation (8).

T1   c11E
T   E
 2  c12
E

T3 
  c13


 
T4   0
T5   0
  

T6 
  0

c12E
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0

0
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0

0

0
0

c

c

0

0

c

c

0

0
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0
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0
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0   S2   32
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S
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     Un  ,
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0   S5  
0 
 
E
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 0 



(8)

Assuming negligible thickness of electrode layers and considering that each piezo layer
in MPA has the same material properties, thickness ( tn  t p ) and the same applied
voltage ( U n (t )  U (t ) ) due to the electrically parallel connected structure, it is effective
to consider Equation (8) as the constitutive equation for the whole d31-mode MPA,
which can be written in the form:
T1   c11E c12E
T   E
E
 2  c12 c22
E
T3   c13E c23

  
T4   0 0
T5   0 0
  
T6   0 0

Where p1  e31

c13E

0

0

E
23
E
33

c

0

0

c

0

0

0

E
44

0

0

0

c55E

0

0

0

c

0   S1   p1 
   
0   S2   p2 
0   S3   p3 
   ,
0   S4   0 
0   S5   0 
   
c66E   S6   0 

(9)

U (t )
U (t )
U (t )
, p2  e32
and p3  e33
.
tp
tp
tp

Therefore, based on Equation (9), the electro-mechanical coupled and multi-layer finite
element model of d31-mode MPA can be simply considered as an equivalent
homogeneous bulk meshed with pure-solid elements of elastic stiffness matrix c E and
the effect of voltage can be equivalent to external forces Fi  pi  Ai  e3i

U (t )
Ai
tp

( i  1, 2,3 which denote x, y and z axis respectively), shown in Figure 3. This is the
proposed model 1.
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The proposed model 1 can be further simplified into the proposed model 2 shown as
follows.
Equation (9) can be transformed into the following form:
 S1   s11E
S   E
 2   s12
 S3   s13E
 
 S4   0
 S5   0
  
 S6   0

s12E
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0

0

E
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E
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E
33
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s

0
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s
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0
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E
44

s

0

0

0

0

s55E

0

0

0

0

0   T1  p1 


0  T2  p2 
0  T3  p3 

,
0   T4 
0   T5 


s66E   T6 

(10)

where the compliance matrix s E is the inverse matrix of matrix c E (i.e. s E  (c E )1 ).
For applications of d31-mode MPA, the deformation along the x axis is of interest
and the deformation along y axis and z axis is of little importance. Based on the
'
equivalent deformation on x axis, p1 , p2 and p3 can be further equivalent to p1

( p2'  p3'  0 )by using the first row of Equation (10):

s11E p1  s12E p2  s13E p3  s11E p1'
Solving Equation (11) gives p1' 

So,

the

effect

of

voltage

(11)
e31s11E  e32 s12E  e33 s13E
'
'
U (t ) ( p2  p3  0 ).
s11E t p

can

be

also

equivalent

to

external

forces

e31s11E  e32 s12E  e33 s13E
F  p  A1 
A1 U (t ) shown in Figure 4. This is the proposed
s11E t p
'
1

'
1

model 2.
Note, the two proposed equivalent finite element models of d31-mode MPA are both
based on the uniform-electric-field approximation. So, the proposed two models are
valid also under the condition that the frequency band of interest is well below the
lowest resonance frequency in z direction. As d31-mode MPA is designed for
longitudinal deformation and vibration (i.e. x direction) and the excitation frequency
band of interest is well below the lowest resonant frequency in lateral z direction, the
proposed two equivalent finite element models are perfectly all right for modelling d31mode MPA. Besides, with a larger aspect ratio, more longitudinal vibration modes can
be free of lateral effects and thus can be captured by the proposed models.
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Figure 3 Equivalent decoupled pure-sold bulk model 1 of d31-mode MPA

Figure 4 Equivalent decoupled pure-sold bulk model 2 of d31-mode MPA

3. Validation and Discussion
For validation and discussion, a case study is carried out in this section. Frequency
responses of free-end displacement for a free-free vibration of d31-mode MPA are
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simulated for comparisons between electro-mechanical coupled and multi-layer finite
element model and the proposed equivalent models.
With reference to the right part of Figure 1, a d31-mode MPA stacked by 5 piezo layer
( k  5, L  0.02m , W  0.002m , H  0.002m and t p 

H
 0.0004m ) and a d31-mode
k

MPA with 1 piezo layer ( k  1, L  0.02m , W  0.002m , H  0.002m and

tp 

H
 0.002m ) are respectively investigated. The materials properties of MPS are
1

with reference to PZT-5H (Arevalo and Foulds 2013).
The related finite element models are implemented on the commercial software ANSYS.
To obtain the frequency response, the ‘Harmonic Response’ module in ANSYS is
performed. To implement the electro-mechanical coupled and multi-layer finite
element model, the extension package ‘Piezo Extension_R150_v8’(ANSYS 2015) is
used to allow analysing electro-mechanical coupled behaviours. A multi-layer
configuration of d31-mode MPA is build and then meshed with electro-mechanical
coupled elements and actuated with the voltage applied at two ends of each piezo layer.
The meshed electro-mechanical coupled and multi-layer finite element model of d31mode MPA stacked by 5 piezo layers is shown in Figure 5. To implement the proposed
two equivalent models, a bulk model is simply built and simply meshed with pure-solid
elements shown in Figure 6 and then actuated with equivalent forces as shown in Figure
3 and Figure 4.

Figure 5 Meshed electro-mechanical coupled and multi-layer model of d31-mode MPA (k=5)
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Figure 6 Meshed equivalent pure-solid bulk model of d31-mode MPA

The simulation results for the one stacked by 5 piezo layer and the one with 1 piezo
layer are respectively shown in Figure 7 and Figure 8. The results simulated by the
proposed model 2 almost overlap with those simulated by the model 1 for the first four
resonant modes, which validates their equivalence in modelling along the x axis. The
deviations between the proposed two models for modelling higher frequency are
induced by lateral resonance (deformation along y axis and z axis) for modelling which
the proposed model 2 is not equivalent to the proposed model 1. Compared with the
electro-mechanical coupled and multi-layer finite element model, both the proposed
models show good match until the frequency rises to the fourth resonant mode. The
derivation from the fourth resonant mode is expected. As justified before, the proposed
two models are valid under the condition that the frequency band of interest is well
below the lowest resonance frequency in

z direction. The 4th resonant frequency,

which is approaching to the 1st lateral resonance frequency, compromise the
effectiveness of the proposed model.
Comparing the results shown in Figure 8 for a d31-mode MPA with 1 piezo layer
( k  1, L  0.02m , W  0.002m , H  0.002m and t p 

H
 0.002m ) with the results
1

shown in Figure 9 for a d31-mode MPA with 1 piezo layer ( k  1, L  0.01m ,

W  0.002m , H  0.002m and t p 

H
 0.002m ) validates the justified analysis that,
1

with a larger aspect ratio, more longitudinal vibration modes can be free of lateral
effects and thus can be captured by the proposed models.
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Figure 7 Simulation results for d31-mode MPA stacked by 5 piezo layers ( L  0.02m )
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Figure 8 Simulation results for d31-mode MPA with 1 piezo layer ( L  0.02m )
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Figure 9 Simulation results for d31-mode MPA with 1 piezo layer ( L  0.01m )
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4. Conclusion
In conclusion, two simple equivalent finite element models of d31-mode MPA, which
consider d31-mode MPA as a simple homogenous pure-solid bulk model actuated with
equivalent external forces, are proposed. Compared with direct finite element
modelling of d31-mode by using an electro-mechanical coupled and multi-layer model,
the proposed equivalent modelling method could greatly facilitate the modelling
processes and reduce the computational effort with little compromise of effectiveness.
Based on the IEEE standard 3D constitutive relations of piezoelectricity, the rationale
behind the proposed equivalent models together with the scope and limitation, which is
different in nature to d31-mode MPA, are presented. The related equivalent forces and
other equivalent parameters are derived in terms of the standard 3D piezoelectric
coefficients. The two proposed equivalent finite element models of d31-mode MPA are
valid under the condition that the frequency band of interest is well below the lowest

z direction. However, this limitation is of little importance, as
d31-mode MPA is designed for longitudinal deformation and vibration (i.e. x
resonance frequency in

direction) and the excitation frequency band of interest is well below the lowest
resonant frequency in lateral

z direction.
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CHAPTER 9
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE
WORK
Section 9.1 draws conclusions from the research presented in this thesis, while
recommended future work is presented in Section 9.2.

9.1 Conclusions
Longitudinal piezoelectric transducers (LPT), which collectively refer to piezoelectric
actuators, vibrators, sensors and actuators designed for longitudinal deformations or
vibrations, are the most widely used piezoelectric devices. Compared with other types
of piezoelectric transducers such as bending and shear piezoelectric transducers, LPT
provides a larger stiffness, a larger operation bandwidth, more simple and compact
structure and more direct energy conversion.
LPT model, which can be used to predict the behavior or performance in time/frequency
domain, plays a vital role in the design and optimization of these LPT-based
applications. However, existing models which can be used for dynamic behavior
prediction, are based on the complex electro-mechanical coupled fundamentals of
piezoelectricity, which involves a complex position-varying electric field. Solving
these models for design and optimization of LPT-based applications is very
computationally inefficient.
LPT can, in principle, be divided into d33-mode LPT and d31-mode LPT. After
extensive investigations of literature, it is found that the complex fundamentals for
either d33-mode LPT or d31-mode LPT could be greatly simplified by applying the
uniform-electric-field approximation. The uniform-electric-field approximation is
widely made for static case of d33-mode LPT and d31-mode LPT in literature. However,
whether this approximation is applicable to dynamic cases, what is the rationale behind
the approximation for modelling d33-mode LPT and d31-mode LPT, what is the scope
and limitations of the approximation, and how this approximation could simplify and
facilitate the analysis and calculation of d33-mode LPT and d31-mode LPT, have not
been well explored in literature. Therefore, the aim of this research is to study the
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uniform-electric-field approximation in simplifying the analysis, modelling and
calculations of LPT for facilitating design and optimization of the LPT-based
applications.
In this thesis work, the rationale behind the uniform-electric-field approximation for
modelling d33-mode LPT together with its scope and limitations is first investigated
and presented. It is found that, for d33-mode LPT, when the thickness of a piezo layer
in d33-mode LPT is well less than quarter wavelength of a longitudinal vibration mode,
the uniform-electric-field approximation can mathematically prove effective. Therefore,
this condition limits the frequency range of the approximation from DC to certain
longitudinal vibration mode whose corresponding quarter wavelengths are far larger
than the thickness of piezo layer. However, as the thin piezo layer in d33-mode LPT is
often used in a stack configuration or joined with other propagating medium in the
propagation direction, the longitudinal propagation length of d33-mode LPT is often
far larger than the thickness of a piezo layer, thus resulting in a relatively large quarter
wavelength and enabling a sufficient effective frequency range for applications.
Therefore, the limitation of the approximation is often of minor importance for
modelling d33-mode LPT.
Then, based on the approximation, simplified fundamentals of both simple-layer-type
and stack-type d33-mode LPT are formulated. It is interestingly found that, by applying
the uniform-electric-field-approximation, the multi-layer stack configuration of stacktype d33-mode LPT can be effectively modeled as a whole. It greatly simplifies and
facilitates the modelling of the stack-type d33-mode LPT, which could provide very
simple analytical solutions.
To facilitate the modelling of free and loaded vibration of d33-mode LPT in a
straightforward way, the simplified fundamentals of d33-mode LPT is wrapped into a
simple three-port equivalent circuit. Compared with existing equivalent circuits, the
proposed circuit of d33-mode LPT has a simpler structure and can be extended to any
electrical and mechanical condition. Besides, as the proposed circuit elements are
explicitly and exactly derived in terms of material and dimension information rather
than determined from measured information, the proposed circuit model allows one to
predict behaviors with material properties and structural dimension prior to experiments.
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In many LPT-based applications, LPT are joined with other layers, such as backing
layers and propagating layers. For the calculations and analysis of a multilayer structure,
a transfer matrix method is always used. Therefore, to further facilitate the calculation
when d33-mode LPT is joined with other layers, the simplified fundamentals of d33mode LPT is wrapped into a transfer matrix form. For modelling stack-type d33-mode
LPT, compared with using the transfer matrix proposed in literature, which is subjected
to individual piezo layer in stack-type d33-mode LPT, the proposed simplified transfer
matrix, which considers the whole stack-type d33-mode LPT to be an equivalent
homogenous bulk, contributes to a much simpler form of analytical solution and greatly
cut down the computational effort. Note, although the proposed transfer matrix is aimed
at stack-type, it can be also applied to single-type LPT simply by letting the number of
piezo layer equal 1. Even for modelling individual piezo layer, the proposed transfer
matrix based on the simplified fundamentals is simpler and more computationally
efficient than the transfer matrix formulated in literature on the basis of the complex
fundamentals.
When LPT are used in a complex structure, a finite element model is widely applied for
computation and analysis. Based on the uniform-electric-field-approximation, two
simple equivalent finite element models of d33-mode LPT are proposed and developed.
The proposed finite element models consider multi-layer d33-mode LPT as equivalent
homogenous bulk which could simply meshed with pure-solid and consider the inverse
piezoelectric effect of the applied voltage with equivalent external forces. Compared
with direct finite element modeling of stack-type d33-mode LPT by using an electromechanical coupled and multi-layer model, the proposed finite element models greatly
facilitate the modelling processes and cut down the computational effort. Based on the
IEEE standard 3D constitutive relations of piezoelectricity, the rationale behind the
proposed equivalent models together with the scope and limitation are presented. Also,
the related equivalent forces and other equivalent parameters are derived in terms of the
standard 3D piezoelectric coefficients.
After exploring the effectiveness of the uniform-electric-field approximation in
modeling d33-mode LPT, the rationale behind the uniform-electric-field approximation
for d31-mode together with its scope and limitations is investigated. Differently to d33mdoe LPT, the voltage is excited in lateral direction for d31-mode. It is found that, for
132

Chapter 9. Conclusions and Recommendations for Future Work
d31-mode LPT, the electric field is coupled with its normal strain in the lateral direction.
So, the electric field can be approximated to be uniform under the condition that the
normal strain in the lateral direction can be approximated to be uniform. The normal
strain in the lateral direction can be approximated to be uniform when the excitation
frequency is well below (around three time less) than the lowest lateral resonance
frequency. As the d31-LPT is designed for longitudinal deformations or vibrations, the
frequency band of interest for longitudinal vibration is well below the lowest lateral
resonance frequency. Therefore, the uniform-electric-field-approximation is perfectly
all right for modelling d31-LPT.
Then, based on the approximation, simplified fundamentals of d31-mode LPT are
derived. Besides, a simple equivalent mixing method, which can flexibly consider the
electrode layers and adhesive layers, is proposed. Then, a simple 1D equivalent
homogenous analytical model of D31-LPT is formulated. Also, inspired by d33-mode,
the related the related equivalent circuit and transfer matrix of d31-mode LPT are
formulated. The advantages of the equivalent circuit and the transfer matrix form of
d31-mode LPT is the same to those of d33-mode LPT.
Based on the uniform-electric-approximation and inspired by d33-mode, two simple
equivalent finite element models of d31-mode LPT are proposed and developed. The
proposed finite element models consider multi-layer d31-mode LPT as equivalent
homogenous bulk which could simply meshed with pure-solid and consider the inverse
piezoelectric effect of the applied voltage with equivalent external forces. Based on the
IEEE standard 3D constitutive relations of piezoelectricity, the rationale behind the
proposed equivalent models of d31-mode LPT together with the limitation and scope,
which are different in nature to d33-mode LPT, are presented. Also, the related
equivalent forces and other equivalent parameters are derived in terms of the standard
3D piezoelectric coefficients. Compared with direct finite element modelling of stacktype d31-mode LPT by using an electro-mechanical coupled and multi-layer model, the
proposed equivalent modelling method could greatly facilitate the modelling processes
and reduce the computational effort with little compromise of effectiveness.
The research satisfied the aim of studying the uniform-electric-field approximation in
simplifying the analysis, modelling and calculations of LPT to facilitate design and
optimization of the LPT-based applications.
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9.2 Recommendations for future work
It is recommended that further research be undertaken in the following areas:


Based on the simplified models of LPT developed in this research, explore the nonlinear behaviors of LDT (for example, the non-linearity to the frequency shift of
the vibration modes).



Investigate the effectiveness of the uniform-electric-field approximation in other
piezoelectric transducers (such as bending mode and shear mode
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Conference Paper-1

Full citation: Yangkun Zhang and Tien-Fu Lu 2014, ‘Investigation on the UniformElectrical-Field Assumption for Modeling multi-layer piezoelectric actuators’, 8th Asia
International conference on Mathematical Modeling and computer simulation, 23-25
September, Taipei, Taiwan, page 251-254
This paper is to investigate the uniform-electric-field approximation for d33-mode LPT
at the early stage of this research.
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Conference Paper-2

Full citation: Conference-2 Yangkun Zhang and Tien-Fu Lu 2014, ‘A Simple
Distributed Parameter Analytical Model of Multi-layer Piezoelectric Actuator’, 8th Asia
International conference on Mathematical Modeling and computer simulation, 23-25
September, Taipei, Taiwan, page 247-250
This conference paper is to demonstrate how the uniform-electric-field approximation
could simplify and facilitate the modelling of stack-type d33-mode LPT at the early
stage of the research.
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